DF Deutsche
Forschungsgemeinschaft

Priority Programme 1962

Local Quadratic Convergence of the SQP Method

for an Optimal Control Problem Governed by a
Regularized Fracture Propagation Model

Andreas Hehl, Ira Neitzel

Preprint Number SPP1962-203

received on August 11, 2023



Edited by
SPP1962 at Weierstrass Institute for Applied Analysis and Stochastics (WIAS)
Leibniz Institute in the Forschungsverbund Berlin e.V.
MohrenstraBe 39, 10117 Berlin, Germany
E-Mail: spp1962@wias-berlin.de

World Wide Web: http://sppl1962.wias-berlin.de/


http://spp1962.wias-berlin.de/

Local quadratic convergence of the SQP method for an optimal
control problem governed by a regularized fracture propagation
model

Andreas Hehl and Ira Neitzel

Institut fiir Numerische Simulation
Rheinische Friedrich-Wilhelms-Universitat Bonn
Friedrich-Hirzebruch-Allee 7, 53115 Bonn (Germany)

Abstract. We prove local quadratic convergence of the sequential quadratic pro-
gramming (SQP) method for an optimal control problem of tracking type governed
by the Euler-Lagrange equation of a time-discrete regularized fracture or damage
energy minimization problem. This lower-level energy minimization describing the
fracture process contains a penalization term for violation of the irreversibility
condition in the fracture growth process, as well as a viscous regularization (cor-
responding to a time-step restriction) to obtain convexity. Nonetheless, due to
the quasilinear structure of the Euler-Lagrange equations, the control problem is
nonconvex. For the convergence proof, we follow the approach from [53], utilizing
strong regularity of generalized equations.

1. Introduction

In this work, we analyze the convergence of the sequential quadratic program-
ming (SQP) method applied to an optimal control problem for regularized fracture
propagation including control constraints. The model problem is the same as in
e.g. [30], and closely related to [46,/47]. It is of tracking-type, with a control g in
a control set Q.4 acting as a boundary force, with associated state pair u = (u, )
in a state space V consisting of a displacement u and a phase-field ¢. It reads:

; 1 2 &2
(NLP77) pedn J(g,u) == 5”“ — Udl|z2(q re) + §||‘1||L2(1“),
subject to:  A(u) + R(p;7) = B(q). (EL™™)

We will precisely define the mathematical setting, including the operators A, R,
and B in Section[2|below. The problem stems from a bi-level optimization problem
with an upper-level tracking type functional, and a lower-level energy minimization
problem for variational fracture propagation. In fact, we consider one time step of
a time discrete and spatially continuous problem, where a regularized version of
an energy minimization problem describing the lower-level fracture propagation is
eventually replaced by its Euler-Lagrange equations. A nonregularized version of
the fracture propagation has originally been considered in [12,13}[21]. To avoid
the irregular fracture set, an Ambrosio-Tortorelli regularization cf. [5] is used; i.e.
an additional phase-field variable ¢ is introduced to replace the irregular Hausdorff

Acknowledgments: This research was supported by the German Research Foundation (DFG)
under grant number NE 1941/9-2 within the priority program Non-smooth and Complementarity-
based Distributed Parameter Systems: Simulation and Hierarchical Optimization (SPP 1962).

1



2 A. HEHL, I. NEITZEL

measure. The phase-field variable ¢ has values in [0, 1], and describes the condi-
tion of the material at every point in the domain, with ¢ = 1 where the material
is completely sound, and ¢ = 0 where the material is fully broken, guaranteeing
a smooth transition between those two states. We apply a viscous regularization
to guarantee strict convexity of the lower-level minimization problem and eventu-
ally unique solvability of its Euler-Lagrange equation. Conditions on the viscous
regularization parameter 7 correspond to a time step restriction in the temporal
discretization of the problem, see [41]. Nevertheless, the Euler-Lagrange equations
are of quasilinear type, making the overall control problem nonconvex. Finally, a
violation of the irreversibility condition in the fracture growth process is penalized
using a regularization with parameter v in form of a (higher-order) penalization,
as in [42]. The corresponding terms appear in the operator R in the differential
equation, whereas the differential operator A stems from the actual (regularized)
fracture propagation process. For a more detailed description of the mathematical
and physical background of , we refer to the introductions of [30,46].

Further approaches in the field of the optimization involving a fracture setting
are given in [19,[20], where the control of a viscous damage model was considered in
a continuous setting, and [1,/45], where shape optimization was used. An approach
where the propagation of a crack was limited through controlling the release of the
associated energy was used in [17,|34]. An optimal control problem of a two-field
damage model, and a nonsmooth (viscous damage) coupled system, was analyzed
in [6,/51). For results concerning the lower-level fracture problem, we refer the
interested reader to [59|, where modelling and numerical analysis of multiphysics
phase-field fracture models are addressed. Phase-field models are also applicable
in other fields, like material science, medical applications and image segmentation.
For the former, we refer to [7H9]. In the context of tumor growth, phase-field
models have been used in e.g. [22}23]. For the latter, the analysis of the Mumford-
Shah image segmentation functional [44] through phase-field methods [5,/10}/11]
is still an active field of research, see e.g. [b0]. For an overview about numerical
implementation of phase-field models, we refer to [16].

Let us give a brief summary of the current state of research for the model prob-
lem : Existence of solutions and first-order necessary optimality conditions
for the model problem, under an additional trivial kernel assumption, but without
a viscous approximation and control constraints, have been proven in [46]. In [47],
convergence of regularized solutions with respect to v was proven. Subsequently,
convergence (w.r.t ) of the dual variables was established in [29]. Finite element
discretization error estimates have been derived for a linearized fracture control
problem in [43], and algorithmic concepts, respectively the space-time formulation
and time discretization, were studied in [39,40]. Further, in [29] the sequential qua-
dratic programming (SQP) method for (NLP?7) was described, and a preliminary
analysis of the underlying quadratic subproblem was made, under an additional
rather strong local coercivity condition, cf. Section This is the starting point
of our analysis. Utilizing second-order sufficient conditions we carry out a rigorous
convergence analysis. We can rely on the results from [30], where we investigated
second-order necessary and second-order sufficient conditions (SSC) with minimal
gap and without two-norm discrepancy. It is well known that SSCs are commonly
the basis for convergence proofs of the SQP method. For an introduction we refer
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the interested reader to e.g. the introduction of [24]. For SQP of control con-
strained problems governed by semilinear elliptic and parabolic equations we refer
to [24,52,563},56,57], for semilinear problems with mixed control-state-constraints
to [25,/26], and for the Navier-Stokes equation to [32,(35,36,58]. In [31,(33], the
SQP method for the optimal control of a (semilinear) phase-field equation was con-
sidered. Only recently, convergence of the SQP method for quasilinear parabolic
optimal optimal control in function space setting was proven in [37].

We will continue the work established in [29,30], and analyze the SQP method
applied to the quasilinear fracture control problem , utilizing the typical
procedure of proving convergence of SQP methods in infinite dimensional spaces
that goes back to [3]. We follow the ideas of e.g. [26,53| and apply Newton's
method to a generalized equation that corresponds to the necessary optimality con-
ditions of the model problem. A Newton-Kantorovich like convergence theorem, cf.
[3,(4,/38] will then ensure local quadratic convergence of the generated sequence.
This theorem relies in particular on the so-called strong regularity property, cf.
[49], which allows to generalize the implicit function theorem to generalized equa-
tions. It was later used to show convergence of Newton’s method in the context
of (unconstrained) optimal control in Banach spaces in [18]. Ensuring this strong
regularity property and additional e.g. Lipschitz results for our model problem
requires a careful, nontrivial analysis. We benefit from results that we have proven
in the context of SSC in [30].

Strong regularity is closely related to second-order sufficient conditions (SSCs).
Let us therefore briefly comment on different types of second-order optimality con-
ditions. On the one hand, it is preferable to keep the gap between the necessary
and sufficient conditions as close as possible, which leads to SSC incorporating so-
called strongly active constraints, cf. [14}|15]. We have established such a result
for in [30]. Yet, this only ensures coercivity on some subspace of Qaq
and it is not clear that the directions generated by the SQP method belong to this
subset. On the other hand, choosing an SSC on the whole control space @ is a very
strong assumption. In this work, we will use so called o-strongly active constraints,
see e.g. [b3]. Following the ideas of [53], we will establish convergence of the SQP
method for certain auxiliary quadratic subproblems. In a second step, we will show
that the solutions of the auxiliary problems in fact correspond to the solution of the
SQP method for , restricted to a neighborhood of the optimal solution.

The outline of the present work is as follows: We start with a detailed descrip-
tion of the problem setting including all assumptions on the model problem as well
as the notation used, in Section 2l In Section [3] we collect regularity and existence
result for (EL”"7) and solvability as well as necessary and sufficient optimality con-
ditions fo, respectively. In Section EI, we describe the SQP method for
(NLPY7)), and start with some preliminary considerations about the quadratic SQP
subproblem. In Section [5|we develop convergence results for auxiliary problems via
the strong regularity property, which we transfer to the SQP method for (NLP7:7)
from Section [l
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2. Problem setting and assumptions

In this section, we state the precise setting of the model problem, which is the
same as in [30]. Let us recall the problem formulation

: L 2 &2
(NLPY) qEQnaldl,IlllEV J(u,q) = 5”“ - ud||L2(Q,R2) + 5”‘1“[,2(1"),
subject to:  A(u) + R(p;7) = B(q), (EL™T)

from the introduction.

We assume 2 C R? to be a polygonal Groger regular domain, cf. [27], with
boundary 6Q = I'Ul'p, where I" is the Neumann part of the boundary on which g
acts as a boundary force. The remaining part of 62 is denoted by I'p, on which
homogeneous Dirichlet boundary conditions are prescribed. As in [47, Section
2], Q is also assumed to be W?9-regular for the homogeneous Neumann-problem
-eVo+Llp=f.

The given function ug € L2(2,R?) denotes a desired displacement, and the
Tikhonov cost parameter « is a fixed positive real number. The control space @
is given by @ = L*(T"), and for g4, g, € L*®(T") with ¢, < g» a.e. on I, the set of
admissible controls is denoted by

Qaa ={0€Q | ¢%<qg<gq ae onl}

The state u = (u, ) € V consists of a pair of functions, with displacement u
and phase-field . We fix some general notation for function spaces, along with the
definition of the state space V. For p > 2, ¢ := p/2 > 1, we define the spaces

Vo =HL(QR?) :={ve HY(Q;R?*)|v=00onTp}, V, :=HYQ),
W, = W5P(Q;R?), W, = W?29(Q),
V =VuxV,, W =W, x W,,
W> =W P(Q;R?) x LY(Q),

and for better readability we introduce the short notation

(2.1) Y =WxQxW and Z:=W*xQxW*.

We will frequently use the notation y = (u, ¢,z) € Y for functions triples consisting
of a state u, control ¢, and an adjoint state z (to be introduced later).

We understand that all spaces are defined on the domain 2 unless otherwise
stated, and often omit the dependency on 2 for the sake of readability. For norms
and inner products, we agree that (-,:) denotes the usual L2-inner product with
corresponding norm || - ||, and (-,-)g corresponds to the inner product of @ i.e.
L3(T"). For functions v = (v¥%,v¥) € W, the norm in the space W is given by

Ivllw = 1", v*)lw = [[0*]l1p + [[v* ]2,

We will denote dual spaces with a superscript *, e.g., V*, and agree that (-, -) stands
for a duality pairing where the spaces are omitted if obvious from the context,
otherwise denoted by a subscript. Note that for our choice of p,q and spatial
dimensions N = 2, we have W, — V,, and W, — V,, by the Sobolev-Kondrachov
theorem. Further, W, — L° holds, which will often be used without further
notice. Lastly, let us introduce B, (v) as the open ball of radius r centered at v € V
w.r.t the norm of V, where V can be any Banach space.
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As explained in the introduction, the equation is in fact a necessary
optimality condition of an energy minimization problem. The operators involved
are the so called nonlinear phase-field operator operator A: V O W — V*, the pe-
nalization operator R: V,, — V7, and the control-action operator on the Neumann
boundary T, B: @ — V*, which for u = (u,p) € W, with 0 < ¢ < 1, are

(AG),v) - = (s(p)Ce(w), e(*)) + (Vi Vo¥) = 2 (1~ %)

+n(e —¢7,v%) + (1 — k) (Ce(u) : e(u),v?),
(R(@;7),v?) : = ([l — 07 )P, v%),
(Bq’ (Uuavw» L= (qvvu)Q’

for all v = (v*,v¥) € V and given phase-field ¢~ € W, with 0 < ¢~ < 1.

The operators A and R will also be used as mappings into the more regular
spaces W* and L?, where we will use test functions v € V, since W* — V*.
The parameter ¢ > 0 is a fixed phase-field parameter. Further, let x > 0 and
9(z) := (1 — k)z% + k. Both « and g appear in the problem due to an Ambrosio-
Tortorelli regularization [5] and an additional regularization for the elastic energy
degeneracy. For more details, we point to [46, Section 2]. Moreover, C denotes the
rank-4 elasticity tensor with usual properties, cf. [48, Section 3] and a sufficiently
large 7 > 0 will be referred to as the (viscosity) regularization parameter, cf. [41]
and also [29}/30,/47] in the context of . For sufficiently large 7, unique
solvability of (ELY'") as well as differentiability of the corresponding control-to-
state-operator are known. We will frequently make use of results from [30,(47],
that hold under such a condition, we therefore tacitly assume:

Assumption 2.1 (Viscous approximation). Let n > 0 be chosen large enough
for all results and calculations of the following sections that depend on such a
condition on 7.

Finally, the given parameter v > 0 is called the penalization parameter. It
stems from the regularization of the irreversibility condition of the fracture problem.
Originally of 4th-order in the energy minimization problem, i.e. 7 || (<p—<p_)+||‘i4(m,
this penalization leads to the R-term in the Euler-Lagrange equations after differ-
entiation, cf. [42]. The high order is needed to ensure the second-order differentia-
bility of needed for the SQP method. Note that ¢~ € W,, is actually the
phase-field of the previous time step if more than one time-step is considered.

3. Preliminary results for (ELY7) and (NLP?:7)

In this section we give a quick overview about available theoretical results, cf.
e.g. [29,30.,47].

3.1. The Euler-Lagrange equation (EL”"7). We briefly summarize results con-
cerning solvability of , its linearization, and the associated solution opera-
tors. The proofs can be found in [30] and the references therein, cf. [28}46,47].
By [30, Lemma 3.1], for n > 0 being sufficiently large and 0 < ¢~ € W,,, we know
that has a unique weak solution u € W for every g € @, i.e. u € V satisfies

(A(u),v) + (R(g;7),v%) = (B(g),v) VveV
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We denote the associated solution operator, also frequently called the control-to-
state-operator, by

(3.1) G:Q-W, Glg)=u=(ue).
By [30, Proposition 3.3], we know that again for n > 0 sufficiently large, G, re-

spectively A and R, are twice continuously Fréchet-differentiable from @ into W,
respectively from W into W>* and from W, into LY. The first derivative of G,
u:=G'(q)§, 0= (i,¢p) € W, is the solution of
(3:2) A'(u)t + R'(¢;7)¢ = B(4),
for u = G(q) and (§,0) € W*, cf. also Lemma in the following. The second
derivative y := G"(q)[G1, §2], y = (y*,y¥) € W is the solution of
(3.3) A'(u)y + R'(¢;7)y? = —A"(w)[iy, Gio] — B"(; 7)[1, B2l
for u = G(q), and W; = G'(9)d;, : = 1, 2.

In the above, the operators A'(u): V — V*, A"(u): W x W — V*, R'(¢,7):
Vo =V, and R"(¢;7): W, x W, — VJ are given by

(4 (w)i, v) = (9(#)Ce(@), e(v)) +2(1 — K)(@Ce(u) : e(@), v*)

+2(1 — k) (pCe(u)@, e(v*)) + e(VG, Vu¥) + %(QB,U"’)
+n(¢,v%) + (1 — £)(¢Ce(u) : e(u),v?),
(A"(w)[t, @], v) :=2(1 - k) [( p2Ce(u)@1, e(v*)) + (B2Ce(i1)p, e(v*))

@1Ce(tz) : e(u),v?) + (¢Ce(tsz) : e(t1),v?)|,
(R'(¢;m@,v%) ==37([(¢ — ¢7)T°p,v%),

(R"(0;7)[@1, B2],v%) =67([(¢ — ¢ ) "|1$2,v7),
for all v € V. Note that the operators A'(u) and R'(y;7) are self-adjoint, cf.
[30, Subsection 3.3], and as for A and R, we can also use A’ and R’ as mappings
from W into W* and from W, into L9, respectively. We will therefore also use
test functions v € V' when working with the operators A’, A”, R', and R".

Let us also collect some boundedness results for A’, R', A" and R" for later
use. For that, let u,@ € W, then an easy calculation similar to [30, Lemma 3.9]

from the definition of A’ and R’ ensures the existence of a constant ¢ > 0, such
that

(3-4) |A"(w)itllw= < cllully 1],
(3.5) IR (eimélly  <cllellsll@llo < cllullfy [[llw.

Let additionally z € W. Then, from the calculations in the proof of [30,
Lemma 3.9], the linearity and symmetry of the terms i, @12,z in the definition of
(A" (u)[01, 0], 2), as well as @1, @2, 2% in the definition of (R"(p;y)[@1, P2], v¥),
respectively, we find
(3.6) A" (W)@, ]"zllwx < cllullwlltllwllzllw,

3.7 IR (e:MI@, 1721l <cllellool|Blloo]1z#loo < cllullw llllw [|Z]lw,
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for a constant ¢ > 0. Note in particular that there exists a ¢ > 0, such that for
u, 0y, Uy, z € W, the boundedness results

(3.8) (A" (W), Te], v)| < cllullw [ flwl[@zllwlvw,
(3.9) (B (9;7)[$1, Bo], v*)| < clullw [z [lw G2 llw[Iv]Iw

hold. Moreover, analogously to the estimations made in the proof of |30, Lemma
3.9], we obtain local Lipschitz continuity results for A’ and R', i.e. for all @i, u;, us €
W, there exists a constant ¢ > 0, such that

(3.10) (A (u1) — A'(w2)dllwx <clllusllw + luzllw]lluz — vzllwlldllw,
(3:11)  I(R'(e1;7) — B'(92;7) éllg <ellluallw + lluzllw]llus — vz llwllillw.
Furthermore, for all u;,us, 01,z € W, there exists a ¢ > 0, such that

(3.12) (A" (u1) — A" (ua)) [, J*2llw < clfus — vzl [l l1zllw,
(313)  [I(R"(p5;7) = B" (02 ) 18, 1% llg < cllu — sllw il 2l

For further explicit reference, we state a result from |30, Lemma 3.3], for linear
equations as in (3.2)) and (3.3)), with arbitrary right-hand side data.

Lemma 3.1. Let n > 0 suffictently large and let u € W be given, then for
every f = (f%, f?) € V*, the linearized partial differential equation

(BLyjy) A'(u)i+ R(g;7)¢ = f

has a unique weak solution G € V, that fulfills the estimate
(3.14) lallv <clfllv,
for a ¢ > 0. If a fortior: f € W*, then 1 € W and 1t holds
(3.15) lall1,p + 1912, <cmax(|lulliy, ullfy, lullfy, [alls)lI€]lws,
forac>0.

We can therefore introduce the solution operator G, corresponding to li
for arbitrary right-hand sides f € V* and given u € W, by
(3.16) Gu: V' =V, Guf)=u.

Note that the first and second derivatives G' and G" of the control-to state operator
G can be expressed as

G'(9)§ =9u(B(9)),
G"(9)[d1,G2]) = Gu( — A" (0)[y, 2] — R"(9;7)[¢1, 2]),
where again u = G(g), and @; = Gu(B(d)) = G'(¢)d. We will use this in the
description of the SQP subproblems below.

3.2. The optimization problem (NLP”7)). We can now gather some known
results for the control problem (NLP77), see [29)/30,/46]. We first write (NLP77)
in a usual reduced form. Utilizing the control-to-state operator G, and implicitly
using the embedding W — L2(Q,R?) x L%(Q), the reduced functional f: Q@ — R

is defined by f(q) := J(G(g),q) = J(u,q). Then (NLP?") is equivalent to
(NLPZT) min f(q), subject to q € Qaq.

red

Existence of at least one global minimizer g of (NLP 1) with associated state
U € W has been shown in [30}, Proposition 4.1] and in |46, Theorem 4.3] for a model
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problem without control constraints. Due to the nonconvex structure of (NLP77)),
we call § € Q.q a local minimizer of (NLP77) in the sense of L?(T'), if there exists
an r > 0 such that

(3.17) f(@) < f(g) Vg€Qaa with [[g—gllo <

First-order necessary optimality conditions for (NLP”7) have been derived in
[30, Lemma 4.3], by adapting the results of [46,47]. They read as follows:

Lemma 3.2. Let § € Q,q be a local minimizer of (NLP,) with associated
state u € W. Then there exists an adjoint state z = (z%,2¥) € W, such that

(BL7) A(R) + R(g;7) = Bg € V*,
(AE™T) (A'(a))z+ R'(@;7)2Y =t —ug € V¥,
(VI%W) (B*Z+aq,q—q)Q >0 Vg € Quqg
holds.

Note that Lemma|[3.2]already makes use of differentiability of f. In fact, for n >
0 being sufficiently large, the reduced functional f is twice Fréchet-differentiable
from @ into R by |30} Corollary 3.5 and Section 3.3], with derivatives

(@)= (B"z +aq,d),,,
(3.18)
(@)1, §o] = (i, @) + (G2, G2)@ — (A" (W)[iiy, B2, 2) — (R"(9;7)[$1, $2], 2%),
where u = G(q), z = G'(¢)* (v — uq), 0, = gu(B(cji)), and §,§; € @, for z = 1,2.
Moreover, by |30, Lemma 3.10] and for n > 0 sufficiently large, f is second-order

locally Lipschitz continuous in @, i.e. for every p > 0 there exists a constant
cr, = cr(p) > 0 such that for all g1, g2, € @ with ||g1 — ¢z2|lo < p, it holds

(3.19) |(£(22) = (@) ) 0, ]| < esllas = llolidillc g llo-

Let us also point out that the existence, uniqueness, and regularity result from
Lemmais applicable to the adjoint equation , due to the self-adjointness
of A’ and R, and the regularities & € W, and uq € L?(Q, R?).

To close this section, we point out that in [30, Theorem 4.6 and Remark 4.7],
we have established second-order sufficient conditions optimality conditions. If
d € Qaq, with associated state € W and adjoint state z € W, satisfies the
first-order necessary conditions from Lemma [3.2] as well as the coercivity condition

(3.20) Jdssc >0 suchthat f"(7)(d?)* > bssclld?|y; Vd? € C(q),

with a cone of critical directions C(g) defined by

(321)  C(@)={d" € Qua | d’(z) =0 if B"z(a)+ad(z)# 0},

then there exist constants € > 0 and ¢ > 0 such that the quadratic growth condition

Fl@) > f(@+cllg—all Vg€ Qaa that satisfy |lg—gllo <e

holds. However, for proving convergence of the SQP method under a second-order
sufficiency condition, we will have to ensure that the descent directions determined
by the quadratic subproblem stay within the cone of critical directions. If this cone
of critical directions is too small, we cannot guarantee this. Following the ideas of
[63], we therefore use slightly stronger SSC that involve so-called o-strongly active
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constraints, for an arbitrarily small but fixed parameter o > 0. Let us therefore
define the set

(3.22) I(o):={z€Q | |B*z+agl >0}, for 0>0
and the cone of (o-)critical directions
(13-21)) Cs(q) :=={d? € Qaa|d*(z) =0 on I(0)}.

Note that for the cone C(gq) defined in ([3.21]) we have the inclusion C(g) C Cs(q)
for 0 > 0. We therefore impose the following assumption, slightly stronger than
(3.20):

Assumption 3.3. Let § € Q.4 and the associated function triple (@1,3,Z) € Y
fulfill the first-order necessary conditions given in Lemma[3.2] There exist constants
o > 0 and dsgc > 0 such that

(3-20) F(@)(dY)? > bssclld?ly, Vd? € Co ().

Then, |30, Theorem 4.6] obviously also results in a quadratic growth condition
under Assumption (3.3

Corollary 3.4. Let g € Q,q4, with associated state t € W and adjoint state
z € W, fulfill Assumption[3.3. There exist constants € > 0 and ¢ > 0 such that
the quadratic growth condition

fl9) > f(@) +cllg — all3

holds for every q € Qqq with ||g — qllg < €. In particular, § is a strict locally
optimal control in the sense of L?.

In the following, we tacitly assume that g is a fixed local minimizer of
and § = (1, 7,Z) € Y will always denote a fixed triple that satisfies the first-order
necessary conditions of Lemma and the second-order sufficient conditions of
Assumption [3.3

4. The SQP method

Let us now describe the SQP method for (NLP™:"). To do so, we first define
the Lagrangian functional

(4.1) L:Y =R, L(y):=J(u,q)+ (A(u),z) + (R(p;7),2%) — (B(q),2),

with y = (u, ¢, z) as introduced in Section 2| Applying the differentiability results
for A and R, it is clear that second-order Fréchet-differentiability of £ from Y into

R holds. Using we see
L"(y)[(t1, 1), (G2, G2)] = f"(9)[d1, Gl
= (U1, 42) + (g1, G2)q
(4.2) — (A" (W[, 2], 2) — (R"(;7)[@1, B2, 2%).-

Note that therefore £” is also locally Lipschitz continuous, with Lipschitz estimate

induced directly from (3.19)).
As is well-known, the SQP method involves the iterative solution of qua-

dratic subproblems, which we will denote by (QPg). Given a current iterate
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y* = (u*, ¢*,2z*) € Y, find a pair d* = (d™F, d?*) = (uFT? —u*, ¢**t1 —¢*) e W xQ

that solves

(QPy)

min Ji(d") = J(u*,¢*)d* + %L”(yk)[dk,dk],

st A'(u¥)d™* + R'(p*;7)d"* = B(d**) + B(¢*) — A(u*) — R(¢";7)
and ¢**! € Qaq.

Let us point out that we can equivalently express the equation for (d"*, d%*) by

d™* = Gux (B(d**) + B(q") — A(u®) — R(¢";7)),
with the operator G,» defined in . Further, the derivatives J' and L are al-

ways taken w.r.t to the function pair (u, g). We also explicitly recall the functionals
J" and L" as

(43)  J'(u*,¢")d" = (uF —ug,d*F) + a(g", d¥F),
L£"(y*)[d*, d*] = [|d“F|? + alld?|]? — 6y([(¢* — ¢7) Tl dok, 20F)
—2(1 - k) [(d“”kCe( BYdok e(z%F))
+ 2(d?*Ce(d“*)p*, e(2**))
+ 2(d**Ce(u*): e(du’k),z“”k)
(4.4) + (@FCe(d™*): e(d™"), z“”k)].
For now, assume that d* = (d“*,d%*) is a solution of . First-order

necessary optimality conditions for (QP) are then a straightforward adaption of
[29, Section 4.2].

Lemma 4.1. Lety® € Y be given and d* be a minimizer of (QP). Then,
there exists an adjoint state zFT! = (z%*+1 29k+1) € W such that

(4.5a) A'(u*)d™* + R'(p*;7)d** = B(¢""") — A(u*) — R(¢*;),
(A'(U*)*2* 4 R (9% ) 2#F T =P —uy — A" (uF)[a™F, ]2

(4.5b) — R'(¢*;m)[d*, ] 2",

(4.5¢) (B 2" + agbtt, g - qk+1)Q >0 Vg € Qua

holds.

We want to point out that convexity of the objective functional Ji(d*) at
every iterate y* is still an open question at this point. Solvability of has
been addressed in |29, Lemma 4.1], under the condition that a strong coercivity
property is fulfilled in the current iterate y* € Y, i.e. that

k[ gk gk (|2
3c>0 suchthat L"(y")[d",d"] > c]|d®"|[3,

for all d* € W x Q.q that satisfy d®* = Gx(d?*). Transferring such a condition
from one iterate to the next would be rather straight forward using the Lipschitz
property of L”, if the algorithm is initialized close to a local minimum fulfilling the
strong condition

L£'(g)ld*, d*] > cl|d®*|3,
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for all d* € W x Q that satisfy d%* = G5(d?*) with a constant ¢ > 0, but is more
involved for d%* € C,(3).

We end this section by stating the SQP algorithm, as already used in [29,
Algorithm 4.1].

Algorithm 4.2 (SQP algorithm for (NLP77)).
(0) Choose y° = (u,¢% 2% € Y, and set k = 0.
(1) STOP, if y* = (u®,q",z*) satisfies the first-order necessary optimality
conditions of from Lemma
(2) Solve to obtain d* with associated adjoint z**1.
(3) Set (uF*?, g*+1) = (u*, ¢*)+d*, with associated adjoint z**?, set k = k+1
and go to step 1.

To prove convergence under the weaker condition involving the cone of (o-
)eritical directions C,(g) from requires the discussion of several auxiliary
results. We want to point out that we can follow a meanwhile classical approach in
the convergence of SQP methods, see e.g. |3,4463], also [25}26], yet the application
for our specific problem requires the careful application of appropriate regularity
results.

5. Convergence analysis for an auxiliary sequence

Following the ideas of [4},53], we will first show that the SQP method of Al-
gorithm corresponds to iteratively applying Newton’s method to a generalized
equation. In order to do this, we will transform the optimality conditions from
Lemma and Lemma [4.1] into generalized equations and identify the associated
Newton steps. We can then investigate convergence results for Newton’s method
with auxiliary subproblems.

5.1. Optimality conditions as generalized equation. Let us start by looking
at the first-order optimality conditions of (NLP"'") from Lemma Following
[4,53], we define the generalized equation

(GE) 0€ F(7) + N(@),
where the mapping F': Y — Z and the set-valued map N: Y= Z are given by
(A'(W)*2 + B (7) 2 - u+ ug 0
(5.1) F(y):= B*z+aq |, N(y):= | Nuc(q)
A(u) + R(#;7) — Bg 0

Here, Npc(q) denotes the normal cone of Q.4 at a g € Q, i.e.

Npc(q) ={d?€ Q| (d*,§—q)g <0 forall §€ Qaa}
Note that due to the nonlinearity of A and A’ with respect to u, (GE] is also

nonlinear. The operator F' is Fréchet differentiable from Y into Z, with derivative
(5.2)
A, 7+ A ()% + R (9 )[B, "2 + R(937) 20 —
F'(y)g = B*7 + af
A'(u)a + R'(9;7)¢ — B(4)
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where § = (11, §,Z). This directly follows from the second-order continuous Fréchet
differentiability of A, R, and the linearity of B. We can thus apply Newton'’s
method to . Given the function triple y* = (u*, ¢*,2z*) € Y, the next iterate
YRt = (uktl, gFt1 zE+1) € Y is determined by solving the generalized equation

(NM) 0€F(y*) + F'(¥*)(v**' —¢*) + N(¥*).
Writing out the definitions of F', F’, and N, we see that (NM)) is equivalent to
A(u*) + R(¢*;v) — Bg*'*
+A (0F)(u* T — u*) + R (0% 7) (0" - ) =0,
(Al(uk))*szrl + RI((pk;,y)*zk+l,<p + All(uk)[ukJrl _ uk, ']*Zk
+R(@5 ™ = 9F, T 2?F —uF T ug =0,
(B 2" + ag** g —¢"1), >0 Vg€ Quq,
which is precisely the formulation of (4.5a)-(4.5d)), recalling d"* = u*+! — u*.
5.2. An auxiliary subproblem 1QP; . We already pointed out that a priori
it is not clear whether the directions d* produced by Algorithm lie in the
cone of critical directions from ((3.21f) that Assumption uses. This suggests
to look at auxiliary subproblems. We follow the approach of [53] and change

the definition of the admissible set in a first step. The auxiliary subproblem, for
d* = (dWk,d?*) = (aF+ — uk, §F1 — ¢F) € W x Q, reads

(QPy)
“ “ 1 ny o~
min Ji(d¥) = J'(u®, ¢*)d* + EL‘,”(yk)[dk,dk],
dlc
5. t. A'(u¥)d™* + R'(¢%;7)d"* = B(d**) + B(¢*) - A(u*) - R(¢";7),
and "t € Qaq == {q € Qaa | g = 7 on Z(0)},

for which we recall Z(o) := {z € Q | |B*Z + ag| > o}, cf. (3.22)). To establish

unique solvability of , we prove a coercivity result, following [55, Lemma
6.2].

Lemma 5.1. Let dgsc > 0 be as in Assumption[3.8 Then, there ezists a
constant w; > 0 such that for all y* € Y with ||y* — §|ly < w1,
dssc

‘C”(yk)[(ﬁuk ) 6)’ (ﬁu’c ) 6)] > 9

holds for all (Tiyr, §) € W X Qquq that satisfy Gyr = Gur (B({i)) and § =0 on Z(o).

4%

Proof. Let g, i+, Gl be given as assumed and observe that the difference d" :=
Uye — Og, d* = (d¥, d¥) fulfills

(5.3) d* =Ga ([A'(@) — A'(u¥)]dwr + [R'(@;7) — R (0" 7)),

where we can apply Lemma [3.I] to obtain:

(5:4)  [la%lw <cll[A"(w) — A'(u*)]aw]lwx + c[l[R'(7;7) — B (#*;7)]@urllq-
Now, applying the Lipschitz results ((3.10) and ((3.11)) to (5.4) we obtain

14" lw <2¢[llallw + [[u*lw]lla — u®|lwltuelw,
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which by the triangle equation ||u*||w < [|Gl|w + [Ju® — @llw, and setting M :=
2|lallw + ||u® — al|w, leads to
(5.5) 1d%lw <cM|ju* —allwllawlw < cM|la - u|lwlldle,

observing again from Lemma [3.1f that ||[&,x ||y < c||d]|o-
Writing @iyx = Gg + (Gux — 0a), a short calculation shows

£ (i
=L"(y*)[(fa + (fygr — Ta), §), (fa + (dgr — Ta), §)]
= L£"(9)(a, ), (e, 9] + |£"(¥*) = L"() | (11w, 9), (G, §)]
+ 2(ta, Gyt — Ga) + || G — Gall?
2(

A (U [iig, e — @9],2°) — (A" (uF) [0 - fig, Gu — g, 2")

ky q) (ﬁu’c ) q)]

(5.6)
1" k. - ~ ~ 0 o,k e k. - ~ ~u” ~ 0 p,k
2(R"(¢";7)[Pu, Pur — @], 277) — (R (0" 7)[Pur — $a, P* — "], 297).

We now estimate all terms from the right-hand side of ((5.6) from below. We
recognize that § lies in the cone of critical directions C,(q) from (3.21f), thus we
can use Assumption in the first term on the right-hand side of ([5.6|) to obtain

L£"(9)[(a, 9), (G5, §)] > dssclldlld-

For the second term, the Lipschitz result (3.19) and (4.2), with constant ¢;, < cw;
lead to

L£"(y*) - £"(9)|[(8g,9), (i, 9] > — cwrlld® — dlloll4113-

Next, for the third term, the Cauchy-Schwarz inequality and the classical embed-
ding result ||ullz <|[ul1,2 <|[[ullv yield

2(ta, Gy — @a) + |Gur — @all® > — 2l @all2||Ger — dall2 +0

v

= 2[[8g|lv [t — dallv

v

— 2cM|ja - u*|lw |4l

where we used |[ig||w < cl|dllg, again by Lemma [3.1] and to obtain the last
inequality.

Finally note that by Lemma it also holds |[tal|lw < c||/d|lg. Thus, using
the estimates for A” and R” from ([3.8) and , and , we further obtain

—2(A"(u*)[@®, a*" - d%], z")

v

— 2cM ||tallw [t — dallw

v

—2cM ||a — u®|lw (g3,
—(A"(u*)[Ayr — g, G — Gal,2°) > — cM [[a - u®[l5 1113,
—2(R"(¢"; )P Pur — @ul, 29°) > — 2eM |[a — u*|lw ]|,
~ik

(R M[Pur — $5, @ — Pal,29*) > — M [[a - u®|iy |43,

Assume now ||i — u*||yy < w; and || — ¢*|lw < wi, and note that therefore
M < c+ws, for an wy; > 0 to be determined. Collecting all estimates and inserting
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them into ([5.6) eventually leads to
L (y*)[(Tar, §), (g, §)]
> ((dssc = cwd = awi(2+ wn)(wi +¢) = cwi (2 + wi)(wi + ) Il

=1

The constant w; > 0 can be chosen small enough that I =: ‘SS% > 0. This concludes
the proof. ([

An existence and uniqueness result for solutions to now follows from the
compactness of Cjad, and the strict convexity of the objective functional of
that is immediately implied by the coercivity condition shown in Lemma for
w; sufficiently small.

Corollary 5.2. Let y* € Y fulfill ||y* — g|ly < Sw for a suﬂiczently small
wy > 0. Then has a unique solution dik e Qad with associated d™* € W .

Proof. By Lemma the objective functional Jk(dk) of is the sum of a
linear functional and a uniformly convex functional, for w; sufficiently small. The

set 6/2:1 is uniformly compact in @, the claim now follows from standard arguments,
cf. [565, Theorem 2.14]. O

Again, first-order optimality conditions for follow in a standard way.

Corollary 5.3. Lety* €Y be given. A control dok = gotl — gk with gFt1 €
Q.a, with associated optimal state d™* and adjoint state z’“‘*‘1 (zwktl zoktl)
1s optimal for the subproblem if and only if (du k dek, 2**t1) € Y satisfies
the optimality system

(5.7a) A'(uF)a™* + R(9*;y)d** = B(§*) — A(u®) - R(¢*;7),

(Al(uk))*ikJrl + RI((pk;,y)*‘g(p,kJrl :,&kJrl —ug— A”(uk)[a“’k, ~]*Zk
(5.7b) — R'(p*;7)[d"F, " 2#F,
(5.7c) (B2 + gt g - ¢, 20 Vg€ Qu

Note that for ||y* — |ly < wi, with w; as in Lemma and Corollary
the first-order conditions are also sufficient, since is (strictly) convex. The
strict convexity means in particular that solutions of the optimality system from
Corollary are also locally unique in an w;-neighborhood of 3.

Analogously to the course of action at the end of Section [5.1] we observe the
equivalence of the optimality system of Corollary with a generalized equation,
which is introduced as

(GE) 0€ Fy) + N(y),
where F is given as in (5.1) and N(y) := (0, Nuc(q),0)T, with Nyc(q) defined by
Noc(g) ={d? € Q| (d?,§ —q)o <0 forall §e Qa.a}.

Formally, the Newton subproblem associated to 1' reads: Given the func-
tion triple y* € Y, the next iterate §**! is determined by solving the generalized
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equation

(NM) 0 € F(y*) + F'(v*) (3" — v*) + N(@*).

5.3. The strong regularity property. We now prove local quadratic conver-
gence of the sequence of solutions generated by 1) or equivalently by .
As in [26,53], we use a Newton-Kantorovich like convergence theorem, following

the approach of [2|. It ensures that the generated sequence {G*} C Cj:d of global
solutions of is well-defined and stays in the convergence radius of Newton’s
method, if started from a good initial guess, and ensures local quadratic conver-
gence to q.

Let us continue with some notation. Firstly, let ys = (us,qs5,2s5) and ys =
(ug', gy, Zs'), and let & := (8y,62,85) and & := (81,85, 83) denote triples of pertur-
bations that lie in the space Z, cf. (2.1). Next, we write BZ(8) and BY (%) for the
open balls

(5-8) BI(§):={6€Z | |I6-4llz <7},
(5.9) B/(#):={y€Y | lly—dly <r}

We will often set § = 0. With this, we can state the definition of the strong
regularity property, see [18,49].

Definition 5.4. We say that the generalized equation li has the strong
regularity property at 7 if there exist radii 1,75 > 0 and a constant L, > 0, such
that for all perturbations § € Bfl (0) the perturbed generalized equation

(5.10) 5 € F()+ F'(¥)(ys — ¥) + N(ys)

suffices to the following properties:

(1) The perturbed generalized equation (5.10) has a solution ys € BY, (7).

(2) ys is the only solution of (5.10) in BY ().
(3) Let ys,ys be the unique solutions to (5.10) in By, (%) for 6,6’ € BZ (0).
Then the Lipschitz condition

llvs — ys'lly < Lor|l6 —8'l| 2

holds.

Let us put on record that ¢ € Z only enters (5.10) linearly and further that g

is a solution to both (GE) and (5.10) for 6 = 0. Closely following 53], we point
out that (5.10) is exactly the perturbation of the linearization of 1] in g, le. a

perturbation of 1] in this function triple. Let us recall this generalized equation
for further reference, and from now on also call it

(NMs) § € F(g) + F'(§)(ys — 9) + N(ys),
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for a 6 € Z. 1t is clear that 1' is the first-order necessary condition for the
auxiliary subproblem

== . - NN 1 A A
(QPs) min Je(ds) = J'(@,9)ds + 5 L£7(9)[ds, ds]
)
— (61, cAicl$1>(W1’1"’><L‘1’)*,W1’P><L‘1 — (62, Jg)Q’
(ELs) s. t. A'(w)d§ + R'(@;7)d§ = B(dj) + B(q) + & — A1) — R(%;7)

and 65 € Qad7

where ds = (dY, d2) := (fis — @,ds — §), and § = (61,82,83) € Z.

We start by discussing unique solvability of , relying on Assumption
to guarantee strict convexity of the problem in 4. Note that this follows analogously
to |54, Lemma 4.1]. Due to §s being equal to § on Z(c), we have di = 0 on Z(0).
We split 15 = +11, where @t = G (B(d})) and @t = G (B(7) — A(@) — R(@; ) +83),
i.e. 11 does not depend on the control dg. The objective functional of can
now be rewritten into

Je(ds) = J(,9)(8 -+ ,d7) + L()[(0 + s, D), (4 + G, )
= (81,8 — W ey, wrnze — (82,8)0

= L' @)[(6, ), (&, )]
+L£"(9)[(8,0), (&,0)] + J'(8,9) (4, df)

— (01, W) (1o Loy wrexre — (62,d5)0
1 H(=\T( ~ — o\ /~

+ 5‘6 (y)[(u7 0)7 (u7 0)] + J’(u7 Q)(u) 0)

+

(61, u>(W1,p/ X La')*,WLPx La-

Note that (1@, §) belongs to the subspace where Assumption applies. Thus,
the term in the first line of the right-hand side is coercive. The terms in the second
and third line constitute a linear functional in (i, d}), and the terms in the fourth
and fifth line are independent of cfg. Thus the objective functional Jy (&5) is strictly
convex. EHxistence, and uniqueness of solutions now follow from standard theory,
cf. [26, Lemma 5.1]. We therefore omit the proof.

Lemma 5.5. For each § € Z, has a unique solution (a;;,d”g) €
W x @, with §s € 6/2;1, depending on 4.

In a canonical way, also first-order necessary conditions for can be shown.

Corollary 5.6. Let é € Z be given. A control Jg = §s — q with §s € @a\d,

with associated optimal state a;; and adjoint state 25 = (2¢,2f), is optimal for
the subproblem if and only if (fl;‘, Jg,ig) satisfies the optimality system
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(5.11a) A'(@)dy + R'(§7)d¢ = B(ds) — A@) — R(@7) + 6,

(A'(5))*25 + R'($;7)" 3¢ =1is — ua — A"(0)[d}, 'z
(5.11b) — R'(@;7)ldy, 1" 2% — 61,
(5.11c) (B*2s +ads 82,0 @) 20 Va€Qu

As for the optimality conditions of from Corollary the first-order
conditions of from are also sufficient, due to the strict convexity of
in y. Further, this again also means that the solutions of the optimality
system from Corollary are unique.

We will now show the Lipschitz condition from Definition for which we
closely follow the proof of |54 Theorem 4.2].

Lemma 5.7. Let g5 and s be the the unique solutions of for the
perturbations 6,8’ € Z, with associated states Uis, (s and adjoint states Zs/, Zs,
respectively. Let §s and Js: denote the associated function triples. There exists
a constant L > 0, such that

196 — Ge'lly < L6 — &'l

Proof. Let u:= s — s/, ¢ := §s — §sr, z := Zs — Zs:, and note that and
imply
(5.12) A'(@)u+ R, (%;7)¢ = B(q) + 85 — &,

(5.13)

(A(@)'z+ R(§7)'2% = — A"(@)[u, T'2 - R'(@7)lp, "2 +u— (8 - 8)).
We start by estimating the right-hand side of both equations, using the regularities
g €@, 6 € Z, and the estimates and . Hence, by Lemma
(5.14) [ullw <cllgllq + cllés — &5llw= < cllgllg + cllé = &'llz,

(5.15) lzllw <cllullw + cllér = 81llw= < cllgllq + cllé — &'l

In particular, we have u € W — V and z € W — V. We can thus test (5.12)
with z and (5.13) with u. Summing up, we obtain

(¢, B*z) + (85 — 65,2) = — (A"(@)[u, u]'Z) — (R"(®;7)[p, ¢], 2%)
(5.16) + (u,u) — (6; — 87, u).
Testing ((5.11c|) once in (25, §s) with §s» and once in (Zs/, §s:) with §s, and summing
both inequalities, leads to
(5.17) (52 — 6;,q) — a(q,q) > (B*z,q).

Inserting (5.16]) and (j5.17) into the second derivative of the Lagrangian, cf. (4.2)),
leads to

(518) E”(’g)[(u, q)v (ll, Q)] < <51 - 511» ll> + (52 - 5&: Q) + <53 - 6éa Z).

We now estimate £” from below. We split u into a part that depends on the control
g and a part that depends on the perturbations, i.e. u = @1 + ug, where

A'(u)a+ R'(g;7)¢ = B(q),  A'(u)us + R'(@;7)es = 03 — &5.
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Note that Lemma [3.I] ensures
(5.19)
lallv < cllgllg, llallw < cllgll, llusllv < cllds — d3llwx, llusllw < cl[dz — &5(lwx.

An easy calculation, analogously to in the proof of Lemma yields
L"(G)[(a+ us, q), (4 + us, g)]
=L"(§)(&, ), (&,9)] + 2(a, us) + [lus||* — 2(A"(W)[us, 1], 2)
(520)  —(A"()[us, us),2) — 2(R"(%;7)[ws, ], 2°) — (R"(#;7)[ws, 5], 2),
with
L"), 9), (4, 9)] > dsscllall,
2(1, us) + [lusl* > — 2/|63 — &3/lw = llallo,

—2(A"()[us, 0], 2) > — 2¢[|03 — &llw lllallo,

—(A"(T1)[us, us], 2) > — cll6s — &Iy x,
—2(R"(@;7)lps, ¢],2%) > — 2¢l|63 — &3llw=lllalle,
—(R"(@;7)[ws, #s], 2) > — cll6s — &5y

Plugging the above estimates in ([5.20) and combining it with (5.18]), eventually
leads to

(61— 81, u) + (6 — 6},9) + (65 — 6}, 2) > Ssscllalld — 20165 — S4llw~lalla
—cl|ds — 85« — 2185 — 84/l llllallo
—cll8s = &lyx
which is equivalent to
Ssscllalldy <161 = 81llwx|lullw + cl|62 = &llellalle
+ 163 — 85l lwx||zllw + cll6s — 5]lw=lallo + cll6s — 855
<clls = &'z ([[ullw + llallg + llzllw) + cllé — &IZ-

Inserting the estimates for u and z from (5.14) and (5.15) and using Young’s in-
equality, we obtain

lds — dorllo < clld — &'z
for a ¢ > 0. Applying (5.14)) and (5.15) concludes the proof. O

At this point, we have established all properties of Deﬁnitionfor 1’ In
summary, we have shown the following result in the context of strong regularity.

Theorem 5.8. The generalized equation 1) 1s strongly regular at g.

5.4. Convergence of . Let us now turn to the proof of convergence for
the sequences {G*} generated by (NM), or equivalently by solving . Due to
the strong regularity of , we can make use of a generalization of the implicit
function theorem. The proof relies on standard arguments, see e.g. [2}|25}26}52].
For completeness, we recapitulate the main arguments of the proof given in [25,
Theorem 7.1], adapting them to the operator F' and its properties, some of them
postponed to the Appendix.
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Theorem 5.9. There exists a radius wy > 0 and a constant Cy > 0, such
that for each starting point y° € BZ:Z (§) with ¢° € Qq4, the auziliary subproblem

generates a unique sequence of iterates {§*} C B}:Z (y) that satisfies
(5.21) 1957 — glly < Cwllg* —9l3  for all ke N.

Proof. By Theorem is strongly regular. Further, note the auxiliary
Lipschitz result for F' from Lemma As a result, we can utilize Dontchev’s
implicit function theorem for generalized equations, cf. [18, Theorem 2.4], which
ensures the existence of r3,r4 > 0, such that for any §* € B}; (7), there exist a
unique solution §**! € B}f1 (7) to . If w, is chosen such that 0 < wy < r3, we
obtain

(5.22) 0€F(7) + F(9)(F-9)+ N(@®),

(5.23) 0 € F(3") + F'(§°)(§*"* - ") + N(3*)
Adding and subtracting F(7) and F'(7)(9*** — ) to (5.23), leads to
(5.24) § e F(9) + F'(§)(d* —9) + N(g*),

where 6%*1 is defined as
(5.25) §*T=F(§) - F(@*) + F'(@)(@*" — §) — F'(3%) (8" — 7).

Note that we can apply the local Lipschitz result of Lemma to (5.24), which
then yields

(5.26) 1657z < L||§* — glly < Lws,

for a constant L > 0 depending only on the radii 73 and ry4.

Next, we recognize that (5.22)) and (5.24) are equivalent to the first-order nec-
essary conditions of (QPg)) for 6 = 0 and 6 = 8%+ respectively, Therefore, from
Lemma [5.7] we obtain

(5.27) 197 = Glly < Ler 167! = 0llz = Loy [|8°FY]| -
Inserting ((5.27) and ([5.26)) shows
(5'28) ||gk+1 - gHY < L L ws.
To obtain a quadratic convergence result, we estimate ||6%11||z further. Its
definition (j5.25)) yields
(5.29)

16z <[IF(§) — F(§* - F'(§°)(F - °)llz + I(F'(§) — F'(§) @ = 9l
The estimation of the right-hand side is postponed to the appendix. Note that
l7*]ly < ||glly + 73, thus applying Lemma and Lemma yields

(5.30) 1651z < callg® — IR + callg® — FllvlIg* — glly,

for constants c;,c2 > 0 depending on the radius r3. Combining (5.27)) with ([5.30])
now leads to

(5.31) [19*"! = glly <Lerarllg® = 3ll§ + Lercallg® = allv 1757 — glly.



20 A. HEHL, I. NEITZEL

Let us additionally demand wy < ﬁ
(5.28)), from (|5.31)) we obtain

(5'32) ||gk+1 - 'gHY S Lsr Clwg + Lsr CaWz Lsr ng S wg [Lsrcl + LirCQ L S W2,

Since §* € B} (7), and using

which implies that §**+* € B‘}; (7). Finally, let us demand ws < and choose

Cy = ;=2 > 0, Again, from ([5.30) we obtain

1—wzcaLsy

_1
2L pc2?

kL _ g”Y < Lsrcl||gk - g“%’ + Lsr02w2||'gk+1 - gHY

<Cwll(a*,¢",2") - (8,4,2)I%

19

Overall, setting w, =: min (7‘3, I C1+1L2 oI 2L1 Cg) > 0 yields the assertion
(5.21). 0

6. Local convergence of Algorithm [4.2]

In this section, we will show our main result, i.e. that the sequence {g*}
of iterates produced by the SQP method from Algorithm converges locally
quadratically to §. We have already proven that the auxiliary subproblem (QP
produces feasible iterates, exploiting the strong regularity property, and that these
iterates converge quadratically to g. To carry the results obtained for over to
(QPx|), we introduce yet another auxiliary problem, still following the ideas of [53].
We then show equivalence results for the intermediate subproblems and and
transfer our convergence result from Theorem to Algorithm

Let us note that in the following, y* = (u*, ¢*,z*) € Y will always refer to a
fixed function triple, that lies in a neighborhood of ¥, which will be determined
in Assumption below. At this point, let us also recall that § always satisfies
Assumption (3.3

6.1. The intermediate subproblem (QP%)). As in [53] we define the neighbor-
hood Q¥; around g, for an w > 0, via

“={9€ Qaalllg—dllg < w},
and introduce, for d* = (d*,d%%) := (uFt? — u*, g* 1 — gb):
(QPR)
min Ji(d) = 7 (¥, ) + 2£7(u*)lab, ),
s. t. A'(uP)d%* + R/ (@"; y)do* = B(d%*) + B(g*) — A(u®) — R(¢";7)
and ¢! € QY.

w

The problem (QP{) will serve as an intermediate problem between (QPg) and

(QP.). The motivation for (QP¥) is the fact that this subproblem is a localization
of (QPg)), in the sense that the admissible control set Qa.q is restricted to a local
neighborhood of 4. Let us start by proving existence of at least one solution.

Lemma 6.1. Let w > 0 be sufficiently small, and ||y* — §lly < w. The
auziliary subproblem (QPY) has at least one solution a3k e QY, with associated
st ew.
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Proof. The objective functional of (QPY) can be written as

Ji(dE) = Je(ul)ju + Jr(ad)q,

where
Je(ug)a = (uF = ua, dg®) + |d*||* — (A" (u*)[d5*, A5, 2")
— (R"(¢*7)[dE ", d*], 29),
Ji(g5)1q = a(d®, d3*) + alldZ*||2.

Since gkl € QY and ¢F € Q fixed, d%* is bounded in Q. Note that do* =
Gur (B(dffj’c +4*) — A(u*) — R(¢*; 'y)) is the unique weak solution to the state equa-
tion of (QPY)), in particular this means that d** € W is bounded by Lemma (3.1
ie.

[ |l <c(q®,u®)l|dZ*lo,

where ¢ = c(¢®,u*) > 0 is a constant only dependent on the Q norm of ¢* and
the W-norm of u®, c.f. . Therefore, we have u, dﬁ’k, z* bounded in W, and
¢*,d® bounded in Q. Using , , and Holder’s inequality, both Jk(uc’j)|u
and Jk(qf,)|q are bounded from below. Further, it is easy to verify that Jk(qf,)|q
is convex and continuous w.r.t. dff,’k, therefore weakly lower semicontinuous, and
that Q% is weakly sequentially compact. The remainder of the proof now follows
standard arguments, cf. e.g. [55]. O

We state first-order optimality conditions for (QP|), which again follow in a
standard way.

Corollary 6.2.  Let d¥ be a local solution to (QPY) for given y* € Y. Then

there exists an adjoint state pair z"F+1 = (zﬁ’kﬂ,z‘f’kﬂ) € W, such that

(6.1a)  A'(u*)dS*! + R (9% 7)d0 ! = B(ghT) — A(u®) — R(¢*;7),

(A'(u*) 25t + R(9%59) 20" = uf T —ug — A" (u®)[d*H, ) 2
(6.1b) — RI(Fm)[df Tt 29k,
(6.1c) (B*Zf,“ +agitt g - qiﬁ“) >0 VgeQy:

Note that the optimality conditions of 1@} from Corollary and the op-
timality conditions of (QP%]) from Corollary only differ in the variational in-

equality, in particular only the control sets 6/2:1, “,, respectively, are not identical.

6.2. Equivalence of (QP¢) and . We will show that the (unique) solu-
tion gFt? of , together with the associated state {1**! and the adjoint state
211 satisfies the optimality conditions of , and that the latter have a unique
solution if y* lies sufficiently close to 7, and w > 0 sufficiently small. In particular,
we will also show that g**! lies in @;, if w > 0 is sufficiently small.

We start with a technical auxiliary lemma, analogously to [55, Lemma 6.5].

Lemma 6.3. There exists an w3 > 0 with the following properties: Sup-
pose w < ws, y* € Y with ||y* — glly < ws, and let the triple y = (u,q,z)
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satisfy
€

Q‘;’d)
Gur (B(g) + A'(u*)uF + R'(o*;7)9* — A(u*) — R(¢*;7)),
Gur

q
u
z (v — ug — A"(u*)[u —u*, 2" — R" (" 7)[p — o, 172%F).

Then it holds
sign(B*z + aq)(z) = stgn(B*z + ag)(z) a.e. on ZI(o),

Before we start the proof, let us point out that the assumptions of the
Lemma mean that y satisfies the state equation (6.1a)) and adjoint equation

(6.1b) of (QP%]) from Lemma but it is not yet clear or required that the
variational inequality ([6.1c]) holds.

Proof. Analogously to [55, Lemma 6.5], the function d" = (d*,d?) :=u—1u
satisfies

A'(u*)d" + R'(9*;7)d? = A'(u*)(u* — ©) + R'(¢*)(¢* — @)
(6.2) — (A(u¥) — A(W)) — (R(¢*;7) — R(®;7)) + B(g — @).

Taylor expansion of the auxiliary functional T: [0,1] — W*, T(8) := A(u® +6(a —
u*)) yields T(1) — T(0) = T"(9), for 8 € (0,1), hence

A1) — A(u¥) = A'(u* +6(@ — u¥))(@ — ub).

The operator R can be handled analogously. Setting M := c[||dl|w + |[u* — @|lw],

from (3.10) and ([3.11)), the right-hand side of (6.2) can thus be estimated, analo-
gously to the proof of Lemma in the W*-norm by cM||u* —il|w +c|lg—qllg <

cM(ws + w) < cMws, using ¢ € Q¥; in combination with w < ws. Thus, by
Lemma [3.3] it holds

lu = dllw = [|d*lw < cMuws.
Analogously, we obtain
Iz — z|lw < cMws,
from which we conclude, utilizing again ¢ € @%; in combination with w < ws,
(6.3) |B*(z —Z) + a(qg — §)| < cM (w3 + w) < cMws.
Therefore
B*z+aq=B"2+ai+ B*(z—2z)+ a(q—q) > 0 — cMw; ae. on I(o),

where we used (6.3), and |B*Z + ag| > o holds due to Assumption Since
M < ¢(||a||lw + ws), choosing w3 > 0 sufficiently small completes the proof. O

Let us now summarize all requirements for the different w;, 1 = 1,2,3, that
allow to apply all previously proven statements.

Assumption 6.4. In all that follows, we chose
w = min(wy, wy, w3),

and assume that the fixed triple y* fulfills ||y* — ||y < w.
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The next result works similarly to |55, Corollary 6.9].

Lemma 6.5. The unique solution G of ( -, with assoczated state
0%t and adjoint state 2F, satisfies the optimality conditions of (QPY) from

Corollary 6.2,

Proof. Observe first that §*** € Q%; under Assumption as an immediate
consequence of Theorem [5.9] To show the remaining properties, observe that

di* =Gy (B(qli“) A(u*) — R(¢%; 7)),

AT = G (uE — g — A"(uF)[AIE, 72 - R (H )k, 17 20H),
du* =G (B(ci’““) A(u®) = R(¢"%7)),
ik+1 — guk (ﬁk+1 AII( )[du k ]* k R”((pk; ’Y) [d‘p’k, _]*ch,k)’

ie. the state equation of (QP.) and (QP%) as well as the adjoint equation of
(QP,) and (QPY)) are identical. It remains to prove that §**! and z**! satisfy

the variational inequality (6.1c)) of (| m We know that §**! and 2**? fulfill the
j5.7d]

variational inequality ( ) from Corollary . 5.3, which reads

(B*2**! 4 ag*t g - ¢**1) >0 YV g€ Qua.

Similarly to [63, Corollary 6.9], we recognize that on Z(o), there are two cases:
If B*25+1 4+ ag**t! > o, we have ¢, = § = §**! recalling that since §**! € Qaq,
it holds g**! = g@). L1kew1se if B*z**t! + ag*t! < —0, then ¢, = § = §*+'.
We already know that §**+!, with associated *+! and z’“‘1 is feasible for (QP%),
therefore we can ut111ze Lemma E 3| for the triple §*+! = (uk“,qk*l,ikH) and
conclude that either B*zF*1 + ag**? > £ or B*2*F*! + agh ™! < - 2.

Therefore, (B*2*t! + ag®*1)(q — tjk+1) > 0 holds on Z(o) for all g € [ga, g)-
On Q\Z(o), the controls g € 6/2;1 succumb to the constraint g € [g,, gs]. Overall,
we obtain

(B*2*! + ag* ™, g - §*)g = (B*2* ' + ad* T, g - k+1)Q\I( o)

(6.4) + (B 2" + ag* ™ g - §*)1(0) 2 0V g € Qua.
Since Q%3 C Qaq, the last inequality in particularly also holds for all ¢ € Q%;,
which concludes the proof. (I

Before showing uniqueness of the solution of (QP%]), we need another auxiliary
lemma, which shows g**! € Q,q, i.e. feasibility of qw‘*‘1 for

Lemma 6.6. Any locally optimal control g¢*t1 € Q¥, of (QP‘,;’), that satis-
fies the optimality conditions from Corollary[6.3, together with the associated
state u¥t! and adjoint state zF+1, fulfills

¢**t(z) = g(z) a.e. on ZI(0).

Proof. The proof works in the same way as [53} Corollary 6.6]. For convenience
we will recapitulate it: Let = be on Z(o). We have g(z) = g, where (B*z+ ag)(z) <
—o, and §(z) = g, where (B*z + ag)(z) > 0. For any q € Q¥;, therefore either
q(z) € [gp —w, gy] or g(z) € [4a, da +w] By Lemmal6.3] either B*z5+! + aght! > &
or B*zFt! 4 aght! < — 2 thus by (6.1d) it holds e1ther gt = gy or gkt = gq,.
Thus on Z(0), we have shown gkt = cj. O



24 A. HEHL, I. NEITZEL

By means of Lemma we will now show that solutions of the optimality
system from Corollary are unique under Assumption [3.3] and Assumption [6.4]
using the ideas of [55, Theorem 6.12].

Lemma 6.7. The optimality system from Corollaryfor admats
a unique KKT triple y*t1 €Y.

Proof. According to Lemma there is at least one solution qf,fll of (QP%),
hence at least one triple yffll has to satisfy the optimality conditions of
from Corollary We assume that y"j';l also satisfies the optimality system from
Corollary Testing the variational inequality once in qf,ﬁl with qf,jgl, and
once in qf,:gl with qﬁﬁl, taking the sum of the resulting inequalities, we obtain

% k1 [ R W ¥« k1 k4l kil k4l
0<(B2y1 +00y71 0 — Qw1 )+ (B'2,y + 04,5 ,d01 — Q2 )-

: : kL k+1 . k+1 k+1 . k+l k41
Introducing the notation u := u, 5y —u,7,9 = g,% — 1, %= Zy2 — Zy1,
this leads to

(6.5) (z,Bg) — a(g,9)q > 0.
The functions z and u satisfy
()" + R (g47)"2% = — A"(uh)lw, 2 — RV (g 7)[%, 129 + v,
A'(u*)u + R'(¢*;7)¢ = Bg.

Testing the weak formulation of the first equation with u and the weak formulation
of the second equation with z and again taking the sum of both equations, leads to

(6.6)  (Bg,z) = —(A"(u®)[u,u],z") — (R"(¥*;7)[p, ], 27%) + (u,u).
Combining with , and using the definition of the Lagrangian function,
we obtain
0> (u,u) + a(q,9)g — (A"(u®)[u, u], 2*) — (R"(¢*;7)p, ], %)
=L"(y*)[(w,9), (u,q)]-

Due to Assumption by Lemmawe have ¢ = 0 on Z(o). Thus, by Lemma
it holds

2 lally < £ [(w,9), (w,0)] <0

However, this means ¢ = 0 on @, thus q{’jj‘l = qf,j;l. (I

Note that Lemma ensures the existence of at least one solution of (QPY)
and Lemma[6.7] implies uniqueness of solutions of the optimality system associated

to (QP%)). We immediately conclude:
Corollary 6.8. The subproblem (QP%)) has a unique solution gf*t! € Q¥,.

Now, on the one hand Corollary [5.2]and Lemma [6.5] guarantee that the unique
solution §*+! of with associated state 1**! and adjoint state 2*** is a KKT-

triple of (QP%). On the other hand, Lemma guarantees uniqueness of KKT
(QP%)

triples of . We conclude:

Corollary 6.9. The unique solution G*** for and the unique solu-
tion g&*1 of (QPY) coincide.
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In particular, this means that §¥*! = y*+! and that §*** = g%*! is the unique
(global) solution of both the subproblem (QP,) and the subproblem (QPY).

6.3. Equivalence of (QP%) and (QP). In this section, we show that the
unique solution g&*?! of with associated state u®**! and adjoint state z**?,
satisfies the optimality conditions from Lemma of and that all solutions
YRt = (uktl, gFt+1 zE+1) of the optimality system from Lemma of (QPg) that
lie in a neighborhood of § satisfy the optimality conditions from Corollary [6.2] of
. We can then conclude that the solutions of the problems and (QPY)
coincide.

Let us start with the observation that the proof of Lemma [6.5] already implies
that the solution §*+* of , with associated state 1*** and adjoint state z5+?,
not only satisfies the optimality condition from Corollary but in fact
also already the optimality conditions of (QP%) from Lemma cf. in particular
. Since §*! coincides with g**! due to Corollary we conclude:

Corollary 6.10. The solution ¢f™' of (QP%), with associated state uf'™
and adjoint state zFT1, satisfies the optimality conditions of (QPx) from
Lemma[{.1]

Since by definition, ¢¥*! lies in the w-neighborhood of g, i.e. ||g5*! — o < w,
we have shown existence of (at least) one stationary point of (QPg)) that lies in the
w-neighborhood of §. The reverse assertion holds in the following sense.

Lemma 6.11. Every y*t' € Y that fulfills the optimality conditions of

(QPx)) from Lemma and suffices to ||y*T! — g|| < w also satisfies the opti-
mality conditions of (QPY|) from Corollary .

Proof. We only have to look at the variational inequality (4.5c) which is clearly
true due to Q% C Qaa. O

Let us summarize: We have shown that the optimality conditions of from
Lemma have at least one solution, since y**! satisfies them. Further, since every
solution of the optimality conditions of from Lemma [4.1 that suffices to
ly**! —7|| < w, also satisfies the optimality conditions of (QPY) from Corollary (6.2}
it holds y**! = y%*1 since the optimality conditions (QP%) from Corollary
admit a unique solution by Lemma Thus the unique y**! from Lemma
is the unique solution of the optimality conditions of from Lemma

Moreover, since g¥*! is the unique solution to (QPY), it is in fact a minimizer of

(QPg)) in the neighborhood BZ (g), since there holds

flas™) < fla)  VaeQiy={g9€ Qualllga—ale <w}
In short, it holds:

Corollary 6.12.  The subproblem (QPg) has a unique local minimizer g*+1

in the neighborhood BS(q), which coincides with g&t1, the unique solution of

(QPZ)-

6.4. The main result. Let us finally establish our main result, local quadratic
convergence of the SQP method given by Algorithm [£.2] to the local minimizer g
from Lemma This follows by transferring the convergence result for {§*} from
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Theorem [5.9) via the equivalence of the subproblems and (QPY), and the
equivalence of the subproblems (QP%]) and (QP4)), to Algorithm

Theorem 6.13. Let § € Y satisfy both the optimality condition from
Lemma and the second-order sufficient condition from Assumption
and let Assumption hold, 1.e. w:= min(w;,ws,ws). For all starting triples
Y0 €Y that fulfill ||y° — §|ly < w, Algorithm generates a sequence {y*} that
converges quadratically to y.

Proof. Let y° be as assumed and let {§*} C Q.4 denote the sequence of iterates
generated by . By Theorem we have ||7* — §||y < w for all k¥ > 1 and
{§*} converges quadratically to §. By induction, as well as Corollary and
Corollary G* with associated state #1* and adjoint state z*, is the unique
solution of , which yields the result. (I

To conclude, let us give a remark on possible choices of the neighborhood
QY;. The idea stems from [53], where a possibility to eliminate the a priori unknown
4 in the definition of is presented. It relies on the fact that the set Q¥; in
the previous estimations can be replaced by any convex, closed set Qa.q, as long as
Qad 1s chosen such that

(6.7) Q4 D Qaa D @23,
for some wy > 0. A possibility is e.g. using wg = ||y° — 7|y, such that wy < %w,

then the control set
Q~ad = {q € Qad | ||q - qOHQ S 20.)0}

can be used in the SQP method, and we obtain the same solution in Qaq as in Q%
which is the solution in Q.q.

Appendix A. Auxiliary results

We establish some auxiliary results that are necessary for the proof of Theo-
rem [5.9] We start with an auxiliary result that is required for the application of
Dontchev’s implicit function theorem [18, Theorem 2.4], and follows along the lines
of |26, Lemma 6.2].

Lemma A.l. Let § € Y be gwen. For any rs,rg¢ > 0, there exists a
constant L(rs,re) > 0 such that for all y; = (u,,qi,2;) € Y with ||y, — §|ly < 75,
1 =1,2, and for ally € Y with ||y —ylly < ¢, the following Lipschitz condition
holds:

IF(y1) + F'(y1)(y — y1) — F(y2) — F'(y2)(y — y2)llz <L(rs,76)lly1 — v2llv.

Proof. Let r5,7¢ > 0, y; and y be as assumed. We define f; and f, via
fi(us,z:) == (A'(w))"z + R'(0i;7) 2% + A" () [u — i, - |72
+ R0 7)o — i, 1"2¢,
fa(uwi) := A(wi) + R(pi;7) + A'(u)(u — ug) + R'(@i; 1) (9 — 91),
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and obtain

F(y) + F'(y1)(y — y1) — F(y2) + F'(y2)(y — y2)

= (fl(lll,zl) — fi(ug,22),0, f2(u;) — f2(u2))T,
and calculate
fi(ua,21) — fi1(ug, 22)
= (A'(w) — A'(u2)"z + (A" (u1) — A"(u2))[u — g, |*z
+ A'(w)[u—uy, *(z1 — z2) + A" (u2)[uz — uy, * 2z,
+ (R'(01;7) — R'(92;7))"2% + (R"(91;7) + R"(02;7))e — 1, ]"2Y
+ R (p2; 7)o — 1,17 (21 — 23) + R"(02;7)[p2 — 1,723
Applying the boundedness and Lipschitz results —, we obtain
| f1(u1,21) — fi(uz,z2)|lwx < L(Ts,""ﬁ)(Hul, —uzllw + ||z1 — Z2||W),

for an L(rs,76) > 0. Here, we also used |[u—u;||w < ||lu—u||lw+||[a—u;l|lw < rs+7s,
for + = 1,2. Estimating the difference for f, in a similar way concludes the proof.
We omit the details. O

For completeness, we also want to give a Lipschitz result for F”.

Lemma A.2. The operator F' from 18 locally Lipschitz continuous
w.r.t toy as a mapping from Y into Z, 1.e. there exists a constant ¢ > 0, such
that for all y; = (u;,¢:,2;) € Y it holds

||(Fl(y1) - FI(yQ))y”Z < c[||y1||y + ||y2||y] llyr — vally [lylly-
Proof. Similarly to the proof of Lemma [A.1} we define an f; and f, via
fi(ui, z0) = A"(w)[w, "z + A'(w)*z + R"(¢s;7)[e, ["2{ + R'(9i;7)"2%,
fa(ue) = A'(w)u + E'(pi; 7)o,
and obtain
(F'(y1) — F'(v2))y = (fr(u1,21) — fa(uz,22),0, f2(u1) — f2(uz)),
and calculate
fi(uy,z1) — fi(uz,22)
= (A"(w1) — A"(uz))[u, ]*z1 + A" (uz)[u, |*(z1 — 22)
+ (RB"(p1;7) = R"(02:7) o, 1"z + R"(02;7)[p, " (27 — 25)
+ (A'(w) = A'(u2)) 2 + (R'(#1;7) — R'(92;7)) 2.
The claim now follows analogously to Lemma[A.I] Estimating the difference for f,

in a similar way concludes the proof. We again omit the details. O

Finally, we need a quadratic bound for the second-order remainder of the de-
rivative of F', that is used in the proof of Theorem Note that in [25, Theorem
7.1], this bound immediately follows from second-order Fréchet-differentiability of
F'. However, in our case F' is not twice differentiable due to the fact that the op-
erator R is not three times Fréchet-differentiable. This requires some additional
calculations.
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Lemma A.3. Lety €Y be giwven and y* € Y with ||y* — §|ly < r for some
r > 0. There ezists a constant c(r) > 0 such that

I1F(7) = F(y*") = F'(y*)(G — ")z <c(r)lly* - FlI5-

Proof. As mentioned above, the difficulty in obtaining the quadratic term on
the right-hand side lies in the fact that F' is not twice Fréchet-differentiable, we
instead have to exploit the structure of the operator F’, and hence R”, to obtain
the desired estimate. We recall the definition of F' via

T
Fly) = ((A'(u))*z  R(¢57)"2® — u— ug, B'z + ag, A(u) + R(pi7) — Bq) ,

=:1(y) =:11(y) =:111(y)

and continue by component wise estimation. For the first component of F', using
the notation I(y) from above, this means

I(7) = 1(y") = I'(y")(@ — ¥*))
=(A'(0))*z + R'(¢;7)" 2% — (A'(u"))*2" — R'(*;7) 2"
_ A//(uk)[ﬁ _ uk’ ']*Zk _ A'(uk)*(i _ Zk)
— R'(¢*7)[@ — ¢, 2% — R'(¢*; 1) (2 — 22F)
=A"(u*)[a - u*, *(Z - 2*) + rema (-, 1 — uF)*z
(A.1) - R'(@*)g - ¢*, 1'22* + (R(@7) - R'(*57)) "2,
which follows by differentiability of A’. The term involving A" and rem,: can

now be estimated by applying (3.6) and again analogously to [30, Proposition 3.3],
respectively. Overall, it follows

(A.2) A" (u¥)[@ = u®, %2 — 2°)[lwx <c(u®)lly* - glF,
(A.3) Iremar (-, @ — u®)*zllw~ <c(@)]|a - u®|y-.

For the terms involving R', we introduce the auxiliary functional T': [0, 1] — R,
T(8) := R'(¢* + 6(¢ — ¢*);7)*2%. By Taylor’s expansion T(1) = T(0) + T"(9), for
6 € (0,1) and @, ¢*,z% € W, we obtain

R(@;7)*z% — R'(¢*;7)*2% = R"(¢* + 8(¢ — ©*);7)[-, ¢ — ©*])*2°.

Thus for the R’ and R” terms in (A.1), we obtain
IR (9" +8(@ — *); 1)@ — ¢, 1'2° — R"(¢*;7)[ — ¢*, "2,
<6Y[|[(¢" +8(6 — ¢*) — o) 1@ — ¢*) (2% — 22,

+6YII([(@" +6(0 — ") = 97) T = (" — 7)1 — *)2%)]lq
<67[[(¢* +6(® = ¢*) = ) Hllool|® — ¥ llool12* = 22 |l00

+ 670" +6(8 — ") —07)" = (¢" =07 ) Mool = ©"[loo 12l
<cllallyllg = v*13 + cllz®*llzalle* + (6 — ) =07 — " + 97 [l llZ? = 29¥[|
(A.4)
<dlg - II%,
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where we used continuity of (-)* to obtain the second to last inequality. Overall
collecting the estimates (A.2), (A.3)), and (A.4), we conclude
(A.5) 11(7) = I(¥*) = I'(y") (7 — ¥*)lw= < e(r)llg - v*17-

For the second component in the difference of F, using the notation I1(y), it
immediately holds

11(g) - IH(y*) = 11(y*)(5 — ¥*)
=B*2+ai— B*z2"* —a¢* — B*(Z - 2") — a(g - ¢") =0,
which directly leads to
(A.6) 111(8) — 11(5*) = I1'(4*)(@ — ¥ lw= = 0.

Finally for the third component in the difference of F', we use the notation
III(u,q,z), and calculate

111(g) — I11(y*) — I11(y*)(7 — ¥*)
= A(@) + R(#;7) — B(q) — A(u") — R(¢*;7) + B(¢")
— A'(u*)(@ - u*) ~ R'(¢"7)(¢ — ¢") + B(@— ¢")
(A.7) =rema(u®, @ —u") + R"(¢" +6(p — ¢*))(@ - ¥")?,
for a 8 € (0,1). Here, differentiability of A was used, and the term involving R"
follows by using an auxiliary functional T': [0,1] — R, T/() := R(¢*+8(¢—¢");7),
and Taylor’s expansion T'(1) = T(0)+T"(0)+ 37" (6), for € (0,1) and @, p* € W,
ie.

R(3;7) = R(9*;7) = R'(@"71)(8 — ¢") = R"(¢" + 65 — 0*);1)(& — ¢")%.
Continuing in (A.7), the estimation of R" in the L? norm and of rem, in W*
works in the same way as above. We conclude
(A.8) I111(g) = ITI(y*) = I1T'(y") (7 = v*)llwx < e(r)l|7 - v*[5-
Combining (A.5)), (A.6), and (A.8) concludes the proof. O
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