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Second order optimality conditions for an optimal control problem
governed by a regularized phase-field fracture propagation model

Andreas Hehl and Ira Neitzel

Institut fir Numerische Simulation
Rheinische Friedrich-Wilhelms-Universitat Bonn
Friedrich-Hirzebruch-Allee 7, 53115 Bonn (Germany)

Abstract. We prove second order optimality conditions for an optimal control
problem of tracking type for a time-discrete regularized phase-field fracture or dam-
age propagation model. The energy minimization problem describing the fracture
process contains a penalization term for violation of the irreversibility condition
in the fracture growth process, as well as a viscous regularization corresponding
to a time-step restriction in a temporal discretization of the problem. In the con-
trol problem, the energy minimization problem is replaced by its Euler-Lagrange
equations. While the energy minimization functional is convex due to the viscous
approximation, the associated Euler-Lagrange equations are of quasilinear type,
making the control problem nonconvex. We prove second order necessary as well
as second order sufficient optimality conditions without two-norm discrepancy.

1. Introduction

In this paper, we are interested in second order optimality conditions for an
optimal control problem for regularized fracture propagation. More precisely, we
consider an optimal control problem of tracking type of the following form: Find
a control ¢ in an admissible control set Q.q, with associated state pair u := (u, @),
that satisfies

1 a
NLP:" i J i Dy — 2 a, o
( ) 2EGa eV (9,u) 2”“ Udllz2(q r2) + 7 llallr
(EL™") subject to:  A(u) + R(¢;7v) = B(q).

The precise functional analytic setting along with a concrete mathematical
definition of the operators A, R, and B will be introduced in the next subsection.

Let us give a brief introduction to the model problem, which stems from a
bi-level optimization problem with an upper-level tracking type functional and a
lower-level variational fracture propagation problem. The latter is an energy min-
imization problem, which is eventually replaced by its Euler-Lagrange equations.
The lower-level fracture propagation problem behind this formulation was consid-
ered in [0,(7,[21]. An Ambrosio-Tortorelli regularization cf. [3] is used to avoid
the irregular fracture set. This means, that in addition to the displacement u, a
phase-field variable ¢ is introduced. The latter has values 0 < ¢ < 1 and describes
the condition of the material at every point in the domain, with ¢ = 1 where
the material is completely sound, and ¢ = 0 where the material is fully broken,

Acknowledgments: Funded by the Deutsche Forschungsgemeinschaft (DFG, German Re-
search Foundation) - Projektnummer NE 1941/1-1 - SPP 1962
1



2 A. HEHL, I. NEITZEL

guaranteeing a smooth transition between those two states. The control g acts as
a boundary force. We consider one time-step of a time-discrete but spatially con-
tinuous problem formulation. In the energy minimization problem describing the
fracture process, a viscous regularization corresponding to a time-step restriction
in a temporal discretization of the problem cf. [32,/40] is used, that guarantees
strict convexity of the lower-level minimization problem. Nevertheless, the Euler-
Lagrange equations are of quasilinear type, making the overall control problem
nonconvex. Moreover, a violation of the irreversibility condition in the fracture
growth process is penalized using the regularization from [37]. The corresponding
terms appear in the operator R in the differential equations, whereas the differen-
tial operator A stems from the actual fracture propagation process. We refer to e.g.
the introduction of [39] for a more detailed description of the mathematical model.

Our work complements the studies of this model problem that were conducted
in [26}38-40]. Compared to previous works on optimal control of fractures cf.
[31}[34] where paths of fixed length or prescribed fracture paths could be treated,
this variational fracture approach is more flexible and also allows the treatment of
arbitrary fracture paths and branching cf. [32].

The control problem, without viscous regularization but with an additional
trivial kernel assumption, has been analyzed with respect to first order necessary
optimality conditions in [39]. In [40], convergence of regularized solutions (with
respect to the penalization parameter ) has been proven, along with estimates on
the constraint violations for fixed . In [26], this convergence result was extended
to the dual variables and it was shown, that in the limit, the functions satisfy an
optimality system of an MPCC. In the same publication, the sequential quadratic
programming (SQP) method was introduced for both the regularized and nonreg-
ularized problem, the involved sub-problems were investigated, and it was proven
that the limit point of the SQP method, in case of convergence, satisfies the first
order optimality system of the regularized original problem. A convergence result
of the FEM discretization of a linearized fracture control problem was shown in
[38].

Related results regarding analysis and numerics of optimization of fractures
include [28]. Shape optimization was used in [2]. We also want to mention [19,(20],
where control of a viscous-damage model was considered in a continuous setting,
and 44| and [4], where the author investigated necessary conditions of an opti-
mal control problem of a two-field damage model, and strong stationarity of a
nonsmooth (viscous damage) coupled system, respectively.

The goal of the present paper is to establish second order necessary and suffi-
cient optimality conditions for the model problem. Second order optimality con-
ditions are an area of active research in the optimal control community. To our
knowledge, the first partial differential equation (PDE) related publication for sec-
ond order sufficient (SSC) optimality conditions has been [22|. For an overview
about many aspects considered since then we refer to the work [13] and the refer-
ences therein. One of the central difficulties in infinite dimensions is the two-norm
discrepancy see |30], i.e. if differentiability and coercivity of the second derivative
hold in different spaces. This influences many aspects that rely on SSC, such as
convergence of finite element discretizations or convergence of solution algorithms,
to name two examples. Let us mention some further results, restricting ourselves
to mainly the elliptic setting. SSC for the semi-linear case with state-constraints
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have been established in [14]. In [8], for the same setting, SSC that are closest to
the associated necessary ones have been presented. SSC for a more abstract op-
timization in Banach spaces have been analyzed in [12]. For the quasilinear case,
SSC in the control-constrained case, can be found in [9,10]. At this point, we also
want to mention [17], where SSC of an optimal control problem that is governed
by a nonsmooth quasilinear PDE were investigated.

Finally, we also want to give a short overview about related results in the field
of MPCCs, since as mentioned above, the model problem converges to an MPCC
in the penalization limit. For MPCCs, SSC are a challenging task due to the lack
of smoothness in the control-to-state operator. A lot of the recent research thus
focused on regularization methods to establish different (M, B, C, strong) stationary
concepts cf. [1,18]. In [25] a comparison of those concepts for the obstacle problem
has been made. The authors of [42,/43] tackled the lack of smoothness of the
control-to-state operator by investigating generalized derivatives of this operator
for the obstacle problem. SSC for the obstacle problem have recently been under
investigation in [16]. For a control problem governed by variational inequalities,
SSC could be established in [5] and [33]. In [36], the authors established SSC for
a regularization of an optimal control problem that is governed by an evolution
variational inequality. Finally, in a more general context, SSC of a nonsmooth
obstacle problems have been analyzed in [15].

We finish this section with an outline of the present paper. In Section [2] we
provide all details and assumptions for the model problem along with an overview
about the notation used. Then, in Section [3| we collect and provide the necessary
existence and regularity results for . The most important preliminary re-
sult is the Lipschitz continuity of the associated control-to-state operator G and its
derivatives G' and G” in Lemma Lemma and Lemma After collect-
ing solvability results and first order necessary conditions for (NLP7'7), our main
results, the second order necessary conditions of Theorem and the second or-
der sufficient conditions of Theorem in Section {4} follow from applying optimal
results for an abstract setting from [11]. In particular, we arrive at a result on
sufficient conditions without two-norm discrepancy, following from plain positivity
of the second derivative of the reduced functional in a critical point for directions
from a cone of critical directions. This means that the gap between necessary and
sufficient conditions is minimal, which is a result of the structure of our problem,
that ensures that for , positivity and coercivity of the second derivative
of the reduced functional are equivalent.

2. Problem Formulation, General Assumptions, and Notation

Let us now introduce the precise assumptions on the model problem along with
the general functional analytic setting of this paper. For convenience, we recall the
formulation.

Find a control g in a set of admissible controls Q.q4, subset of the control space
@, with associated state pair u := (u, ¢), that satisfies

: 1 2 a2
(NLP™7) e J(g,u) := §||U — Ugl|z2(qpe) + 5||‘1||L2(r)

(EL™M) subject to:  A(u) + R(p;7y) = B(q)-
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Here, the domain  is a polygonal subset of R? with boundary 69 = I'UTl'p,
i.e. the boundary of 2 is split into a Neumann part I' where we apply the control
q, and a part I'p denoting the remaining part of 892 with homogeneous Dirichlet
boundary conditions. As in |40, Section 2|, we additionally assume throughout
that Q is W?29-regular for the homogeneous Neumann-problem —eAg + é(p = f,
as well as Groger regularity cf. [23] of QUT.

The given function ug € L#(Q,R?) in denotes a desired displacement,
and the Tikhonov parameter a is a fixed positive real number, the cost parameter.
The control space is @ = L?(T"), and the set of admissible controls is defined by
simple box constraints as

Qaa={0€Q | 6% <qg<gqg ae onl},

for g4, gp € L*°(I") and g, < g» a.e. on I'.
For a precise definition of (EL?'7)), let us first fix some general notation for
function spaces. For p > 2, ¢ := p/2 > 1, we define the spaces

Vi = Hp(Q,R?) :={ve H(Q;R?)|v=00nTp}, V, = HY(Q),

W, = W5P(Q,R?), W, =W>1(Q),
Vo=V xV,, W =W, x W,,
W> =W 1P(Q,R?) N xLI(Q), Q :=L*D).

For the choice of p and ¢ and in N = 2 spatial dimensions, note that W, — V,,
and W, — V,, by the Sobolev/Kondrachov embedding theorem. Further W, —
L*°, which we will frequently use without further mentioning. Further, choose
s € (0,1/2) and assume that p and s are chosen such that H'*s C Wl?,

We want to point out that the definition of the space W,, (thus also of W) and
W differs from [26], where W, was defined as W5”(Q,R2) N H*5(Q,R?), and
W was defined as (W~1P(Q,R?)N H~175(Q,R?)) x LI(Q). Here, we will only use
these improved regularities when looking at regularity of solutions of and
its linearization, and will specifically point out all instances in which we include
these spaces. We will denote the respective dual spaces with a superscript *, e.g.,
V*. Here and throughout, we understand all spaces to be defined on the domain
Q unless otherwise stated and omit the dependence on Q2 for readability.

We will further use the following notation for the scalar product/norm: (,-)
denotes the usual L? inner product with corresponding norm || - ||, and (-, -)r cor-
responds to the inner product of the control space @ = L%(T"). In addition, (,-)
stands for a duality pairing where we omit the spaces wherever obvious from the
context.

The operators involved in are what we will call the nonlinear phase-
field operator A: V. O W — V*, the penalization operator R: V, — VJ, and
the control-action operator on the Neumann boundary I', B: Q — V*. For a
displacement /phase-field pair u := (u, ) € W, they are defined by

(2.1) (A(), v)) : = (9(p)Ce(w), e(v")) + (T, 0°) ~ (1~ 9, 0°)
+1(p —¢7,v%) + (1 = k) (¢Ce(u) : e(u),v?),
(2:2) (R(g37),v%) : = (¢ — 97 ) TP, v%),

(23)  (B(g), (v*v*)) : = (¢,")r,
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for any v = (v*,v?) € V, and given phase-field ¢~ € W, with 0 < ¢~ < L
In a temporal discrete multi-step model, ¢~ would be the phase-field from the
previous time-step, and we would make this assumption on an initial phase-field
©°. Moreover, let the parameters «,g,v > 0, and n > 0 be given. We will refer
to 7 as penalization parameter, since the operator R stems from a penalization of
the violation of the irreversibility condition for the fracture growth, and to 7 as
(viscosity) regularization parameter, cf. the comments in the introduction. The
parameter € > 0 stems from the phase field modeling of the fracture growth problem
and will be considered fixed here. Finally, x appears in g(z) := (1 — k)z? + &, and
C denotes the (symmetric) rank-4 elasticity tensor cf. [41, Section 3]. For further
explanation of the forward problem we also refer to the exposition in [39].

For further use, we define the operators appearing in the linearized equations.
Let d" := (d%,d¥) € V be a pair of displacement and phase-field functions. For
u € W, we define the operators A'(u): V — V* and R'(¢;7): V,, = V; by

(A ()%, v) = (g(@)Ce(d),e(v*)) +2(1 — K)(¢Ce(w) : e(d*), v¥)

(2.4) + (1 — k)(d?Ce(u) : e(u),v¥) + €(Vd¥,Vv¥) + 1(d“’,v‘P)
€
+ n(d?,v¥) 4+ 2(1 — )(pCe(u)d?, e(v*)) Vv eV,
(2.5)
(R'(p;1)d?,v?) =3v([(p — ¢7)T'd?,v¥)  WveV,
as well as A"(u): W x W — W* by
(A"(w)[dy, d3], v)
=2(1 — k)(df Ce(u)dy, e(v")) + 2(1 — £)(df Ce(dY)p, e(v"))
+2(1 - £)(dfCe(u) : e(dy),v?) + 2(1 — k)(¢Ce(dy)dy, e(v*))
(2.6)
+2(1 — k)(dCe(dy) : e(u),v?) + 2(1 — &)(pCe(dy) : e(d}), v¥) Vv eV,
and R"(p;7): W, x W, — V5 by
(2.7) (R"(p;7)d7, d3],v?) =67([(¢ — ¢ )"]dTd5,v*)  VveV.
In the remainder of this paper, we will tacitly assume that n > 0 is large

enough such that all results below hold true. We collect this in the following
standing assumption:

Assumption 2.1 (Viscous approximation). Let n > 0 be chosen large enough
for all following calculations and results.

3. The Control-to-State Operator and the Objective Functional

We start with the analysis of and the objective functional J. We will
collect and extend known results for the PDE, and eventually introduce a well-
defined control-to-state mapping G: ¢ — u due to the regularization effect of a
sufficiently large 7. We can then introduce the reduced functional f: @ — R and
establish differentiability and Lipschitz properties for G, f, and their first and
second order derivatives. The main results are the Lipschitz continuity of this
operator G and its derivatives G' and G” in Section which allow to deduce
analogous properties for f.
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First, let us recall a result on unique solvability of and regularity results
for the solution, known from cf. [24,39,40]. While |[39] had to deal with possible
nonuniqueness of solutions for the Euler-Lagrange equations, the presence of a
sufficiently large # > 0 as in [40] makes the energy minimization problem for the
fracture growth strictly convex, and guarantees existence of a unique solution of

(EL™") for any given g € Q.

Lemma 3.1. Let Assumption hold, and let 0 < ¢~ € W,. Then for
every ¢ € @, (EL™") has a unique weak solution u € W, such that ¢ € L*
and 0 < ¢ < 1. Additionally, u € H** x HS and the following stability
properties are satisfied

(3.1) lullre <cllgllr,

1 . «
(32) pll2,g <c(1+lgllf + I +ebelly) =6,
(3.3) lulli+s <cligllr,

for a é=c(p~,q) < . In particular, ¢ can be chosen independently of v and
®.

Proof. We refer to Section 1 and 2 of [40| for the existence and regularity
results u € W N (H'TS x L*®). The norm estimates follow from estimate (2.2)
therein, as well as [40, Corollary 3.9] for arbitrary n > 0. More precisely, unique
solvability in W with 0 < ¢ < 1 as well as the norm estimate is ensured by
[39, Corollary 4.2] for n = 0. The proof is not affected by allowing n > 0. The
norm estimate was proven in |40, Corollary 3.9] for arbitrary n > 0 based on
[24) Corollary 2, Section 7]. Finally, the H!**-regularity result along with estimate
also follows from [24, Corollary 2, Section 7]. Again the proof is not affected
by allowing 1 > 0. O

With Lemma [3.1} it is now possible to introduce a control-to-state operator
(3.4) G:Q—-W, G(q) =nu,
associated with the nonlinear PDE (EL"7)). Here, u solves (EL"") for right-hand-
side ¢ € @. We obtain a usual reduced problem formulation

(3.5) qggnd f(g) = J(q,G(q)),

where we implicitly use that W is embedded in L?(Q,R?) x L2(Q).

For what follows, we will discuss the linearized equations w.r.t. existence,
uniqueness, and sufficient regularity. Unique solvability in V' was stated in [26)
Section 2.2, Proposition 2.1] and proven for similar equations in [39] without viscous
approximation, but additional trivial kernel assumption ker A’ = {0}. There, due
to the lack of the viscous approximation term 7(d%,v¥), only a Fredholm property
of A' was proven, that in combination with the trivial kernel assumption ensured
coercivity. Replacing this by Assumption [2.1} we extend Lemma 5.1 and 5.2 in [39]
to obtain existence of unique solutions first in V' then in W in the setting > 0, and
eventually utilize the ideas from the nonlinear setting in [24] to guarantee regularity
of solutions in the space (W, N H1TS) x W,. The latter improved regularity result
is not needed for our analysis of SSC, but interesting for future research. We state
and repeat important technical steps of the proofs for convenience of the reader. To
motivate this, note that for instance a direct adaptation of the proof of |39, Lemma
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5.1] to obtain coercivity of the underlying bilinear form to the case n > 0 would
lead to

(A'(w)d",d") >cllully, +llelly, — el +nllell,

where the negative term cannot be absorbed directly into the L2-regularization
term. Therefore, some further technical estimates as in e.g. [32] have to be used
to prove coercivity in V.

Lemma 3.2. Let Assumption hold and u € W be gwen. Then, for
every f := (f¥%, f¥) € V*, there exists a unique solution d“ € V to
(3.6) (A'(0)d"™,v) + (R (p;7)d?,v¥) = (f,v) Vv ev,
and it holds
1d*]l1,2 + lld%ll1,2 < Cooerl|f]]v=-
If a forterior: f € W* — V*, then additionally d* € W, and it holds
(3.7) 18 ] 1p + [1112.0 < c(ut, o™, mIIEllw .

Further, the constant on the right-hand-side of (3.7) depends on positive inte-
ger powers of the norm ||ul|w . If additionallyu € H*Sx H'"® and f* € H 1+,
then additionally d* € H'**,

Proof. (1) Let us start with unique solvability of in V. In compari-
son to [39, Lemma 5.1], the only difference is that due to Assumption
the bilinear form induced by (A’(u)-, -) is coercive. Similar to [39], the cru-
cial part is to look at the only possibly nonpositive terms in (A'(u)d", d"),
and show that they can be absorbed into the viscous regularization term.
Recalling the definition of the operator in , we estimate

(3.8)
41~ K)(pCe(w), d7e(d")) 2 ~ 4(1 = w)llpllallulup (5 10712 + 65 2.,

which follows from Holder’s and Young’s inequality for a 6; > 0, since the
standard Sobolev embedding guarantees d¥ € H! — L7, for an r such
that %—}—% = %, ie. r € (2,00). Since r > 2, the Gagliardo-Nirenberg
inequality and Young’s inequality ensure

r—2 2\2
a2 < & (19117 11915)" < cada Va1 + caC(E) 1|3,

with a 6, > 0 and exponents 7 and %. Inserting this in (3.8]) we find

)
4(1 - R)(pCe(w), d*e(d)) > — cxaliully (814 5, + VI3 + C(61, 6214 ),

for a constant C(d1,62) > 0. The remaining terms in (A’(u)d",d") are
handled analogously to [39, Lemma 5.1]. With cgern, > 0 being the con-
stant from Korn’s inequality of the second kind for zero boundary func-
tions, we end up at

u u 6
(4 (w)d*, d*) > (Kerorn — by exllulfly ) 1415 + (&~ cxaliully 3 ) 11943

(39) +(Ce) + 1 = cxgallullfy C (61, 8) ) 47
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Choosing 6y small enough such that &Kcxorn —061 ¢ |lul|3, > 0, then choosing

- small enough such that e — c,.g,g||u||§v§—f > 0, we can then choose 7 large

enough to bound the right-hand-side of (3.9) from below by ceoer (||d*||3 ,+
|d?]|3 ,) for a coercivity constant ccoer > 0. Thus, by the Lax-Milgram
lemma, there exists a unique solution d" := (d“,d?) € V of (3.6)) with

(3.10) 1dll1,2 + lld?]l1,2 < ceoer [|E]lv--

(2) To show the improved regularity result in W, we follow [24,39] and test
(3.6) first with (0,v¥) € V, to obtain

e(Vd®,Vv?) + 1+Tgn(d"’,v“’) = — (1 —&)(d*Ce(u) : e(u),v*)

(3.11) —2(1 — &)(pCe(u) : e(d*),v?)
= 37([(p — 97)T?d?, v%) + (f*,0%) =: (§,v%),
and secondly with (v¥,0) € V, to obtain
(312)  (glp)Ce(d),e(v)) = ~2(1 — K)(@Ce(u)d?, e(v*)) + (£*,v%).

Note that the term corresponding to the viscous regularization ap-
pears on the left-hand-side of . The right-hand-sides of both equal-
ities can be treated as in [39, Lemma 5.2]. We only need to adapt the
proof of [39, Lemma 5.2] to the presence of data f € V* to eventually
obtain

1311z <2 cx ccoerlEllvllulyy + ey (lullw + 1 lloo)ceoer IEllv= + llEllv-
(313)  <enqmmax ([[ulhw, il el ) IF]

V*,

where 7' € (1,2),1 = % + % A standard elliptic regularity result, cf.
[45, Theorem 4.7 and Chapter 7.2.1], applied to yields d¥ € H' N
L, and for ¢;(u,¢,n) subsuming the constants of the right-hand-side
of , the following estimate holds

(3.14) 1d%]le0 < c1(u, 0, M)lIf]

V-

Using this, we find

(3.15) lleCe(w)d?|ly < clllloollllsplld? lleo < lullfy cx(u, o™, n) £l
SCQ(u7 90777]) ||f||VV><
Combining this with (8.12)), using f* € W~1? and |27, Proposition
1.1], we find d* € W* and

(3.16) ld*]l1,p < ca(a, 07, M)l|£]lw >
Using the additional regularity f¥ € L? and improved regularity results

d? € L™ and d* € WP from (3.14) and (3.16), setting 7' = ¢ = £ in
(3.13), the right-hand-side of ([3.11) is in fact in L?. Instead of (3.13)), we
obtain

(3.17)
13llg < cx(u, o=, n)lEllwx [[ullfy + ey (lallw + lle~ o) (u, ¢ mIfllwx + cllllw -
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Due to the W24 regularity of 2, by the same argument as in [24, Corollary
2, Section 7], we find d¥ € W29, and the following estimate holds

(3.18) 1d%]l2,q < ca(w, o=, )l|E[lw >,

where c3(u, ¢, 7n) subsumes the constant in (3.17). The dependence of
the constant in on u is a direct consequence of (3.13)), (3.15), and
(13.17)).

(3) Finally we prove d* € H'**, exploiting the additional assumption (u, ) €
H'ts x H'*5 and again the same idea as for from the nonlinear
setting of [24, Corollary 2, Section 7]. It is important to recognize that
in , we have to ensure that g(y) is a multiplier in the sense of
[24] on H®. By [24, Lemma 1, Section 5] it suffices that g(¢) € C?
for 0 =1+s— %, which itself follows from ¢ € C?. This holds true
from the standard Sobolev embedding and our assumption on ¢. The
right-hand-side of is an element of H~17%, since f* € H~1T° by
assumption and ¢C(u)d¥ € H*, since p,d¥ € L and u € H'**. Now
from [24] Theorem 1, Section 2], we get that in fact d* € H1 TS,

O

3.1. Differentiability results. Differentiability of G has been used in earlier
publications, and follows from standard techniques. Since this property is used for
the Lipschitz results in Subsection [3.2] we present some steps of the proof.

Proposition 3.3.  Let Assumption[2.1] hold. The control-to-state operator
G: Q — W s twice continuously Fréchet differentiable. For the first order
deriwative, we obtain G'(g)d? = d%, where d“ € W 1s the weak solution to

(3.19) (A()d",v) + (R (957)d?,v9) = (@, v")p Vv eV,

with G(q) = u. For the second order derivative, we find G"(q)[d?,dl] = dY,
where d" € W 1is the unique weak solution to

(A'(w)d", v) + (R'(9;7)d?,v%) = — (A"(w)[a}, 3], v)
(3-20) —(R'(p;7)ld], d5],v%) Vv eV,
where again G(q) = u, as well as G’(q)d? =d}, j=1,2.

Proof. The claim follows by standard techniques utilizing the implicit function
theorem cf. [46, Theorem 4.B] applied to F': Q x W +— WX,

(3.21) (F(g,u),v) :=(A(u),v) + (R(p;7),v%) = (B(g),v) VveV

Note that Lemma[3.1] already ensures for every g € Q the existence of a unique u €
W, such that F(g,u) = 0. The mapping F, and thus G, eventually, is continuously
Fréchet differentiable from @ x W into W*, with

(3.22)
(F'(g,u)(d?,d"),v) = (A'(u)d",v) + (R'(¢,7)d?,v?) — (B'(q)d’,v)  VVvEV

The only interesting part of the proof is the differentiability of A from W into W *.
A straight forward calculation verifies

(A(u+d),v) = (A(u), v) + (A'(0)d", v) + (rema(u,d"), v),
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with A’ as in and remainder
(rem4(u,d"),v) = 2(1 — &)(pd?Ce(d*), e(v*)) + (1 — &)((d?)*Ce(u), e(v*))
+ (1 — &)((d?)*Ce(d*), e(v™)) + (1 — k) (pCe(d*): e(d™),v?)
+2(1 — k)(d*Ce(d¥): e(u),v?) + (1 — &)(d?Ce(d*): e(d"), v¥).
To show that rem, is of order o(]|d"||lw ), we calculate exemplarily
llpd?Ce(d*)llop < cllplloolld®lloolld*ll1p < cllll2,qlld?[|2,qlld" ullrp < clld®|[f l[ullw,

as in the proof of Lemma [3.2] cf. (3.15). The remaining terms in rem4(u,d") can
be bounded analogously, overall it holds

[lrem 4(u,d™)||lwx/||d*|lw — 0 for [|d“||w — O.
A’ is also continuous as a mapping u — A’(u) from W into L(W, W ™), since

(3.23) |4 () — A'(@)l| cow,w =) < 8ee max(||ullw, [[@]lw)l[a — Gllw.

We skip the calcuations, since the steps are very similar to the proof of the Lipschitz-
continuity results in Lemma [3.9] which we carry out in detail.
Now, note that

Fu(g,u)d" = A'(u)d"” + R'(p;7)d?,

and for (f¥, f¥) = (B(d?),0) we see that Fy,(g,u)d” = d? is equivalent to (3.6).
Thus by Lemma Fu(g,u) is invertible in W. Alltogether, this proves that the
control-to-state operator G is continuously Fréchet differentiable from @ into W in
every g € @ with derivative d" = G'(q)d? given by .

Second order continuous Fréchet differentiability of G follows from the contin-
uous differentiability of the operator #(g,u) := F’(g,u)(d?,d") from W into W*.
This technical result can be shown analogously to first order differentiability. [

Let us clarify some properties of solutions of (3.20]), the PDE corresponding to
G"(q)[d?,d3] = d".

Corollary 3.4. Let Assumption hold and 7 = 1,2. Then for every
q,dg- € Q, with associated G(q) = u € W, G’(q)dg- =d} € W, (3.20) has a

unique weak solution d® € W, and there exists a constant ¢ = c(g) > 0 such
that

(3.24) 1d“ (1,5 + 1d°]l2,g < clldf]r]Id5]Ir-
Proof. This follows from Lemma by estimating the right-hand-side of ({3.20))

in W* termwise, recalling the definitions of A" and R" from (2.6) and (2.7). Using

Holder’s inequality with % = % + %, recalling that p > 2 and ¢ = g,

[1d3 Ce(w)dfllp <113 lloollull1plldflleo < c(a)lldilIrlld3]Ir,
145 Ce(w) : e(dY)llg <145 lloollullLplldt|lrp < c()lidilirlidlir,
1o =) d7dZ llg < c(g)lldf [|oolldZ lloo < c(g)lld[IrlldzIr,

where in the final inequalities we used the norm-estimates from Lemma and
Lemma [3:2] The remaining terms are calculated analogously. O

In order to prove first and second order optimality conditions, we collect some
rather straightforward results on the reduced objective functional f.
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Corollary 3.5. Let Assumption hold, and q,d?» €Q, 7 =12. The
reduced functional f 1s twice continuously Fréchet differentiable from @ into
R, with

(3.25) f'(@)d? = (u — ug,d*) + a(q,d)r,
where u = G(q) and d" = G'(g)d?, and
(3.26) f"(a)ldi, d3] = (d3, df) + (v — ua, d*) + (d], di)r,

where u = G(g), d = G'(g)d}, j = 1,2, and d" = G"(q)[d?, dd].
Proof. This immediately follows from Proposition and the chain rule. O
3.2. Lipschitz Continuity Results. Next, we establish Lipschitz continuity of
the operators G, G', and G”, and subsequently also of the functionals f, f’, and f”.

These technical results are the most crucial part on our way to establishing second
order sufficient optimality conditions.

Lemma 3.6. Let g € Q be given, then for all p > 0 there exists a constant
c=c(g,p) > 0 such that for h € Q, with ||h||r < p, @t holds

(3.27) llun — ull1,p + llon — @ll2,q < cllR|lr,

where u, = G(g + h) and u= G(q).

Remark 3.7. Note that the boundedness of Q.q yields a global Lipschitz
continuity result for all ¢ € Qaq.

Proof. Let g, h be as stated. By Proposition the control-to-state operator
G is continuously Fréchet differentiable from @ into W. Hence in combination with
the mean value inequality cf. [35), Section 7.3, Proposition 2], for a ¢t € [0, 1] we can
estimate

lur = ullw =[IG(g+ k) = G()llw < cllG'(g + th)llc@.w)llRlIr

<c sup |[|G'(g+th)d|lw|lP]|r-
sl r=1

For any ¢ € [0, 1], set W 3 d}}, := G’(q + th)d?. Utilizing Lemma [3.1] yields
(3.28) llutnllrp + lletnllz,q = llunllw < &g, p),

for a constant &(g, p) > 0 independent of ¢ and h since ||th|lr < ||h||r < p for all
t € [0,1]. Setting f = (B(d?),0) € W*, Lemma [3.2] yields the estimate:

(3.29) ldihll1p + [ldfnll2.q = ldillw < c(g, p)l1d7Ir

with a constant c(g, p) > 0. Collecting all estimates yields the assertion. |

Lemma 3.8. Let ¢q,d? € Q be given, then for all p > 0 there exists a
constant ¢ = c(g, p) > 0 such that for all h € Q, with ||h||r < p, it holds

(3.30) lld; = d*llip + lldy — d®ll2,q < cllPlir]ld?]Ir,

where d} = G'(qg+ h)d? and d“ = G'(g)d?.
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Proof. Let q,h,d? € @ be as stated. Due to the second order Fréchet differen-
tiability of G from Proposition [3.3] estimating as in the proof of Lemma yields
forat e [0,1],

[di — d"[lw =G'(g + h)d* — G'(9)d%||lw < cl|G"(q + th)d®||(@w)llAlIr

(3.31) <c sup [G"(q+th)[d?, dd]|lwllhllr.
laglir=1

Again, for any ¢ € [0, 1], set W 3 df}, := G"(g+th)[d?, d¥] and utilizing Corollary
yields

14 lw < (g, p)l|d3]Ir]1d?]r-

The assertion is obtained after collecting all estimates. O

Lemma 3.9. Let q,d?- € Q, 7 =1,2, be given, then for all p > 0 there
ezists a constant ¢ = ¢(q, p) > 0 such that for all h € Q, with ||h||r < p, it holds

(3.32) Iy — d*|l1,p + [1df, — d*ll2, < cllllrlld]]IrlldSIr,
where d¥ = G"(q+ h)[d?,d3] and d" = G"(q)[d?, d3)].

Proof. Let &;; and d" be as stated. By linearity of , it holds
A'(u)(dy — ) + R(g;7)(df —d?) = — (4'(un) — A'(w))d};

— (R'(¢n;7) — R'(p;7))df,

— (A" (up)[d} 5, d3 ] — A" (w)[dT, d3])
(3.33) — (R"(pn; AT 4, d5 ] — R (5 7)[dY, d3])
where G(q + k) = us, G(g) = u, as well as G'(q + h)d; = d}}, and G'(q)d] = d}.

Again, we want to utilize the norm estimate from Lemma [3.2] thus we estimate
the right-hand-side of (3.33) in W*. Let us start with the difference of the A’
terms, in particular, for all test functions v € V' we obtain

(A (ws) = A' (), v) = ((9(0n) — 9(9))Ce(d), e(v*))

+2(1 — k)((paCe(un) — pCe(w)) : e(dy), v*)
+ (1= K)((Ce(un) : e(un) — Ce(u) : e(u))df, v*)
(3.34) +2(1 = K)((9nCe(un) — PCe(u))d, e(v*).

For the last term of the right-hand-side, we exploit Lemma for ||on — @||oo
and ||up — ul|1,p, Lemma |3.1{ for ||un||1,p and ||¢||c, and Corollary for ||d7]|, to
obtain
[I(9rCe(un) — ¢Ce(u))dilly < cllon — @lloollunllLplldy lloo + clllloollun — ull1plldR lloo

<c(q, p)lIRlIrlldt (o lld3] e

The remaining terms on the right-hand-side of ([3.34) can be bounded in the same
way, overall we obtain

|4 (un) = A'(w)dR|lw~ <c(g, p)lIRelldd |15 |-
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For the difference in R', exploiting continuity of [(-)*]?, and using Lemma and
Corollary we estimate

I(R'(@r;7) — R'(¢;7)dE|lq <cllon — @lloolldf oo < (g, p)||RlIr||d||r]|dE]|r.

Next, we look at the difference in the A” terms, i.e. at

—(A"(up)[d}p, d5p] — A" (w)[dY, d5]) = — (A"(un) — A"(w))[d}}5, d3 4]
— A'(w)[d}y, — dy', d34]
(3.35) A”(u)[di‘, .= d;‘].

Recalling the definition of the operator A" from , we see that in every of
the six terms of A", each of the involved functions u, d&‘, d} occur linearly. Thus,
for all test functions v € V, for the first term of the right-hand-side of (3.35) it
holds

—((A"(un) — A" ()1}, 3], v) = — 2(1 = k) (d7 ,Ce(un — u)dy 1, e(v"))

1- dghce(dl w)(#n — @), e(v*))
d5 nCe(un — u) : e(dy ), v*)
(on — @)Ce(dz 5 )d7 5, e(v"))
d7 ,Ce(dz ) : (Uh - u),v%)
(3.36) 1—x)((#n = )Ce( 2n) + e(dip), v%).
Let us estimate the last term of the right-hand-side of , using Holder’s in-
equality with % = %4—%. Then, we utilize Lemmafor [lor —©||oo, and Lemma
for [|d} ,ll1,p and ||d5 |1,p, to obtain

I(on — @)Ce(ds n) = e(din)llg <llon = @lloolldz nlliplldT pll1p
<c(@,p)l|hllrllds]Ipldd]|r-

Analogously, we bound the remaining terms, and subsequently estimate ((3.35))
by

(
—2(1-x)
—2(1-x)
—2(1-x)
—2(1-x)
—2(

—~ o~ o~

11—k

| = A"(un)[d} 5, d3 5] + A" (w)[dY, d3]llw< < (g, p)l|Allrlld] lIrlldzIr-

Due to the continuity of the Nemytskii operator [(-)"], an easy calculation
shows

I = R"(on; MdT 5, d3 n] + (R (5 7)[d7, 2l < (g, p)|[AlIc]|di]IrlldZ]Ir-

Combining all estimates, the right-hand-side of (3.33) can be bounded in the
W *-norm by ¢(q, p)||d?||r||d2||r| k|-, the claim now follows from Lemma 3.2}
(Il

Lipschitz continuity results for the reduced objective functional and its deriva-
tives are now easily obtained.

Lemma 3.10. Let q,dg- €Q, 7=1,2, be given, then for every p > 0, there
ezists a constant ¢, = c(p) > 0 such that for all h € Q it holds

(3.37) |f(g +R) = f(9)] <cillPlr,
(3.38) |f'(g+ R)di — f'(9)di] <cillhllrlldi]lr,
(3.39) |f"(q+ h)[di, d3] — f"(q)[d], d2]| < crllhllrlldf||rlldZIr,
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provided that max(||q||r, [|h]r) < p.

Proof. For g, h, dg-, J = 1,2 as stated, we will denote G(g + h) = up, G(q) = u,
G'(g+h)dj = d},, G'(9)d] = d', G"(q+h)[d], df] = d}! and finally G"(q)[d{, df] =
d“. All three results follow from the definition of f from (3.5) and the representa-
tion of f' and f” from Lemma[3.5 combined with the norm- and Lipschitz-estimates

for G,G’, and G”. For the reduced functional, a quick standard calculation yields
1
|fla+h)—f(a) = 5‘(’% —u,up) + (un — u,u) — 2(up — u,uq) + 2a(q, h)r + a(h, h)r
< C(||uh = ullpllunllip + llur — ullspllullp + [lun — wll1plluqll

+ llalleI121lr + 1Al 1A )

<5¢(g, p)|IAlIr,

where in the last inequality we used Lemma 3.6]to estimate ||up, —u||1,5, Lemma3.1]
for ||un||1,p and ||u|l1,p, and the boundedness of ug4 in L.
For the first derivative, we estimate similarly

((F'(@+ ) = F(@)d] = |(un =, d2p) + (u, 2, — d¥) = (ua, i — &) + alh, d)r |
< c(llun = ulluplldt allp + lellplld n — a2l

+ llualllldy,n — dillp + IIhllrlld‘{llr)

<4c(q, p)lIRlIrlidilIr,

also using Lemma [3.8] and Lemma [3.2
Finally, for the second derivative, it holds

|f"(g+ h)ldi, dZ] — f"(g)ld], dE]| = ‘( 1h—dihdap) +(di, dy, — d3)
+ (un — u, dy) + (u,dy — d*) — (ug, dy — d*)
< C(Ildi‘,h — dY |l plldz plle + a1l plldzn — d3ll1p
+llun = ullyplldill e + llullplidy — d¥llup
o+ fuall 1} — ¥l
<5¢(g, p)|hllrlldlIrlldIr-
Here, we additionally used Lemma [3.9 (I

3.3. The Adjoint Equation. To conclude our preliminary results, we collect
results for the adjoint equation for later use. Recalling that C is the rank-4 elasticity
tensor Ce(v) : e(z) = Ce(z) : e(v) and hence symmetric for all v,z € V,,, cf.
[41, Lemma 3.1], it is clear that the operators A’ and R’ are in fact self-adjoint.
Then, Lemma guarantees that under Assumption for every u € W and
faaj = (fi;, fLy;) € W, there exists a unique solution z = (z%,2%) € W to
(3.40) (A'(w))z,v) + ((R'(@; 7)) 2%,v%) = (fagj,v)  VVET,
and

(3.41) 2%l + 112%112,g < c(w, 07, m)|Ifagj |l -
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Further, the first derivative f', see (3.25)), can equivalently be expressed by

(3.42) f'(9)d? = (B*z + ag,d?)r,
where z = (2%, 2¥) € W is the unique weak solution to
(3.43) (A'(0)*z) + R (¢;7)* 2 = u — uq.

This equivalence of ((3.25) and (3.42)) in combination with ((3.43)) follows from usual

calculations for adjoint operators, cf. e.g. to the first order optimality conditions
obtained in [39] for the case n = 0. Likewise, by standard calculations, we obtain
an expression of the second derivative f” from (3.26) with the help of the adjoint
state, resulting in

f"(@)ldi, d3] = (dz, dY) + a(d3, di)r — (A" (w)[d}, d3],z) — (R"(y;7)]dY, 3], 2%),

where G(g) = u e W, G'(q)dj =d} € W, 5 =1,2, and z € W is the solution to
(13.43)).

For completeness we will quickly establish an auxiliary result for the adjoint
equations here.

Corollary 3.11. Let g € Q and f,,f € W* be giwen, then for every p > 0,
there exists a constant ¢ = c(g,p) > 0, such that for all h € Q, with ||h|r < p,
1t holds
(3.44) lzi = 2%ll1p + 125 — 2%ll2,¢ < cllfa — fllwx + cllhllclifullw s,

where z, € W is the solution to (3.40) for W 5 un, = G(q + h) and f.qj = f,
and z € W 1is the solution to (3.40) for W 3 u = G(q) and foqj=f € WX,
respectively.

Proof. The difference z; — z fulfills
(A()* (2 — 2) + (R (957))" (25 — 2) =t — £ — (A'(un) = A'(w)) 24
(3.45) — (R'(#n; ) — R'(9;7)) 2.
Then, the claim follows from combined with Lemma O

Note that Corollary combined with Lemma [3.6| easily provides a Lipschitz
result for the adjoint equations with f = G(g) and f;, = G(g+ h) in the right-hand-
side.

4. Second Order Optimality Conditions for the Optimal Control Problem

After having completed the analysis of the lower-level problem (EL”'") we are
now in the position to return to the optimal control problem (NLP?7)). First, let
us state an existence result for global solutions to (NLP?:7)).

Proposition 4.1. There exzists at least one global minimizer § € Q.4 with

associated state 6 = (4, @) € W to (NLPY").

Proof. In [39, Theorem 4.3], the proof has been carried out for a setting similar
to ours, yet without inequality constraints. However, the admissible set Q.q is a
simple, closed and convex subset of L?, hence the standard existence proof from
e.g. |45, Theorem 2.14] or [29, Theorem 1.45] can be applied, utilizing Lemma
for a boundedness result of the sequence (ug, ¢x), associated with a minimizing
sequence (gx) C Qaq in WHP x HL, O
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Due to nonconvexity of (NLP”")) we characterize local minimizers.

Definition 4.2. We say that a control § € Q.q is a local minimizer of (NLP?7))
if there exists an L?-neighborhood B(g) of g such that there holds

(4.1) (@) < flg) YgeB(@)NQaa

Such a solution § € Q.q with associated state u = G(g) € W satisfies first
order necessary optimality conditions, which we briefly state below.

Lemma 4.3. If g€ Q.4 is a local minimazer with associated state i € W,
then there exists an adjoint state z = (z%,2¥) € W such that

(EL™7) A(u) + R(g;v) =Bge V™,
(AE™7) (A'(0)'z + R'(#;7)2* =4 —ua € V7,
(VE™T) (B'2+ag,¢=Qr 20 Vg€ Quu

Proof. This is a straight forward extension of the necessary optimality condi-
tions from [39,40| for settings without control constraints to the control-constrained
setting. Since Quq is convex a local minimizer ¢ satisfies the variational inequality

(4.2) f(@@-9 >0 Vg€ Qua
Using ([3.42)) for d? = g — g results in the stated optimality system. a

Now we can prove our main results, the second order optimality conditions,
by applying an abstract result from [11]. We start by defining the cone of critical
directions.

if 3(2) = ga(),
0 if g(z) = gs(), }.
—0 i f(9)(2)d%(a)) # 0.
The following second order necessary result for then holds.

Theorem 4.4. Let g € Q.4 be a locally optimal control to (NLP77). Then,
1t holds

(4.3) f(ldf,df1 >0 vd e C(q),

Proof. We check that the assumptions of |11, Theorem 2.3] are valid. From
Corollary Lemma 3.2} and Corollary we obtain boundedness of f' and f".
In particular there exists My, Mz > 0 such that

[f'(9)di] < My|ldillr  and  |f"(q)[d], d3]| < M|ld]lIr[ld3lIr,

for all d?,d? € Q. Moreover by Lemma f' and f" are locally Lipschitz
continuous in @ for all d?,d? € Q and g € Q.aNBg(q), where Bg(q) isa Q = L*(T)
- neighborhood of §. Next, we point out that the tracking type objective functional
results in a Legendre form Q: d? — f”(g)(d?)? from L*(') — R. Choosing U; =
U = @ and K = Q.q, all conditions of Assumption (A2) in [11] are satisfied.
Furthermore, for the choice of the cone of critical directions C(g), we refer to
Remark 2.4 of the same paper. Hence all prerequisites of [11, Theorem 2.3] are
satisfied, now applying the theorem yields the assertion. O

>
C(9){d? € Q: d¥(z){ <
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The result on second order sufficient optimality conditions for (NLP7")), which
does not involve a two-norm discrepancy, follows directly from |11, Theorem 2.5].
We will assume the following second order sufficient condition.

Assumption 4.5 (SSC). Let § € Q.q4, together with the associated state
and adjoint state @, z € W, fulfill the first order necessary conditions given in
Lemmal[4.3] We assume

(4.4) F(@d%d >0 vl e C(q) \{0}.

Theorem 4.6. Let § € Q,q4, with associated state 1 and adjoint state Zz,
satisfy Assumption[{.5 Then, there exist constants € > 0 and o > 0 such that
the quadratic growth condition

f(q9) > f(9) + ollg — gli?

holds for every q € Qquq with ||g — g||r < €. In particular, this means that q is
a locally optimal control in the sense of L>.

Proof. We can directly apply [11, Theorem 2.5], since the control § satisfies
the variational inequality (4.2) and Assumption (A2) of [11] is satisfied, as already
shown in Theorem [£.4] O

Remark 4.7. Comparing the conditions and ([4.4), we see that the gap
between the necessary and sufficient second order conditions is minimal. This
stems from the structure of our main problem . In fact, since the reduced
objective functional f satisfies Assumption (A2) of [11], the positivity assumption
and the coercivity condition

dc>0 suchthat f7(g)[d?,d?] > c||dllg Vd?e C(q),
are equivalent. For a proof of this result, we refer to [11, Lemma 2.6].

Remark 4.8. We recall f(q) := J(g,u), where u = G(q). Let g, with as-
sociated U and z satisfy Assumption then the quadratic growth condition in
Theorem can be written equivalently as

J(g,u) > J(§, @) + +ollg — gIIF,
for every g € Qaq with ||g — gl|r <€, and € and ¢ as in Theorem
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