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We show that the Mordukhovich-stationarity system associated with a
mathematical program with complementarity constraints (MPCC) can be
equivalently written as a system of discontinuous equations which can be
tackled with a semismooth Newton method. We show that the resulting
algorithm can be interpreted as an active set strategy for MPCCs. Local fast
convergence of the method is guaranteed under validity of an MPCC-tailored
version of LICQ and a suitable second-order condition. In case of linear-
quadratic MPCCs, the LICQ-type constraint qualification can be replaced by
a weaker condition which depends on the underlying multipliers. We discuss
a suitable globalization strategy for our method. Some numerical results are
presented in order to illustrate our theoretical findings.
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1 Introduction

We aim for the numerical solution of so-called mathematical programs with complemen-
tarity constraints (MPCCs for short) which are nonlinear optimization problems of the
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form
min f(x)

st.  g(z) <0, h(z)=0, (MPCQ)
G(x) >0, H(z)>0, G(z)'H(z)=0.

Throughout the article, we assume that the data functions f: R” — R, g: R* — RY,
h: R* — R™, and G, H: R® — RP are twice continuously differentiable. Observing
that most of the standard constraint qualifications fail to hold at the feasible points of
(MPCC) while the feasible set of it is likely to be (almost) disconnected, complementarity-
constrained programs form a challenging class of optimization problems. On the other
hand, several real-world optimization scenarios from mechanics, finance, or natural
sciences naturally comprise equilibrium conditions which is why they can be modeled
in the form (MPCC). For an introduction to the topic of complementarity-constrained
programming, the interested reader is referred to the monographs Luo, Pang, Ralph,
1996; Outrata, Kocvara, Zowe, 1998. In the past, huge effort has been put into the
development of problem-tailored constraint qualifications and stationarity notions which
apply to (MPCC), see e.g. Scheel, Scholtes, 2000; Ye, 2005 for an overview. Second-order
necessary and sufficient optimality conditions for (MPCC) are discussed in Gfrerer, 2014;
Guo, Lin, Ye, 2013; Scheel, Scholtes, 2000. There exist several different strategies in order
to handle the inherent difficulties of (MPCC) in the context of its numerical solution.
A common idea is to relax the complementarity constraints and to solve the resulting
standard nonlinear surrogate problems with a standard method, see e.g. Hoheisel, Kanzow,
Schwartz, 2013 for an overview. Problem-tailored penalization approaches are discussed
e.g. in Hu, Ralph, 2004; Huang, Yang, Zhu, 2006; Leyffer, Lépez-Calva, Nocedal, 2006;
Ralph, Wright, 2004. Possible approaches for adapting the well-known SQP method of
nonlinear programming to (MPCC) are investigated in Benko, Gfrerer, 2016; Fletcher
et al., 2006; Luo, Pang, Ralph, 1998. Active set strategies for the numerical solution of
(MPCC) with affine complementarity constraints are under consideration in Fukushima,
Tseng, 2002; Judice et al., 2007. In Izmailov, Pogosyan, Solodov, 2012, the authors
combine a lifting approach as well as a globalized semismooth Newton-type method in
order to solve (MPCC). Furthermore, we would like to mention the paper Guo, Lin,
Ye, 2015 where the authors reformulate different stationarity systems of (MPCC) as
(over-determined) nonlinear systems of equations subject to a polyhedron, and the latter
systems are solved via a Levenberg—-Marquardt method.

Using so-called NCP-functions, where NCP abbreviates nonlinear complementarity prob-
lem, complementarity restrictions can be transferred into systems of equations which are
possibly nonsmooth. Recall that a function m: R? — R is called NCP-function whenever
it satisfies

V(a,b) € R*:  7(a,b) =0 <= a,b>0 A ab=0.

Two popular examples of such NCP-functions are the minimum-function i, : R? — R
as well as the Fischer-Burmeister-function pg: R? — R given by

ﬂmin(a’ b) = min(a7 b)a TFFB(CL, b) = \/m —a—b.




A Newton method for the M-stationarity system Harder, Mehlitz, Wachsmuth

A convincing overview of existing NCP-functions and their properties can be found in
Galantai, 2012; Kanzow, Yamashita, Fukushima, 1997; Sun, Qi, 1999. We note that
most of the established NCP-functions like 7y, or mpg are nonsmooth. Classically, NCP-
function have been used to transfer Karush-Kuhn—-Tucker (KKT) systems of standard
nonlinear problems with inequality constraints into systems of equations which then are
tackled with the aid of a Newton-type method which is capable of handling the potentially
arising nonsmoothness, see De Luca, Facchinei, Kanzow, 1996; 2000; Facchinei, Soares,
1997 for an overview. Furthermore, these papers report on the differentiability of the
function W%B which can be exploited in order to globalize the resulting Newton method.
In Izmailov, Solodov, 2008, the authors extended this idea to (MPCC) by interpreting it
as a nonlinear problem. Under reasonable assumptions, local quadratic convergence to
so-called strongly stationary points has been obtained and suitable globalization strategies
have been presented.

In this paper, we aim to reformulate Mordukhovich’s system of stationarity (the so-called
system of M-stationarity) associated with (MPCC) as a system of nonsmooth equations
which can be solved by a semismooth Newton method. Our study is motivated by several
different aspects. First, we would like to mention that the set

(1.1)

M :={(a,b,pu,v) e R
{(a ) (v =0V < 0,v < 0)

0<alb>0,au=0, bu:(),}

which is closely related to the M-stationarity system of (MPCC), see Definition 2.4, is
closed. In contrast, the set

M = {(a,b,uw) eR*

0<alb>0,ap=0,br=0,
a=b=0= purv<0 ’

which characterizes the system of strongly stationary points associated with (MPCC),
is not closed. In fact, M is the closure of M. Based on this topological observation,
it is clear that searching for M-stationary points is far more promising than searching
for strongly stationary points as long as both stationarity systems are transferred into
systems of nonsmooth equations which can be solved by suitable methods. In Guo, Lin,
Ye, 2015, the authors transferred the M-stationarity system of (MPCC) into a smooth
(over-determined) system of equations subject to a polyhedron, and they solved it with
the aid of a modified Levenberg—Marquardt method. It has been shown that the resulting
algorithm converges superlinearly to an M-stationary point whenever a suitable error
bound condition holds. However, one cannot expect local quadratic convergence of
the method. Our aim in this paper is, thus, to use a nonsmooth reformulation of the
M-stationarity system which can be tackled with a semismooth Newton method in order
to ensure local fast convergence of the resulting algorithm under suitable assumptions,
namely MPCC-LICQ, an MPCC-tailored variant of the prominent Linear Independence
Constraint Qualification (LICQ), and MPCC-SSOC, an MPCC-tailored strong second-
order condition, have to hold at the limit point, see Definitions 2.5 and 2.6 as well as
Theorem 4.2. Using the squared residual, we are in position to globalize our method, see
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Section 5. Observing that the strongly stationary points of (MPCC) can be found among
its M-stationary points, the resulting method may converge to strongly stationary points,
too. Let us mention that even in the absence of MPCC-LICQ), local fast convergence
of the method is possible if the linearly dependent gradients do not appear in the
Newton system, and, anyway, local slow convergence will be always guaranteed via our
globalization strategy. It will turn out that whenever the objective f of (MPCC) is
quadratic while the constraint functions g, h, G, and H are affine, then we actually can
replace MPCC-LICQ by a slightly weaker condition depending on the multipliers at the
limit point, see Section 6.

The manuscript is organized as follows: In Section 2, we summarize the essential pre-
liminaries. Particularly, we recall some terminology from complementarity-constrained
programming and review the foundations of semismooth Newton methods. Section 3 is
dedicated to the reformulation of the M-stationarity system associated with (MPCC) as
a system of nonsmooth equations. In order to guarantee that a Newton-type method can
be applied in order to solve the resulting system, we first motivate the general structure
of this system. Afterwards, we introduce a so-called nonlinear M-stationarity function
whose roots are precisely the elements of the set M from (1.1). Although the nonlinear
M-stationarity function of our interest is nonsmooth and even discontinuous, we prove
that it is Newton differentiable on the set M. Based on this function, we construct
a semismooth Newton method which solves the M-stationarity system of (MPCC) in
Section 4. Furthermore, we provide a local convergence analysis which shows that our
method ensures local quadratic convergence under validity of MPCC-LICQ and MPCC-
SSOC at the limit point. Moreover, we illustrate that our Newton-type method can
be interpreted as an active set strategy for (MPCC). In Section 5, the globalization
of the algorithm is discussed. We exploit the standard idea to minimize the squared
residual. In Section 6, we show that it is possible to relax MPCC-LICQ in the setting
of a linear-quadratic model problem (MPCC) while keeping all the desired convergence
properties. Numerical experiments addressing a discretized version of the optimal control
of the obstacle problem whose local minimizers are M- but not S-stationary are presented
in Section 7. Some remarks close the paper in Section 8.

2 Preliminaries

2.1 Notation

We introduce the index sets I* := {1,...,¢}, I := {1,...,m}, and I? := {1,...,p}.
The component mappings of g, h, G, and H are denoted by g; (i € I%), h; (i € I"™), G;
(i € I?), and H; (i € IP), respectively.

We use 0 in order to denote the scalar zero as well as the zero matrix of appropriate
dimensions. For i € {1,...,n}, we use ¢; € R" to represent the i-th unit vector. For a
vector v € R” and a set I C {1,...,n}, vy € RHI denotes the vector which results from v
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by deleting all entries corresponding to indices from {1,...,n}\ I. Similarly, for a matrix
V e R V; e REX™ denotes the matrix which is obtained by deleting all those rows
from V whose indices correspond to the elements of {1,...,n}\ I. If (row) vectors v;,

i € I, are given, then [v;]; denotes the matrix whose rows are precisely the vectors v;,
i € I. Finally, let us mention that for z € R™ and € > 0, B-(z) represents the closed
e-ball around .

Lemma 2.1. Let A and B be matrices of suitable dimensions satisfying
ATA4+BTp=0,A>0 = X=0,
i.e., the rows of A are positive linearly independent from the rows of B. Then it holds

span{d € R" | Ad <0, Bd =0} = {d € R"| Bd = 0}.

The proof follows from standard arguments. The next two lemmas are classical.

Lemma 2.2. Consider the saddle-point matrix

A BT
C'_<B 0)’

where A and B are matrices of compatible sizes. If the constraint block B is surjective,
i.e., the rows of B are linearly independent, and if A is positive definite on the kernel of
B,ie., z" Ax >0 for all z € ker(B) \ {0}, then C is invertible.

Lemma 2.3. Let the matrix A be invertible. Then there exist constants € > 0 and
C > 0 such that
I(A+d4)7 Y <C

holds for all A with ||0A]] <e.

2.2 MPCCs

Here, we briefly summarize the well-known necessary essentials on stationarity conditions,
constraint qualifications, and second-order conditions for complementarity constrained op-
timization problems. As mentioned earlier, most of the standard constraint qualifications
do not hold at the feasible points of (MPCC) which is why stationarity notions, weaker
than the KKT conditions, have been introduced. Let us recall some of them. For that pur-
pose, we first introduce the MPCC-tailored Lagrangian £: R x Rf x R™ x R? x RP — R
associated with (MPCC) via

Lz, X0, p,v) = fx) + A g(@) + 0" hz) +p' Gz) + v H(z).
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Furthermore, for a feasible point z € R™ of (MPCC), we will make use of the index sets

Clearly, {I10(z), 19" (), 1°(z)} is a disjoint partition of I?.

Definition 2.4. Let £ € R” be a feasible point of (MPCC). Then 7 is said to be

(a) Mordukhovich-stationary (M-stationary) if there exist multipliers A € R, n € R™,
and u, v € RP which solve the system

Vo L(Z, A n, p,v) =0, (2.1a)
Moy =0, g oz =0, (2.1b)
pr+o(z) = 0, (2.1c)
vio+@z) = 0, (2.1d)
Vie I(z): pivi =0V (s <0 A 1 <0), (2.1¢)

(b) strongly stationary (S-stationary) if there exist multipliers A € R¢, n € R™, and
w, v € RP which satisfy (2.1a)-(2.1d) and

/L]OO(@ < O, VIOO(i) <0. (2.2)

Let us briefly note that there exist several more stationarity notions which apply to
(MPCC), see e.g. Ye, 2005 for an overview. For later use, let AM(z) and AS() be the
sets of all multipliers which solve the system of M- and S-stationarity w.r.t. a feasible
point € R™ of (MPCC), respectively.

In this paper, we will make use of a popular MPCC-tailored version of the Linear
Independence Constraint Qualification.

Definition 2.5. Let z € R" be a feasible point of (MPCC). Then the MPCC-tailored
Linear Independence Constraint Qualification (MPCC-LICQ) is said to hold at z whenever
the matrix

possesses full row rank.
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It is a classical result that a local minimizer of (MPCC) where MPCC-LICQ holds is
S-stationary. Furthermore, the associated multipliers (A, 7, u, ), which solve the system
(2.1a)-(2.1d), (2.2) are uniquely determined. It has been reported in Flegel, Kanzow,
2005a; Ye, 2005 that even under validity of mild MPCC-tailored constraint qualifications,
local minimizers of (MPCC) are M-stationary. Therefore, it is a reasonable strategy to
identify the M-stationary points of a given complementarity-constrained optimization
problem in order to tackle the problem of interest.

We review existing second-order optimality conditions addressing (MPCC) which are
based on S-stationary points. We adapt the considerations from Scheel, Scholtes, 2000.
For some point € R, we first introduce the so-called MPCC-critical cone

Vi) 6x<0
Vgi(z) 6 <0 icI9z)
B (Z)6x =0
C(2) = A su € BY VGi(z)T6x =0 ieI'(z)
VH;(z)"6x =0 ieI*9a)
VG;i(Z)T6x >0 ieI%z)
VH;(z) 6z >0 ieI%2z)
(VGi(Z) " 6x)(VH;(Z) " 6x) =0 e =)

We note that this cone is likely to be not convex if the index set I°°(Z) of biactive
complementarity constraints is nonempty. In case where z is an S-stationary point of
(MPCC) and (A, 7, u, ) € AS(Z) is arbitrarily chosen, we obtain the representation

Vgi(z) 6z =0 iel%z),\ >0
Vgi(#) 6z <0 ieI9z),\ =0
B (z)dz =0
Gi(z) 6x=0 iecI’(z UIOO N7
S <>T (@ ULk (Ey
Hi(z)' 62z =0 iecIt(z)ul(z,u,v)
Gi(®) 6 >0 ie IR (T, pnv)
H;(Z) x>0 ieIgg(f,u,V)
(VGi(2)6 )( Hy(7)T62) =0 i € I90(z, p.v)

by elementary calculations, see Mehlitz, 2019, Lemma 4.1 as well, where we used

1% (2, p,v) = {i € 1°(2) | 1y # 0}, (2.3a)
R (#, p,v) = {i € I°(z) | v; # 0}, (2.3b)
Igo (&, pyv) o= {i € I°(Z) |y = vj = O} (2.3¢)
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If z € R™ is a local minimizer of (MPCC) where MPCC-LICQ holds, then the unique
multiplier (\, 7, u, ) € AS(z) satisfies

Voxr € C(Z): Oz V2,L(Z,\n,p,v)0x > 0.

Let us note that necessary second-order conditions for (MPCC) which are based on
M-stationary points can be found in Guo, Lin, Ye, 2013. On the other hand, if Z is an
arbitrary S-stationary point of (MPCC) where the so-called MPCC-tailored Second-Order
Sufficient Condition (MPCC-SOSC) given by

vz € C(2) \ {0} I\, n, p, v) € AS(%): 6x V2, L(Z, N\, )0z > 0

holds, then Z is a strict local minimizer of (MPCC). More precisely, the second-order
growth condition holds for (MPCC) at z.

Finally, we are going to state a second-order condition which we are going to exploit
for our convergence analysis. Observe that this condition is based on M-stationary
points.

Definition 2.6. Let x € R™ be an M-stationary point of (MPCC). Furthermore, let
(A, 1, v) € AM(Z) be fixed. Then the MPCC-tailored Strong Second-Order Condition
(MPCC-SSOC) is said to hold at & w.r.t. (A, n, u, v) whenever

Vox € S(z, A\, u,v) \ {0}: 5xTV3:x£(:E, A1, i, v)ox >0
holds true. Here, the set S(z, A\, u, V) is given by
V() 6x =0 ieI%x), \s>0
h'(z)dz =0
S(z, A\, v) =< 6z € R" VGi(z) 0z =0 ieI®T(z)uI%(z,p,v)
VH;(Z) 6z =0 ieIt@) Ul (z,uv)
(VGi(%)"02)(VH (%) 02) =0 i€ Iz, pu,v)

Fix a feasible point z € R™ of (MPCC) which is M-stationary and let (X, 7, u, v) € AM(Z)
be an associated multiplier. For any set 8 C I88 (Z, p,v), we define the complement
B = 18(z, p,v) \ B as well as
Vgi(z) 6z =0 ieI%z), \i >0
B (z)dz =0
VGi(z) oz =0 iel® (@)Ul (z,pv)Up
VH;(Z) 5

Sa(z, A\, pu,v) =< oz € R"

Tox=0 iecI™@)UIP(Z,uv)UB

Then it holds
Sz, )\ p,v) = U Sz, A\, 1, v).
BCIYY (Z,p,v)
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Due to Lemma 2.1, under validity of MPCC-LICQ at z, we have Sg(Z,\, pu,v) =
span Cg(Z, A, i1, v) where we used

Vg (z) dz=0 iel9%z),\ >0
Vgi(z) 62 <0 iel9%Z), =0
h'(z)dz =0
Ca(Z, A\, p,v) := 4 0z € R™" | VGy( Ylox=0 iel®(@)un% (@ urv)UBSs,
VHi(z) 6z =0 ieI™z) U’ (z,u,v)UpB
VGi(Z)6x >0 iep
(z)

i.e., S(Z, A, u, v) is the finite union of the spans of polyhedral cones. Observing that

C(z) = U Ca(Z, A\, p,v)

BCIS (z,p,v)

holds true provided Z is S-stationary while (X, 7, i, v) € AS(Z) holds, the set S(z, \, u, v)
is closely related to the critical cone of (MPCC). In this regard, the name MPCC-SSOC
in Definition 2.6 is quite reasonable. Observe that the inclusion C(z) C S(z, A, i, v) holds
for each S-stationary point z and each multiplier (), 7, u, v) € AS(z), i.e., MPCC-SSOC
is slightly stronger than MPCC-SOSC in this situation.

2.3 Semismooth Newton methods

In this section, we collect some theory concerning the application of Newton methods for
functions F': R™ — R"™ which are not continuously differentiable. In the finite-dimensional
case, one typically utilizes semismooth functions. Since semismooth functions are by
definition locally Lipschitz continuous, this theory is not applicable to discontinuous
functions. Hence, we exploit the concept of Newton differentiability, which is used
in infinite-dimensional applications of Newton’s method, see Chen, Nashed, Qi, 2000;
Hintermiiller, Ito, Kunisch, 2002; Ulbrich, 2002; Ito, Kunisch, 2008.

Definition 2.7. Let F': R® — R™ and DF': R" — R™*" be given. The function F is
said to be Newton differentiable (with derivative DF') on a set K C R™ if

F(x+h)—F(z) — DF(x 4+ h) h = o(||h]]) for h = 0
holds for all z € K. For a € (0, 1], the function F' is Newton differentiable of order «, if
F(x+h)—F(z) — DF(z+h)h=O(|h|*T®)  forh =0

holds for all z € K. Finally, F' is said to be Newton differentiable of order oo, if for all
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z € K there is €, > 0 such that

F(x+h)—F(x)—DF(x+h)h=0 Vh € R™: ||h]| < &g.

Clearly, if F is continuously differentiable, then DF = F’ is a Newton derivative. If F’ is
locally Lipschitz continuous, then F' is Newton differentiable of order 1.

In the following example, we discuss the Newton differentiability of the minimum and
maximum entry of a vector.

Example 2.8. For the nonsmooth functions min, max: R” — R, we establish the
following convention for choosing Newton derivatives at arbitrary points a € R™:

T

Dmin(ay,...,a,) :=¢; wherei=min{j € {1,...,n} | aj = min(ay,...,a,)},

24
Dmax(ay,...,a,) := e, wherei=min{j € {1,...,n}|a; = max(ay,...,a,)}, 24

i.e., we give priority to variables that appear first in a min or max expression. This
choice ensures that min and max are indeed Newton differentiable of order ooc.

In order to find a solution z of F(z) = 0 where F': R" — R" is a Newton differentiable
map, we use the iteration

Tpy1 i= 2 — DF(z) " F (21), k=0,1,...

for an initial guess xg € R™. As usual, we call this iteration scheme semismooth Newton
method but emphasize that it applies to mappings F' which are not semismooth in the
classical sense.

Nowadays, the proof of the next theorem is classical, see, e.g., Chen, Nashed, Qi, 2000,
proof of Theorem 3.4.

Theorem 2.9. Assume that F': R® — R” is Newton differentiable on K C R" with
Newton derivative DF. Further assume that z € K satisfies F(z) = 0 and that the
matrices {DF(z) | « € B:(x)} are uniformly invertible for some ¢ > 0. Then there
exists § > 0 such that Newton’s method is well defined and superlinearly convergent
for any initial iterate xg € Bs(z). If F' is additionally Newton differentiable of order
1, the convergence is quadratic, and we have convergence in one step if F' is Newton
differentiable of order co.

If the assumptions of Theorem 2.9 are satisfied, one obtains the equivalence of the known
residuum || F(x)| and the unknown distance ||z — z||.

Lemma 2.10. In addition to the assumptions of Theorem 2.9, suppose that the matrices
{DF(x) | x € B:(x)} are bounded for some ¢ > 0. Then there exist constants ¢, C,d > 0

10
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such that
Vo € Bs(z):  c||F(2)| < |lz —z| < C[F(z)]].

The proof follows from
F(z) = F(x) - F(z) = DF(z) (x — ) + o([lx — z[))

and the properties of DF(x). For the reader’s convenience, we provide the following
chain rule.

Lemma 2.11. Suppose that f: R” — R™ is Newton differentiable on K C R" with
derivative Df and that g: R™ — RP is Newton differentiable on f(K) with derivative
Dg. Further, we assume that Df is bounded on a neighborhood of K and that Dg is
bounded on a neighborhood of f(K). Then f o g is Newton differentiable on K with
derivative given by = — Dg(f(x)) Df(z). If both f and g are Newton differentiable of
order a € (0,1] U {oc}, then f o g is Newton differentiable of order .

The chain rule can be shown along the lines of Clason, 2018, Theorem 9.3.

Example 2.12. Exploiting Example 2.8 and Lemma 2.11, the absolute value function
|'|: R — R is Newton differentiable of order oo, since |x| = max(z, —x) for each z € R.
Following the convention from Example 2.8, the associated Newton derivative is given by

1 ifz >0,

2.5
-1 ifz<O. (25)

Vx € R: D||(£L’):{

3 M-Stationarity as a nonlinear system of equations

3.1 Preliminary considerations

As stated before, we want to reformulate the M-stationarity system (2.1) as an equation.
To this end, we need to encode the complementarity conditions (2.1b) and the conditions
(2.1c)—(2.1e), which depend on index sets, as the zero level set of a suitable function. For
clarity of the presentation, we temporarily consider a simplified MPCC problem

min f(x)

(MPCC1)
st. 0<H(z) L G(z)>0,

with G, H: R™ — R, i.e., there is only one complementarity constraint. This simplification
will also simplify notation in this section. The results of this section will be transferred
to the problem (MPCC) with p many complementarity conditions in Section 4. The
M-stationarity system for (MPCC1) is given by

ViL(z,p,v) =0, (3.1a)

11
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0<H(z) LG(z)>0, (3.1b)
G(z)pn =0, (3.1c)

H(z)v =0, (3.1d)
(L<O0Av<O0)Vpur=0. (3.1e)

We want to find a function : R* — R¥ such that (3.1) can be equivalently rewritten as
F(x,p,v) = 0 where F : R"1*1 — R"F has the form

'_ Vo L(z, 1, v)
Bz, p,v) = (w(c(:p),H(x)a%”J '

Since we want to apply a Newton method, we require £ = 2. We also need that the
associated Newton matrices DF(-) are invertible in a neighborhood of the solution of the
system F'(z,pu,v) = 0. This invertibility will be guaranteed by certain properties of the
Newton derivative De.

3.2 A nonlinear M-stationarity function

Recall that the set M from (1.1) corresponds to the M-stationarity conditions (3.1). We
define the functions 11, ¥9, 13, p1: R* = R via

$1(0, by i v) = max(—a, 1o, |u), (3.20)
Pa(a, b, p, v) := max(-b, |al, |v|), (3.2b)
Ps(a, b, p,v) :=max(|al, b, p,v), (3.2¢c)
v1(a, b, p,v) == Zlning Yi(a,b, p,v). (3.2d)

Next, we show that M is precisely the zero level set of 1. To this end, we note that

M = {(a,b,p,v) €R*|a >0, b=p=0}U{(a,b,pu,v) eR*|b>0, a=v =0}
U{(a,b,p,v) eR* |a=b=0,u<0,v <0},

i.e., M can be written as the union of three convex, closed sets.

Lemma 3.1. Let (a,b,u,v) € R be given. Then (a, b, u,v) € M holds if and only if
w1(a,b, u,v) =0 is valid.

Proof. Tt is clear that i (a, b, u,v) > 0. Hence, ¢1(a,b, u,v) = 0 if and only if one of the
functions 11, 19, and 13 vanishes at (a, b, u, v).

Now, we observe the equivalencies

Pi(a,byu,v)=0 < —a<0,b=pu=0,
vo(a,byu,v) =0 < —-b<0,a=v=0,
¢3(a7baMaV):0 ~ a:b:()? M7V§O

12
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Thus, ¢1(a,b,u,v) = 0 holds if and only if one of the left hand sides is true and
(a,b,u,v) € M if and only if one of the right hand sides is true. This shows the claim.

We remark that ¢; describes the distance of a point (a,b, u,v) to the set M in the
£°°-norm. This follows from the above representation of M and the fact that each of 1,
19, 13 is the distance to one of the three convex subsets of M.

We choose the Newton derivative Dy of ¢1 according to the conventions established in
(2.4) and (2.5) together with the application of the chain rule. This choice for Dy is
fixed for the remainder of the article. It implies that

Dgi(a,b,p,v) € {e]  &e] , +ef e } (3.3)
holds for all (a,b, i1, v) € R*.

Let us introduce the other component o : R* — R, which is defined via

min(|b], |v|) if Dg1(a,b, u,v) = +ef,
min(|al, [i]) if Doi(a,b, pu,v) = *eq ,
902(0’7 b, Hs V) = ’ ‘ ) . ( ?r (34)
|b| 1fD(:01(aabnu’V) = Fe3,
|al if Dy (a,b, u,v) = *ej ,

where the cases are exhaustive due to (3.3). For the prospective Newton derivative Do
of p9 we again use the convention established in (2.4) as well as (2.5) and use the same
distinction of cases as in (3.4). The Newton differentiability of ¢2 will be shown in
Lemma 3.3 below. Finally, let ¢: R* — R? be the function with components ¢ and 3.
The rows of the Newton derivative Dy of ¢ are given by Dy and Dpy. Motivated by
our arguments from Section 3.1, we call ¢ a nonlinear M-stationarity (NMS) function,
see Lemma 3.3 below as well.

In the next lemma, we will look at the possible values of the Newton derivative of ¢ at
points from M. This will be an important lemma in order to show that the Newton
matrix DF(-) is invertible in a neighborhood of M, see Theorem 4.1. If ¢2 is chosen
differently, one might obtain less tight estimates for the Newton matrices Dy, and this
would result in more restrictive assumptions for the semismooth Newton method below,
cf. the proof of Theorem 4.1. For that purpose, we define the sets of matrices

o{[ed]} s

i

+e
+e]

\V/’L',_]'E{l,...,él}: JL]'Z:{
J

Lemma 3.2. Let w = (a,b, ji,7) € M be given. Then there exists ¢ > 0 such that for
all w = (a,b, p,v) € Be(w), we have

a>0 = Dyp(w)e Jys, (3.5a)
b>0 = Dy(w)e J14, (3.5b)

13
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p#0 = De(w) € JigUJig, (3.5¢)
v£0 = D(p(w) € JLQ U J2,3, (3.5d)
w=0 = DQD(UJ) S JLQ U J2,3 U J1,4. (3.56)

Proof. Due to the definition of ¢9, the possible values for Dp(w) can only be in
Ji12U a3 U Jyy for all w e R*. Clearly, the implication (3.5e) follows immediately.

Suppose that @ > 0 holds. Then we have b = i = 0. Therefore, there exists ¢ > 0
such that max(|b], |¢|) < a holds for all w = (a,b,u,v) € Be(w). It follows that
@1 = 1 < min(¢9,1)3) holds on B.(w). Thus we obtain Dy1(w) € {+e] ,+eq] }. If we
again consider that |u| < |a| then the implication (3.5a) follows. The implication (3.5b)
can be shown in a similar way.

Let us consider the case i # 0 and 7 # 0. Then we have @ = b = 0 and also
it,v < 0. Therefore, there exists € > 0 such that max(|al,|b|) < min(—u,—v) holds
for all w = (a,b, u,v) € Be(w). It follows that ¢1 = 13 < min(¢1,12) holds on B.(w).
Thus we obtain Dy (w) € {+e{,+eg }. If we consider that |a| < |u| and |b] < |v| then
Dp(w) € Jy 2 follows.

Next, we consider the case that i # 0 but # = b = 0. Then we have a = 0. Therefore,
there exists € > 0 such that max(|al, 0], |v|) < |p| holds for all w = (a,b, u,v) € B.(w).
It follows that ¢; < 97 holds on B.(w). By a distinction of cases we can obtain that
Dyi1(w) € {+e],+es,+e]}. If we consider (3.4) and that |a| < |u| then Dp(w) €
Jia U J174 follows.

For the case that i # 0, 7 = 0, but b > 0 we already know from (3.5b) that Dp(w) €
J12 U Jy 4 holds as well. If we combine the previous cases, then we obtain (3.5¢). The
implication (3.5d) can be shown in a similar way.

We continue with some notable properties of ¢. The first property is important because
it allows us to characterize M-stationarity points as the solution set of a (nonsmooth)
equation, and this is the essential property of an NMS-function.

Lemma 3.3.
(a) We have ¢(a,b, u,v) = 0 if and only if (a,b, u,v) € M.
(b
(c

(d) The function ¢ is calm at every point w = (a, b, i, v) € M with calmness modulus
1, i.e., there is a neighborhood U of w such that

The function ¢ is Newton differentiable of order oo on M.

The function ¢ is not continuous in any open neighborhood of M.

)
)
)
)

Vw e U:  [[o(w) — p(w)]|| < [lw—w]|.

14
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Proof. We start with part (a). Lemma 3.1 shows (a,b,u,v) € M if and only if
v1(a,b,p,v) = 0. Thus, it remains to show that ¢a(a,b,pu,v) = 0 for all points
(a,b,u,v) € M. Let (a,b,u,v) € M be given. We consider the case that a > 0.
Then b = ;= 0 follows. Due to (3.5a) we have D1 (a,b, u,v) € {%eg ,+eq }, which im-
plies pa(a,b, u,v) = 0. For the case that b > 0 we can argue similarly. For the remaining
case a = b = 0 the property ¢2(a,b, u,v) = 0 follows directly from the definition of 5.

For part (b), let us fix a point w = (a, b, i,7) € M. For @1, the Newton differentiability
of order co follows from the chain rule Lemma 2.11. Due to @o(w) = 0, it suffices to
show that

pa(w) = Dz (w)(w — w) (3.6)

holds in a neighborhood of w. Let ¢ > 0 from Lemma 3.2 be given and consider
w = (a,b, u,v) € Bo(w). In case Dpo(w) = +ef, (3.5a) implies @ = 0 and from the
definition of Dy2, we get w2(w) = +a. Hence, (3.6) follows. In case Dya(w) = +ej,
(3.5¢) implies & = 0 and from the definition of Dys, we get p2(w) = £u. Again, (3.6)
follows. The remaining cases follow analogously.

We continue with part (c¢). Any open neighborhood of M contains the point w; :=
(2t,2t,t,0) for some ¢t > 0. It can be shown that

w2(2t,2t,t,0) =t #0 = liﬂ} w2(2t — s,2t,1,0).

Hence o9 is not continuous at w;.

In order to show part (d), we can utilize part (b), which implies that

p(w) — p(w) = Dp(w)(w — w)

holds for all w in a neighborhood of w. Since ||[Dy(w)| = 1 holds for all w in a
neighborhood of w due to Lemma 3.2, we obtain

lp(w) — ()| < [[De(w)]l|w — @ = [jw — w].

The following lemma will be useful in order to interpret the semismooth Newton method
as an active set strategy for (MPCC). The proof of this result follows by a simple but
laborious distinction of cases and is, thus, omitted.

Lemma 3.4. Let w = (a,b, u,v) and dw = (da, db, dp, 6v) be given. Then we have the
equivalence

6b=—b, du=—p if Dp(w) € Ja3,
Dy(w)dw = —p(w) < da = —a, v = —v if Dp(w) € Jy 4,
da = —a, 0b=—b if Dp(w) € Jy 2.

15
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4 Application of a semismooth Newton method

Using the NCP-function mynin: R? — R as well as the NMS-function ¢: R* — R2
constructed in Section 3, we introduce F': R” x R x R™ x RP x RP — R™ x Rf x R™ x R?P
via

Vi L(z, A\ n, p,v)

F(z,\,n,p,v) = [min (=9 ((?’ Al : (4.1)

[p(Gi(x), Hi(x), pi, vi)] 1

Clearly, by Lemma 3.3, a point z € R" is M-stationary for (MPCC) if and only if
there is a quadruple (A, 7, pu,v) such that F(x,A\,n,u,v) = 0 holds. In this case, it
holds (A, 7, u,v) € AM(z). Observing that all the data functions f, g, h, G, and H
are twice continuously differentiable, Lemmas 2.11 and 3.3 guarantee that F' is Newton
differentiable on the set of its roots. Thus, we may apply the semismooth Newton method
from Section 4 in order to find the roots of F), i.e., M-stationary points of (MPCC).

In order to guarantee convergence of the Newton method to an M-stationary point x € R"
of (MPCC) with associated multiplier (\,n, u, v) € AM(z), we have to guarantee that the
Newton derivative of F is uniformly invertible in a neighborhood of z := (z, A\, n, u, v).
Abstractly, we have

| Az) Ax(z) 0 0 0
DF(z) = h’l(x) 0 0 0 0
A3(Z) 0 0 A4(Z) A5(Z)

for the Newton derivative of F' at z were we used

A1(z) == [=Dammin(—gi(z), \i) Vgi(z ) Ires
As(2) = [DpTmin(—gi(T), Ai)e; ]Ié’a
A3(2) := [Dap(Gi(x), Hi(x), i, vi)VGi(x) " + Dyp(Gi(w), Hi(x), i, vi) VHi(x) 1o,
Ay(2) = [Dyup(Gi(x), Hi(x), i, vide] J1v,
(z) == (2),

N

< Dyo(Gi(x), Hi(), i, vi)e; ]Ip

5

Theorem 4.1. Let z € R" be an M-stationary point of (MPCC) where MPCC-LICQ
holds. Furthermore, assume that MPCC-SSOC holds at z w.r.t. (X, 7, ii,7) € AM(z). Set
z := (z,\, 7, i, ) and observe that this point solves F(z) = 0. Then there exist € > 0
and C > 0 such that ||[DF(2)7 || < C for all z € B.(Z).

Proof. First, we provide a result for a linear system associated with the solution z. To
this end, let matrices P; € {(1,0),(0,1)}, i € I*, Q; € J12U Jo3U J1 4, j € I, be given

16
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such that
gi(z) <0 = P =(01), \N>0 = P=(1,0),
Gj(z) >0 = Q€ Jas, Hij(z)>0 = Qj€Jig, (4.2)
p#0 = Q€ JigUJig, vi#0 = Qj€ipUdag

holds for all i € I, j € I?, cf. (3.5). Associated with this choice of P;, Qj, we define the
index sets

If={iel'|P,=(1,0}, Ii:={icl"|P=(0,1)}
Ii? = {j eI? | Qj S JLQ}, Ifﬁl = {j eI? | Qj S J1,4}, 1573 = {j eI? | Qj S J2,3}.

Now, we consider the linear system with unknowns 6z = (dz, 0\, on, dp, ov)

V2. L(Z2) 6+ g (@) AN+R (@) dn+G (@) du+H' (2) dv=r (4.3a)
Ve (s T
p(TVIEOTY et (a3
0N
h'(z)dx =t (4.3¢)
VG]' (:E)Téx
VHj (E)Td.%' Uj .
j = vy e IP.
9 Opj o)
51/]'
(4.3d)

Let us inspect the block (4.3b). In case i € 15, this block is equivalent to d\; = s;. Hence,
we can eliminate these variables. Now, we consider the last block (4.3d). In case j € I7 o,
ie., Q; € Ji2, we can assume w.l.o.g. that

o-(2000)
Hence, the jth component of the last block is equivalent to
VGj(Z)"6x =u; and VH;(Z) 6z =v;.
For j € I{)A’ the last block is w.l.o.g. equivalent to
VG;(z) "6z =u; and ov; = v,
and for j € I 5 we get

VH;(Z) 6z =v; and 6u; = u;.

17
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Thus, the values dv; for j € IfA and dp; for j € 1573 can be eliminated in the above
system. With the index sets

I = Ip\Ig’?), 1P = I”\If4
we arrive at the reduced saddle-point system
V2, L(Z) 6z + g’(:ﬁ)}f e+ (2) T 6 + G'(:E)ITE Sy + H' () o bvpp = 7
—g' (@) 0z = spe
h'(z)0x =t
G’(E)Iﬁéx =up

Hl(.’l_?)lll”;’(sﬂ? = UI,’,’-

Therein, the modified right-hand side 7 results from the elimination of some of the
multipliers. It can be bounded by 7, s, u, and v. Note that this reduced system is
symmetric. Furthermore, it clearly holds

{i e 19Z) |\ >0} C If C IYx) (4.4a)
1% (2) UI%(z, i, v) C IF C 19 (2) UI™(z) (4.4b)
@)y u R(z,m,v) C IP c I70(z) uI(z) (4.4c)

by definition of these index sets. Additionally, we have I} U I} = I” due to Lemma 3.2.
By MPCC-LICQ, the constraint block of the reduced system is surjective and from
MPCC-SSOC we get that the matrix V2, £(Z) is positive definite on the kernel of
the constraint block. Now, Lemma 2.2 implies the invertibility of the system. By
undoing the elimination of some of the multipliers, we find that the system (4.3) is
invertible, i.e., there is a constant ¢ > 0, such that the unique solution §z of (4.3) satisfies
10z] < e(||r]] + [Isll + |t]| + llu|]| + [|v]]). Since there are only finitely many choices for the
matrices P; and @), the constant ¢ does not depend on the precise values of P; and Q);.

Now, we prove the uniform invertibility of the Newton matrix DF(z) for all z in a
neighborhood of z. First, we can utilize Lemma 3.2 and the continuity of g, G, and H
to obtain € > 0 such that P; := Dmyin(—gi(x), \i) and Q; := Do(Gj(x), H;j(x), ), v5)
satisfy (4.2) for all i € I and j € IP. Note that we still use z, A, ji, and 7 in (4.2). Thus,
the Newton matrix DF'(z) is a perturbation of the system matrix from (4.3). Since f, g,
h, G, and H are assumed to be twice continuously differentiable, the perturbation can
be made arbitrarily small (by reducing ¢ if necessary). Thus, Lemma 2.3 ensures that we
get a uniform bound for DF(z)~! for all 2z € B.(z).

Now, we are in position to state a local convergence result for our nonsmooth Newton
method based on the map F from (4.1). Its proof simply follows combining Theorems 2.9
and 4.1.

18
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Theorem 4.2. Let z € R" be an M-stationary point of (MPCC) where MPCC-LICQ
holds. Furthermore, assume that MPCC-SSOC holds at z w.r.t. (X, 7, ii,7) € AM(z). Set
Z:= (Z,\, 7, [i,7). Then there exists § > 0 such that the nonsmooth Newton method
applied to the mapping F' from (4.1) is well defined and converges superlinearly to z
for each initial iterate from Bs(z). If, additionally, the second-order derivatives of the
data functions f, g, h, G, and H are locally Lipschitz continous, then the convergence is
quadratic.

Remark 4.3. In addition to the assumptions of Theorem 4.2, assume that the cost
function f is quadratic while the constraint mappings g, h, G, and H are affine in
(MPCC). Then Example 2.8, Lemma 2.11, and Lemma 3.3 guarantee that the mapping
F from (4.1) is Newton differentiable of order co on M. Thus, Theorem 2.9 guarantees
one-step convergence for the associated nonsmooth Newton method if the initial iterate
is sufficiently close to the reference point Z.

We note that the example from Fletcher et al., 2006, Section 7.3 satisfies our assumptions
MPCC-LICQ and MPCC-SSOC at the origin which is an S-stationary point of the
underlying complementarity-constrained optimization problem. Due to Theorem 4.2,
local superlinear convergence of our nonsmooth Newton method is guaranteed. On the
other hand, the SQP-method suggested in Fletcher et al., 2006 only converges linearly to
the point of interest.

We mention that it is possible to interpret the Newton method as an active set strat-
egy. To this end, one has to utilize Lemma 3.4. If the current iterate is denoted by
2k = (T, Ak, Mk Mk, Vi), the next iterate zxy1 = (Try1, Aet1, Mot 1s Mek+1, Vi+1) Solves the

symmetric linear system
VaL(zk) + Vi L(z) (Thy1 — 2p)
+9' (@) e Vet = M) e + 1 (20) " (i — i)

+ G () gp (irr — pe) g+ H' (@) fp (Vs — vi) g = 0,
9@e) e +9' (@) e (@hpr — ae)pe =0, (Neg1)poge =0,

h(zg) + B (zg) (Tp1 — 2x) =0,
G(zr)p + G (@) (Trr1 —21)p =0, (k1) gz = 0,

(

H(zp)p + H'(2p)p (2541 —26)p =0, (Uet1) gz = 0.

Here, the index sets If, It, and I are constructed similarly as in the proof of Theo-
rem 4.1.

Let us briefly compare our algorithm with Izmailov, Solodov, 2008, Alg. 2.2. Therein,
the authors use an identification procedure to obtain the active sets I19(z), 19" (%), and
I°(z) and, afterwards, 7 is approximated by an active set strategy. This approach is very
similar to our suggestion. For the convergence theory, however, they presume validity of
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MPCC-LICQ and MPCC-SOSC at a given local minimizer of (MPCC) which, thus, is
an S-stationary point (observe that MPCC-SOSC is called piecewise SOSC' in Izmailov,
Solodov, 2008, and take notice of Izmailov, Solodov, 2008, pages 1006-1007). Recall that
MPCC-SOSC is slightly weaker than MPCC-SSOC, which is required in our Theorem 4.2.
However, the algorithm from Izmailov, Solodov, 2008 is designed for the computation of
S-stationary points and cannot approximate M-stationary points (which are not already
strongly stationary).

5 Globalization

A possible idea for the globalization of the nonsmooth Newton method from Section 2.3
is to exploit the squared residual of F' as a merit function. Unfortunately, it can be
easily checked that the resulting map z — 3||F(2)[|* is not smooth. Exploiting the
well-known fact that the square of the Fischer—-Burmeister function wgg is smooth, see,
e.g., Facchinei, Soares, 1997, Proposition 3.4, we are, however, in position to construct
a smooth merit function. Therefore, let us first mention that the function ¢ has the
equivalent representation

01(a,b, p,v) := |min(a, b)|, (5.1a)
02(a, b, i, v) = min(lal, |p]), (5.1b)
03(a, b, i, v) := min(|b|, |v|), (5.1c)
04(a, b, p,v) := max(0, min(u, |v|), min(v, |p|)), (5.1d)
v1(a, b, u,v) = ,max 0i(a,b, u,v). (5.1e)

Indeed, one can check that the zeros of the function 6(a, b, j1, v) := max;=1 4 6;(a,b, 1, V)
coincide with the set M and, by construction, 6 is 1-Lipschitz continuous w.r.t. the
£%°-norm. Based on these observations and an elementary distinction of cases, it is now
possible to exploit the particular structure of € in order to show that this function equals
the ¢*°-distance to M. Noting that ¢ from (3.2d) has the same property, § and ¢
actually need to coincide. This motivates the definition of

01 rB(a, b, pu,v) := |mr(a,b)|, (5.2a)

02 ra(a,b, p,v) = mpp(|al,|pn)), (5.2b)

03,FB(a,b,,u, I/) = ﬂ'FB(’b’, ’I/’), (5.20)

Oarn(a,b, 1, v) = {0 i p,v <0, (5.2d)
mea(|pl, [v])  else,

QFB(CL, b, My I/) = [Hi,FB (a, b, M, V)]i:17_._74. (5.26)
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Now, we introduce the modified residual Frg: R XR!xR™ xRP x RP — R" xR xR™ x R4
as stated below for arbitrary = € R*, A € R, n € R™, and u,v € RP:

Vi L(z, A\ n, p,v)
Frp(z, A\, n, 1, v) = [WFB(_fgL?(acgc))y Ml : (5.3)
[0rB(Gi(2), Hi(2), i, vi)] 10

In the next lemma, we show that the squared residuals of ' and Fyrp are, in some sense,
equivalent.

Lemma 5.1. There exist constants ¢, C' > 0 with
c|[Fep (e, A, )12 < || F (2, A, v)IIP < C || Fep (2, Ay, ) |2

for all z € R”, A € RY, € R™, and p,v € RP,

Proof. Throughout the proof, w := (a, b, u,v) € R* is arbitrarily chosen. Due to Tseng,
1996, Lemma 3.1, the functions myi, and wpg are equivalent in the sense

2+2\/§ |Tmin (@, b)| < |7rB(a,b)| < (24 V2) [Tmin(a, b)|. (5.4)

Thus, keeping in mind the definitions of F' and Fpp from (4.1) and (5.3), we only need
to show the equivalence of ¢ and Opp.

The relation (5.4) yields

24_2\5 0i(w)| < 10; 7B(w)| < (2+ \@) 16; (w)]

fori=1,...,4. Together with the estimate

4 1/2
pr(w) = max 6i(w) < (Z e$<w>) < 2¢1(w),
=1

i=1,...,

we get equivalence of the functions |¢;| and ||0pg]|.

In order to complete the proof, we only need to show

|pa(w)| < [pr(w)] (5:5)

for all w, since this already yields the equivalence of ¢ and fpp. Let us distinguish some
cases. If we have D1 (w) € {#e],+ej }, then it clearly holds

|p2(w)| < max(bz(w), O3(w)) < max 0;(w) = g1 (w).

i=1,...,
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Now, suppose that Dy (w) = iegT holds. Since the Newton derivative of 1 is evaluated
based on the representation of ¢ given in (3.2d), we obtain ¢ (w) = min(¢1 (w), ¥3(w)) =
|g¢|. This implies

p2(w) = [b] < min(y1(w), Y3(w)) = p1(w).

The case Dy (w) = +e/ can be handled analogously. This shows (5.5) for arbitrary w
and the proof is complete.

For the globalization of our nonsmooth Newton method, we make use of the merit
function ®pp: R™ x R x R™ x RP x RP? — R given by

@FB(Z) = % ||FFB(’Z)H2

for all z = (2, \,n,it,v) € R x R x R™ x RP x RP. This function is continuously
differentiable: First, recall that the square of the function wgp is continuously dif-
ferentiable. The gradient of (a,b) ~ 7pp(a,b)? vanishes on the complementarity
angle {(a,b) | 0 < a L b > 0}. This implies the continuous differentiability of
(a,b) — mpp(lal,|b])?. Similar arguments can be used to check the continuous dif-
ferentiability of the function HiFB.

Now, we can utilize the globalization idea from De Luca, Facchinei, Kanzow, 2000,
Section 3 and Izmailov, Solodov, 2008, Algorithm 3.2: If the Newton step di can be
computed and satisfies

‘I)FB(Zk + dk)

Prp(21)

(with a fixed parameter ¢ € (0, 1)), we perform the Newton step zx1 = 2z + dj. If the
Newton system is not solvable or if its solution dj violates the angle test, we instead use
dy := —V®pp(zx). Afterwards, we use an Armijo line search to obtain the step length
oy and update the iterate via 2z, 1 = 2 + o di. This globalization strategy is described
in Algorithm 1.

(5.6)

Due to Lemmas 2.10 and 5.1, the ratio test (5.6) is satisfied (and, consequently, the
Newton steps are performed) for all z; in the neighborhood of solutions satisfying the
assumptions of Theorem 4.1. Consequently, the convergence guarantees of Algorithm 1
follow along the lines of De Luca, Facchinei, Kanzow, 2000, Section 3, Izmailov, Solodov,
2008, Thms 3.4, 3.5. In particular, we obtain:

e All accumulation points of the iterates z; are stationary points of ®pp.

o If (5.6) is satisfied infinitely often, then ®rp(2) — 0. In this case, any accumulation
point is M-stationary.

e If an accumulation point z of z; satisfies the assumptions of Theorem 4.1, then the
entire sequence converges superlinearly /quadratically towards Z.
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Data: parameters ¢, Taps, p € (0, 1), starting point zg € R?H+m+2p
Set k = 0;
while ||F(zg)|| > Taps do
Solve DF(zy)dy = —F(zy) for d;
if ratio test (5.6) is satisfied then
‘ Set zx11 = 2k + dy;
else

if V(I)FB(Zk)Tdk > _pHdkHHV(I)FB(Zk)H then

‘ Set dy, = —V(I)FB(Zk);

end

Determine zx 11 = zx + agd) using an Armijo line search for ®pp;
end
Set k =k +1;

end

Algorithm 1: Globalization of the semismooth Newton method.

6 Convergence for linear-quadratic problems beyond
MPCC-LICQ

We consider the linear-quadratic case, i.e., we assume that the function f is quadratic and
that the mappings g, h, G, and H are affine. Due to the complementarity constraints,
the solution of (MPCC) is still very challenging. On the other hand, it follows from
Flegel, Kanzow, 2005b, Theorem 3.5, Proposition 3.8 that local minimizers of the
associated problem (MPCC) are M-stationary without further assumptions. This makes
the search for M-stationary points even more attractive. Our goal is to verify that
one-step convergence of a modification of our Newton method is possible under a weaker
constraint qualification than MPCC-LICQ.

Let an M-stationary point z € R" of (MPCC) with multiplier (A, p, i, 7) € AM(Z) be
given and set z = (Z, A\, 7, i, ¥). We require that the matrix
g’@)[j(i,i)
h(z
G'(z) _( )00 o (6.1)
i IO+(I)UII‘:R($).U‘)V)
H'(Z) pvo(z)0120, (7.1,7)
possesses full row rank, where we used the multiplier-dependent index sets from (2.3)
and - -
I (z,\) = {i e I(z) | \; > 0}.

Clearly, this condition is, in general, weaker than MPCC-LICQ. Further, we assume that
MPCC-SSOC holds at  w.r.t. (A, 7, i, ).
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Let (xz,\,n, u,v) denote the current iterate. We will assume that it is close to the
solution (&, A, 7, i, 7). Then arguing as in the proof of Theorem 4.1, using the active-set
interpretation from the end of Section 4 as well as the linear-quadratic structure of the
problem, the next iterate (x*, AT, n™, u™, ") is given by the solution of the linear system

Ve L(zt ATt ut,vh) =0, (6.2a)
9@ =0, (AT ezt = 0, (6.2b)

h(z™) =0, (6.2c)

G(z")p =0, () gz =0, (6.2d)

H($+)I£’ =0, (V+)1p\[5 =0. (6.2¢)

Here, the index sets [ f, If, and I} are constructed similarly as in the proof of Theo-
rem 4.1.

Using the estimates (4.4) for the index sets, one can check that z = (Z, \, 7, ji, ¥) solves
the above system. In particular, we have the implications

the sets I, If, IY satisfy (4.4) = Zz solves (6.2), (6.3a)
I9(z,\) =1}
1% (2) UI%%(Z, i, v) = I8 » = (6.2) is uniquely solvable. (6.3b)

(2) U1, (2, 1. 7) = I

Note that (6.3b) follows from the assumption that (6.1) has full row rank. However,
system (6.2) is, in general, not uniquely solvable. If the system has multiple solutions,
Lemma 2.2 and MPCC-SSOC imply that the matrix

9'(Z) e
h'(z)
G'(Z)
H'(z)

(6.4)

does not possess full row rank. Note that this matrix might possess more rows than
(6.1).

We will see that it is possible to remove one index from one of the index sets I{, I b 1b
such that the inclusions (4.4) are still satisfied, as long as (6.2) is not uniquely solvable.
Thus, (6.3) will imply that we can find the solution z using this strategy repeatedly.

We can filter out the linear dependent rows from the knowledge of our current iterate.
The possible linear dependent rows in (6.4) correspond to the index sets

GNIL(z,8), B\ (@) U@ ap), I\ ({IM@) UL, A7), (6.5)
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Using (4.4), these indices are contained in

I§(2, ) == 19(2) \ I{.(, M),
Igﬂ%(i'vﬂalj) :Ioo(f)\l:?:(ﬁ%(ivﬁaﬂ)a
IH%%(jvﬂ’D) :Ioo(i')\llg(:)l:(i‘7ﬂaﬂ)a

respectively. Now, we use the following procedure: First, we sort the indices

1€ If according to \;
j €1}, according to max(|u;|,|H;(z))

j €Il according to max(|v;|, |G;(x)]|)

in increasing order. If the current iterate is sufficiently close to the solution, the above
list will contain the problematic indices from (6.5) at the top. Then we can remove the
indices one-by-one from the corresponding index sets, until the system (6.2) becomes
uniquely solvable. Note that this modification of the index sets ensures that (4.4) stays
valid. Hence, the solution z remains to be a solution of (6.2), cf. (6.3a). Since the
matrix (6.1) has full row rank, this process stops if all indices from (6.5) are removed (or
earlier).

Example 6.1. We consider the classical example Scheel, Scholtes, 2000, Example 3 with
a quadratic regularization term. That is, we have n =3,/ =2, m =0, as wellas p =1,
and the functions are given by

Py = w1t an— st g P, (o) = (~4a+ s, A+ 23)T, Glo) = o1, H(w) =2

where ¢ > 0 is the regularization parameter. The global minimizer is £ = 0, and this
point is M-stationary with multipliers A = (3/4,1/4)T, i = 2, ¥ = 0. An alternate set of
multipliers is A = (1/4,3/4)7, i = 0, ¥ = 2. Since all four constraints are active in z,
MPCC-LICQ cannot be satisfied. However, the matrix (6.1) is given by

_ 4 0 1

(9’(36){1,2}) o -4 3
2y

() 1 0 0

and this matrix possesses full row rank. Since V2 f(z) is positive definite, MPCC-SSOC
holds as well. Hence, the above theory applies and we obtain one-step convergence if the
initial guess is sufficiently close to (Z, A, i, ), see Remark 4.3 as well.

The application of this idea to problems which are not linear-quadratic is subject to
future research. We expect that the above idea can be generalized easily to problems with
affine constraints. In this situation, every local minimizer is M-stationary. Hence, it is
suitable to solve such problems with an algorithm capable to find M-stationary points.
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7 Application to the control of a discretized obstacle
problem

We consider a discretized version of the optimization problem from Wachsmuth, 2014,
Section 6.1. This is an infinite dimensional MPCC for which strong stationarity does not
hold at the uniquely determined minimizer. We will see that the same property holds for
its discretization.

Let us fix a discretization parameter N € N. The optimization variable € R3V is
partitioned as = = (y,u, £). The discretized problem uses the data functions

fx) =g lylP +e'y + 5 ul?, g(z) = —u, h(z) = Ay —u+§,
G(.’IJ) =Y, H(x) - §7
where e := (1,...,1) € R¥ is the all-ones vector and the matrix A is given entrywise:
2 ifi=y,
Vi,je{l,...,N}: A j:=4-1 ifi=5+1,
0 else.

Up to the scaling, this matrix arises from the finite-difference discretization of the
one-dimensional Laplacian.

One can check that £ = 0 is the unique global minimizer. Since all constraints are affine,
T is an M-stationary point of this program. Furthermore, there are no weakly stationary
points (i.e., feasible points satisfying (2.1a)—(2.1d)) different from z. The M-stationary
multipliers (A, 7, u, v) associated with  are not unique. Indeed, for every diagonal matrix
D € RV¥XN with diagonal entries from {0,1}, one can check that the solution of the

system
A 1 v\ (e I
1-D D) \u) " \o) V=717

yields M-stationary multipliers, and all multipliers are obtained by this construction. Let
us mention that none of these multipliers solves the associated system of S-stationarity
since for each ¢ € N, either u; or v; is positive. Thus, Z is not an S-stationary point.
For all these multipliers, the matrix (6.1) possesses full row rank. On the other hand,
MPCC-LICQ is clearly violated at Z since this point is a local minimizer of the given
MPCC which is not S-stationary. Finally, one can check that MPCC-SSOC is valid at x
w.r.t. all the multipliers characterized above.

Numerical experiments on this discretized obstacle problem were carried out using
MATLAB (R2019b). Therefore, we implemented Algorithm 1. For the parameters, we
chose ¢ = 0.999, Taps = 1071, p = 1073, and N = 256. We ran Algorithm 1 1000 times
with starting points zg = (g, Ao, N0, fo, o) € R?THMF2P — R™N which were chosen from
a uniform distribution on [—1000,1000]7. In each run, the solution Z has been found,
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while the computed associated multipliers differ from run to run. That behavior, however,
had to be expected since we know from above that the associated set AM(z) is not a
singleton. The average number of iterations across all runs was 13.7. We could also
observe the local one-step convergence that we expected from Remark 4.3.

8 Conclusion and outlook

We demonstrated that the M-stationarity system of a mathematical problem with
complementarity constraints can be reformulated as a system of nonsmooth and even
discontinuous equations, see Section 3. It has been shown that this system can be
solved with the aid of a semismooth Newton method. Local fast convergence to M-
stationary points can be guaranteed under validity of MPCC-SSOC and MPCC-LICQ,
see Theorem 4.2, where the latter assumption can be weakened in case of linear-quadratic
problems, see Section 6. Furthermore, we provided a reasonable globalization strategy,
see Section 5. There is some hope that similar to Section 6, it is possible to weaken
MPCC-LICQ in the setting of nonlinear constraints if only validity of a suitable constant
rank assumption can be guaranteed. Clearly, the fundamental ideas of this paper are
not limited to mathematical programs with complementarity constraints but can be
adjusted in order to suit other problem classes from disjunctive programming such as
vanishing-constrained, switching-constrained, or cardinality-constrained programs. It
remains an open question to what extent the theory of this paper can be generalized to
infinite-dimensional complementarity-constrained optimization problems.
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