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MULTI-DIMENSIONAL SUM-UP ROUNDING FOR ELLIPTIC CONTROL
SYSTEMS∗
PAUL MANNS† AND CHRISTIAN KIRCHES†
Abstract. Partial outer convexification has been used to relax Mixed-Integer Optimal Control Problems (MIOCPs) that are constrained by time-dependent differential equations. The family of Sum-Up
Rounding (SUR) algorithms approximates feasible points of the relaxed problem, i.e. [0, 1]-valued control trajectories, with {0, 1}-valued points that are feasible or feasible up to an arbitrarily small δ > 0,
depending on the constraints. The approximants converge in a weak sense when the coarseness of the
rounding grid is driven to zero, which in turn induces norm convergence of the associated sequence of
the state vector. We show that this approximation property can be transferred to MIOCPs with integer
variables distributed in more than one dimension by exploiting an appropriate grid refinement and a feasible ordering strategy of the grid cells during the refinements. We give a sufficient condition for such
ordering strategies and show that it is satisfied by the approximants of space-filling curves. We deduce a
norm convergence result for the state vector of elliptic PDE systems and provide computational results
illustrating the applicability of the theoretical framework.
Key words. Mixed-Integer PDE-Constrained Optimization, Approximation Theory
AMS subject classifications. 49M20, 90C59, 65L50, 49J20, 90C11

1. Introduction. Let Ω ⊂ Rd be a bounded domain. We consider partial outer
convexification reformulations [17, 19] of MIOCPs constrained by elliptic state equations.
In more detail, we consider optimization problems of the form
min J(y, u)

y,u,ω

s.t.
(BC)

Ay
ω
1
u

PM
= i=1 ωi fi (u)
∈ {0, 1}M
a.e. on Ω
PM
= i=1 ωi
a.e. on Ω
∈ Uad

PM
where Ay = i=1 ωi fi (u) is an elliptic state equation. In this setting, the distributed
binary variable vector ω acts as an one-hot or Special Ordered Set of Type 1 (SOS1)
encoding the (spatially distributed) activation of the available discrete functions (righthand sides) f1 , . . . , fM . Relaxing the SOS1 property to convex combinations yields an
M -simplex as feasible set for the relaxed activations. The relaxed problem reads
min J(x, u)

x,u,α

s.t.
(RC)

Ax
α
1
u

PM
= i=1 αi fi (u)
∈ [0, 1]M
a.e. on Ω
PM
= i=1 αi
a.e. on Ω
∈ Uad .
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We assume that the relaxed problem (RC) is well-posed and can be solved using, e.g.,
nonlinear programming techniques. In this setting, SUR is a rounding technique to approximate the solution of (RC) with a feasible point of (BC) by rounding on a discretization
grid, and the feasible point may be obtained in linear time w.r.t. the number of grid points.
The methodology is formalized in Algorithm 1.1 below. Assumption 3.1 states the precise
functional analytic setting in which our considerations on (BC), (RC) and Algorithm 1.1
can be shown to be applicable.
SUR has been developed and is wellunderstood for time-dependent problems,
i.e. α, ω ∈ L∞ ((0, T ), RM ). We refer to
Algorithm 1.1 MIOCP Approximation
the results by Sager et al. [17, 20, 18,
Input: J continuous in x, u
19, 11] for ODE constraints, Gerdts and
Input: approximation tolerance δmax > 0
Sager [5] for DAE constraints, and Hante,
(0)
Input: Initial grid S
Sager [8, 7] and the authors [13] for semix, α, u ← SOLVE((RC))
linear evolution equation constraints. We
n←0
stress that in all of the aforementioned setdo
tings, the application of the SUR algorithm
if n > 0 then
and its variants is restricted to problems
S (n) ← REFINE(S (n−1) )
where the discrete variables are distributed
end if
in one dimension. Hahn and Sager [6] have
ω (n) ← SUR(α, S (n) )
recently transferred some ideas of partial
P
(n)
M
y (n) ← A−1 i=1 ωi fi (u)
outer convexification and SUR to elliptic
δ ← J(y (n) , u) − J(x, u)
PDEs. We do not, however, know of a
n→n+1
variant or generalization in the literature
while δ ≥ δmax
that extends the SUR algorithm to multidimensional domains while retaining its approximation properties. This work closes this gap.
Contribution. We generalize the SUR algorithm, which computes roundings based
on intervals discretizing [0, T ] for T > 0, to dissections of multi-dimensional domains
in Definition 4.1. We show that the established approximation properties from the onedimensional setting translate to the multi-dimensional one. This is used to infer that a
sequence of roundings (ω (n) )n based on refined grids coupled with suitable progression of
SUR through the grid cells approaches α solving (RC) in L∞ equipped with the weak-∗
topology. This leverages the applicability of standard techniques from PDE theory to
obtain convergence of the sequence of state vectors y(ω (n) ) solving (BC) to x(α) solving
(RC) in the norm topology, which in turn establishes finite termination of Algorithm 1.1
in function space and yields a solution with a suboptimality smaller than a predetermined
δmax > 0. We show that the suitable progression and grid refinement can be obtained
with approximants of space filling curves, specifically the Hilbert curve. Furthermore, we
provide an example and computational results that demonstrate the obtained convergence
results for the involved sequences. We use a variant of the example to demonstrate both
the behavior and also the practical limits of Algorithm 1.1.
Structure of the remainder. In Section 2, we introduce the (one-dimensional) SUR
algorithm and briefly summarize the results we employ in the remainder. Section 3 outlines
the PDE setting of this work and the machinery that establishes convergence of the
sequence of state vectors in the norm topology once weak-∗ convergence of the rounding
approximation has been established. It is succeeded by Section 4, which introduces the
multi-dimensional SUR algorithm, proves weak-∗ convergence for the aforementioned grid
refinement and grid cell progression of SUR, and shows the sufficient condition to hold
for approximants of the Hilbert curve. Furthermore, we point out that the conditions
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are sufficient, but not necessary, and that other progressions of SUR may lead to weak-∗
convergence for the sequence of interest. Section 5 demonstrates the convergence results
from Sections 3 and 4 computationally. We offer a conclusion in Section 6.
A note on notation. We denote the usual Lebesgue measure by the symbol λ. In
cases of possible ambiguity, it is denoted λRd . The Borel σ-algebra of a set A ⊂ Rd is
denoted by B(A). The characteristic function of a set A is denoted by χA . For a Banach
space E, E ∗ denotes its topological dual. For a Banach space E and its topological dual
E ∗ , we denote the weak topology on E by σ(E, E ∗ ) and the weak-∗ topology on E ∗ by
σ(E ∗ , E). Convergence in the norm topology is indicated by →, convergence in the weak
topology by *, and convergence in the weak-∗ topology by *∗ .
2. What is Sum-Up Rounding (SUR)?. We start with the algorithm itself.
Definition 2.1 (Sum-Up-Rounding Algorithm, [17, 20, 19]). Let 0 = t0 < . . . <
tN = T be a discretization of the interval [0, T ] with maximum discretization width
∆t := max ti+1 − ti . For a function α ∈ L∞ ((0, T ), RM ) with values in [0, 1]M a.e.,
i∈{0,N −1}

we define a binary-valued piecewise-constant function ω(α) : [0, T ] → {0, 1}M iteratively
for i = 0, . . . , N − 1 by

R
R
 1 : j = arg max ti+1 αk (t) dt − ti ω(α)k (t) dt,
0
0
k∈{1,...,M }
ω(α)j (t)|[ti ,ti+1 ] :=
 0 : otherwise.
If a tie arises with respect to the maximizing index k, one of the maximizing indices is
chosen arbitrarily. In our implementation, we pick the smallest applicable index.
The rationale behind SUR can be described as follows. The algorithm proceeds forward
with the index i = 0, . . . , N − 1 that identifies the current time interval on which the
rounding is performed. The index j ∈ {1, . . . , M } identifies the discrete value under
Rt
consideration. First, the entry of ω corresponding to the highest value of 0 1 α is set
to one on the interval [t0 , t1 ]. All other entries of ω are set to zero on that interval.
The algorithm now proceeds iteratively: for the i-th time interval index, it determines
the integrated difference between α and ω up to time point ti , the so-called integrated
control deviation, which is denoted by Φ(ti ) in the remainder. To this quantity, it adds
Rt
the integrated value of the relaxed control over time interval i: tii+1 α. This sum is called
sum-up rounding gap, and has been denoted γ in the literature [12]. Then, the entry of
ω to be set to one on interval [ti , ti+1 ] is determined by choosing the one with maximum
sum-up rounding gap. Again, all other entries of ω are set to zero on that interval. Now,
the integrated control deviation until ti+1 can be computed and the algorithm loops with
i ← i + 1. Clearly, SUR has a runtime complexity of O(N ).
We define the notion of vanishing integrality gap to describe the type of approximation
of feasible points of (RC) by feasible points of (BC) constructed by rounding as follows.
Definition 2.2 (Vanishing integrality gap). Let (φ(n) )n ⊂ L∞ ((0, T ), RM ) be a
Rt
bounded sequence such that the sequence of the antiderivatives Φ(n) (t) := 0 φ(n) (s) ds
satisfies the convergence property
Φ(n) → 0 in L∞ ((0, T ), RM ) (and in C([0, T ], RM ))
Then, we call (φ(n) )n a sequence of vanishing integrality gap.
The following result is due to Sager and shows consistency of SUR, i.e. the so-called
control deviation φ(n) := α − ω (n) is of vanishing integrality gap if the grid coarseness
goes to zero.
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Proposition 2.3 (Vanishing Integrality Gap for SUR, [19]). Let α ∈ L∞ ((0, T ), RM )
be [0, 1]M -valued and ω (n) be computed with SUR from α at a maximum discretization
width ∆(n) . Then, the sequence of control deviations φ(n) := α − ω (n) fulfills
Z t
≤ C∆(n)
φ(n) (s) ds
sup
t∈[0,T ]

0

∞

for some C > 0. In particular, (φ(n) )n is of vanishing integrality gap if ∆(n) → 0.



From Lemma 2.1 in [13] (case X = R), we can deduce the following.
Proposition 2.4. Let α ∈ L∞ ((0, T ), RM ) be [0, 1]M -valued and ω (n) be computed with SUR from α and let ∆(n) → 0. Then,
φ(n) *∗ 0 in σ(L∞ ((0, T ), RM ), L1 ((0, T ), RM )).

This result is generalized in Section 4 to multi-dimensional domains and is key to obtaining
norm convergence of the corresponding sequence of solutions (y (n) )n of the state equation
in Section 3. For the sake of completeness, we add the following remark to briefly discuss
the case when extra constraints on the state and controls are present. This setting is not
investigated in this article.
Remark 2.5. The SUR algorithm can still be used in the presence of mixed statecontrol constraints 0 ≤ c(x, u, α). However, this comes with a slight loss in feasibility:
SUR, and more generally any approximation of the solution of a path constrained optimal
control problem, requires the introduction of a small constant δ (n) > 0 such that −δ (n) ≤
c(y, u, ω (n) ) holds. If (φ(n) )n is of vanishing integrality gap, continuity of c yields δ (n) → 0
as n → ∞.
Partial outer convexification and relaxation of such constraints results in the formulation 0 ≤ αi ci (x, u). The obtained nonlinear programming problem then is more
involved as one has to deal with a so-called Mathematical Program with Vanishing Constraints (MPVC). We refer to the thesis [10] and the references therein for further details.
By modifying SUR such that it only maximizes over an appropriately chosen subset of
{1, . . . , M } in each iteration, one can achieve the same type of convergence as is discussed
in this article, albeit with a slower rate of convergence w.r.t. the granularity of the grid.
We refer the reader to [12, 14] for details.
3. State vector convergence for elliptic systems. This section establishes convergence of the (weak) solution of the state equation of the rounded problem (BC) to
the (weak) solution of the state equation of the relaxed problem (RC) in the norm topology if the binary controls approach the relaxed ones in L∞ (Ω) endowed with the weak-∗
topology (i.e., “in a weak sense”). This is shown in Theorem 3.2. We make the following
assumption on our PDE setting.
Assumption 3.1. V is a Hilbert space fulfilling the so-called Gelfand triple
V ,→c L2 (Ω) ∼
= L2 (Ω)∗ ,→c V ∗
with continuous, dense and compact embeddings and A : V → V ∗ being an isomorphism
with bounded inverse, i.e. there exists C > 0 such that
kykV ≤ Ckf kV ∗
when y is the (weak) solution of Ay = f for a given f ∈ V ∗ .
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This is a common setting for linear elliptic PDEs and operators, where e.g. V = H0k (Ω)
and V ∗ = H −k (Ω) for k ≥ 1 such that the domain Ω fulfills the k-extension property.
For the most famous representative for this type of operator, the Dirichlet Laplacian, the
derived statements is illustrated numerically in Example 5.1. In the following, we consider
the following Dirichlet problems named Elliptic State Equation in (RC)
PM
Ax = i=1 αi fi
α ∈ [0, 1]M
a.e. on Ω
(ESRC)
PM
a.e. on Ω
i=1 αi = 1
and Elliptic State Equation in (BC)

(ESBC)

PM
Ay = i=1 ωi fi
ω ∈ {0, 1}M
a.e. on Ω
P|V |
a.e. on Ω
i=1 ωi = 1

with fi ∈ V ∗ for i ∈ {1, . . . , M }. Now, we can state the desired norm-convergence of
the solution of the state equation.
Theorem 3.2. Let Assumption 3.1 hold, and let fi ∈ L2 (Ω) for i ∈ {1, . . . , M }.
Let (α, x) ∈ L∞ (Ω, RM ) × V solve (ESRC), and let ((ω (n) , y (n) ))n ⊂ L∞ (Ω, RM ) × V
solve (ESBC) such that for (φ(n) )n with φ(n) := α − ω (n) we have
(n)

φi

*∗ 0 in σ(L∞ (Ω), L1 (Ω))

for all i ∈ {1, . . . , M }. Then,
y (n) → x in V.
Proof. We observe that (φ(n) )n ⊂ L∞ (Ω, RM ) and for all v ∈ L2 (Ω), we have
PM (n)
(n)
vfi ∈ L1 (Ω) and thus i=1 φi fi * 0 in L2 (Ω) due to φi *∗ 0 in L∞ (Ω). Now, the
P
M
compact embedding L2 (Ω) ,→c V ∗ implies i=1 φ(n) fi → 0 in V ∗ by Assumption 3.1
on our PDE setting. Employing the norm estimate in Assumption 3.1 we arrive at
x − y (n)

≤C
V

M
X

φ(n) fi

i=1

→ 0,
V

∗

which proves the claim.
The statement and proof above can be generalized to match a non-Hilbert space setting
which is stated below.
Corollary 3.3. Let Assumption 3.1 hold, but with the slight change of a (reflexive)
Banach space V and the continuous, dense, and compact embeddings
V ,→c Lr (Ω), Lr (Ω)∗ ,→c V ∗
for some fixed 1 < r ≤ ∞. Let q solve 1 = 1q + 1r , and let fi ∈ Lq (Ω, R) for i ∈
{1, . . . , M }. Let (α, x) ∈ L∞ (Ω, RM ) × V solve (ESRC), and let ((ω (n) , y (n) ))n ⊂
L∞ (Ω, RM ) × V solve (ESBC) such that for (φ(n) )n with φ(n) := α − ω (n) we have
(n)

φi

*∗ 0 in σ(L∞ (Ω), L1 (Ω))

for all i ∈ {1, . . . , M }. Then,
y (n) → x in V.
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Proof. We observe that for all g ∈ Lr (Ω) ∼
= Lq (Ω)∗ and i ∈ {1, . . . , M }, we have
(n)
fi g ∈ L1 (Ω) by Hölder’s inequality and by φi *∗ 0 in L∞ (Ω), we get
M
X

φ(n) fi * 0 in σ(Lq (Ω), Lr (Ω)).

i=1

As in the proof of Theorem 3.2, the desired assertion follows.
4. SUR on multi-dimensional domains. This section rephrases the SUR algorithm
of Definition 2.1 and the convergence property of Proposition 2.4 for the multi-dimensional
setting. The key challenge of transferring convergence properties of SUR to the multidimensional setting is that, in contrast to a one-dimensional setting where time is the
intuitive view on the dimension, there is no obvious way to proceed through the discretization cells that could be used in a refinement strategy. In the second subsection, we
postulate an abstract recursive property for grid refinements and the order of the grid cells
as they are approached by SUR in subsequent iterations. This property allows to deduce
the desired weak-∗ convergence of the control deviation φ(n) . In the third subsection, we
show that the discretization into square cells induced by subsequent Hilbert curve iterates
indeed has the desired properties.
4.1. Multi-dimensional SUR and vanishing integrality gap. We postulate the
existence of an ordered set of cells discretizing Ω and compute a piecewise constant binary
valued trajectory ω : Ω → {0, 1}M from a [0, 1]M -valued input function α ∈ L∞ (Ω, RM )
using SUR and following the order of the discretization cells i = 1, . . . , N .
Definition 4.1 (SUR on multi-dimensional domains). Let Ω ⊂ Rd be a bounded
domain. Let {S1 , . . . , SN } ⊂ B(Ω) be a finite partition of Ω indexed by i ∈ {1, . . . , N }.
For indices j ∈ {1, . . . , M } of discrete controls, we define recursively
R
R
(
1 : j = arg max Si αk dλ + Si−1 S` αk − ω(α)k dλ
`=1
k∈{1,...,M }
ω̃i,j :=
0 : otherwise
ω(α)|Si :≡ ω̃i
If a tie arises with respect to the maximizing index k, one of the maximizing indices is
chosen arbitrarily. In our implementation, we pick the smallest applicable index.
First, we transfer Proposition 2.3 to the multi-dimensional setting. By Definition 4.1, we
have
(4.1)

ω=

N
X

ω̃i χSi .

i=1

Analogously, we introduce a piecewise-averaged versions of α,
Z
N
X
1
(4.2)
α dλ and ᾱ :=
α̃i χSi
α̃i :=
λ(Si ) Si
i=1
and the control deviation φ,
(4.3)

φ̄ := ᾱ − ω.

Now, the multi-dimensional setting can be reduced to the one-dimensional setting by
applying Proposition 2.3 to the one-dimensional SUR algorithm. We obtain the following
estimate.
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Corollary 4.2 (Vanishing integrality gap for multi-dimensional SUR). Let α ∈
L∞ (Ω, RM ) be a [0, 1]M -valued function, and let ω(α) be generated by the multidimensional variant of SUR of Definition 4.1. There exists C > 0 such that for φ :=
α − ω(α) the following estimate holds:
Z
≤ C · max λ(Si ).

φ dλ

max

i∈{1,...,N }
Si

j=1

Si

i∈{1,...,N }

∞

Proof. We investigate ω produced by the SUR algorithm of Definition 4.1. We observe
that by setting


i
[
ti := λ 
Si 
j=1

for i ∈ {0, . . . , N } and
α∗ :=

N
X

α̃i χ[ti−1 ,ti ) , ω ∗ :=

N
X

i=1

ω̃i χ[ti−1 ,ti ) , φ∗ := α∗ − ω ∗

i=1

∗

M

we obtain a curve α : [0, λ(Ω)] → [0, 1] on which the application of SUR of Definition 2.1 would have produced the same result. This means that it would have produced
the same sequence of piecewise constant function values on pieces with the same Lebesgue
measure values as the multi-dimensional case, but in linear ordering along the time in ω ∗ .
The equations (4.2) and (4.3) yield
Z
Z
φ dλRd =
φ̄ dλRd
Si

Si

for i ∈ {1, . . . , N }. Now, splitting the integral of φ over Rd into a sum and recombining
it into an integral of φ∗ over R gives
Z ti
Z
=
φ∗ dλR1 .
φ
dλ
d
R
S
i
j=1

0

Si

Thus, we can apply Proposition 2.3 to obtain
Z
max
φ dλRd
≤ sup
S
i∈{1,...,N }

i
j=1

Si

∞

t∈[0,T ]

Z
0

t

φ∗ dλR1

≤ C · max λ(Si ).
∞

i∈{1,...,N }

4.2. Convergence for suitable grid refinements. Before starting with the formal
considerations, we have a look at the first three Hilbert curve iterations on the unit square
and its induced discretization cells in Figure 4.1 as it was our guiding example on the
way to the considerations below. We note that it is a modified facsimile of the figure in
Hilbert’s article from 1891 [9]. Observe that ordering of the squares along the curve from
iterate k is preserved in iteration k + 1. For example, the second square from iteration
1 is decomposed into squares 5-8 in iteration 2 and squares 17-32 in iteration 3. This
conservation of the ordering of previous iterations will allow to confine the integrated, i.e.
averaged, control deviation produced by the SUR algorithm, as the successive averaging
is always performed on sub-cells of cells we already have under control.
This recursive grid dissection, motivated with the Hilbert curve iterates above, is
formalized in the following definition.
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Fig. 4.1: Hilbert curve iterates H1 , H2 , H3 (left to right) on Ω̄ = [0, 1]2 . The (additional)
extension to the boundary is marked red (light gray in grayscale print). The induced
discretization squares are circumscribed by the gray lines. Their ordering along the Hilbert
curve iterates is indicated by the small numbers inside the cells.

d
Definition n
4.3 (Order conserving
o domain dissection). Let Ω ⊂ R be a bounded
(n)
(n)
domain. We call
S1 , . . . , SN (n)
⊂ 2B(Ω) an order conserving domain dissecn
tion of Ω if
(0)
1. N (0) = 1, S1 = Ω
S (n)

SN (n) (n)
(n)
(n)
(n)
N
2. i=1 Si ⊂ Ω, Si ∩ Sj 6= ∅ for all i 6= j and λ
= λ(Ω), i.e.
i=1 Si
(n)

3.
4.

5.
6.

the Si form a disjoint decomposition of the domain except for possible zero
sets.
(n)
For all n ∈ N and all i ∈ {1, . . . , N (n) }, λ(Si ) > 0
(n−1)
For all n ∈ N and all i ∈ {1, . . . , N
}, there exists j, k ∈ {1, . . . , N (n) },
Sk
Sk
(n)
(n−1)
(n)
(n−1)
j < k such that l=j Sl ⊂ Si
and λ
= λ(Si
), i.e. the
l=j Sl
order of the discretization cells is preserved from one iteration to the next.
(n)
maxi∈{1,...,N (n) } λ(Si ) → 0, i.e. the maximum cell size goes to zero.
o
S∞ n (n)
(n)
The σ-algebra generated by n=1 S1 , . . . , SN (n) is B(Ω).

We note that the property 6. of order conserving domain dissections is indeed well-defined
as countable disjoint unions, see property 2., of countable sets are countable.
For the following considerations, we make the standing assumption below which does
not impose any restriction to our setting but reduces the amount of text redundancy
significantly.
M
Assumption 4.4. Let Ω ⊂ Rd be a bounded domain. n Let α ∈ L∞ (Ω,
o R ) be
(n)
(n)
[0, 1]M -valued and let an order conserving domain dissection S1 , . . . , SN (n) of Ω be

given. We consider the sequence of (ω (n) )n , where ω (n) : Ω → {0, 1}M is generated by
the multi-dimensional SUR algorithm on the n-th domain dissection along the subscript
ordering. The function of the control deviation vector of the n-th grid is denoted by
φ(n) := α − ω (n) .
Lemma 4.5. Let Assumption 4.4 hold and f ∈ L1 (Ω, RM ). Then,
Z 

φ(n) , f M dλ → 0.
R

Ω

Proof. We first consider the case M = 1 and have to show
Z
φ(n) f dλ → 0,
Ω
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where the codomains of f and φ(n) are subsets of R. As φ(n) ∈ L∞ (Ω), the products
φ(n) f are integrable.
We use the properties of Definition 4.3 to carry out two approximation steps that
allow us to restrict ourselves to the right simple functions with the supports allowing to
proceed with the recursive definition of φ(n) by the order conserving domain dissection.
This will allow us apply Corollary 4.2, which then drives the integral to zero.
Let C1 ≥ max{1, λ(Ω)} be given and let ε > 0. As f ∈ L1 (Ω), it can be approximated with simple functions, i.e. there is a constant m ∈ N, functions {f1 , . . . , fm } ⊂ R,
and sets {A1 , . . . , Am } ⊂ B(Ω) such that
f (1) :=

m
X

fi χAi

i=1

satisfies
f (1) − f

L1

ε
.
3C1

<

Assumption 4.4 and the continuity of the Lebesgue measure give a finite approximation
of the measurable sets Ai with elements of the generator of B(Ω) required by property
6. of Definition 4.3. Thus, there exist n0 ∈ N and j(i) ∈ N such that
f (2) :=

(4.4)

m
X

fi

i=1

ji
X

χS (n(i))
k(i,j)

j=1

satisfies
f (1) − f (2)

L1

ε
3C1

<

with n(i) ≤ n0 for all i ∈ {1, . . . , m} and k(i, j) ∈ {1, . . . , N (n(i)) }. The j(i) for
(n(i))
i ∈ {1, . . . , m} denote the number of sets Sk
that are used to approximate the set
Ai up to the demanded precision in iteration n(i) and the k(i, j) map this enumeration
(n(i))
to the subscript indices k in Sk
. By property 4. of Definition 4.3 and just using an
additional finite number of sets, we can rewrite f (2) as
f (3) :=

(4.5)

m
X

fi

i=1

ji
X

χS (n0 ) ,
k(i,j)

j=1

and f (3) = f (2) a.e. on Ω. We accept a slight abuse of notation, as the j(i) have increased
from n(i) to n0 and the k(i, j) ∈ {1, . . . , N (n0 ) } have changed from (4.4) to (4.5) and
f (3) = f (2) holds in the a.e. sense that they represent the same equivalence class because
Definition 4.3 allows to forget zero sets from an iteration to the next.
With this approximation property at hand, we study the product f (3) φ(n) . Let n ≥ n0 .
Then,
Z
f

(3) (n)

φ

dλ =

Ω

m
X
i=1

Skn

(n)

fi

ji Z
X
(n )

j=1

φ(n) dλ.

0
Sk(i,j)

(n )

0
There exist jn < kn such that l=jn Sl = Sk(i,j)
\Z for some zero set Z ⊂ Ω due
to property 4. in Definition 4.3 and the progression of SUR along the ordering by the
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subscript index in Assumption 4.4 for all i ∈ {1, . . . , m} and j ∈ {1, . . . , j(i)}. This
implies
Z
Z
Z
Z
(n)
(n)
(n)
φ dλ = S
φ dλ = S
φ dλ − S
φ(n) dλ,
(4.6)
(n )

kn
l=jn

0
Sk(i,j)

(n)

kn
l=0

Sl

(n)

jn
l=0

Sl

(n)

Sl

which in turn yields the following estimate by Corollary 4.2 and the triangle inequality
Z
(n0 )
Sk(i,j)

φ(n) dλ ≤ 2C

(n)

max
k∈{1,...,N (n) }

λ(Sk )

because the progression of SUR along the recursive ordering ensures that SUR enters and
(n0 )
exits every Sk(i,j)
exactly once during all iterations n ≥ n0 . We set
(
C2 := max{λ(Ω), 1} · max 2C

m
X

)
|fi | max{j(i) : i ∈ {1, . . . , m}}, 1

i=1
(n)

and choose n large enough such that maxk∈{1,...,N (n) } λ(Sk ) < 3Cε 2 Then, after plugging
the considerations above together we obtain the following 3ε -argument:
Z
Z
f (3) φ(n) dλ < ε.
f φ(n) dλ ≤ λ(Ω)kf − f (1) kL1 + λ(Ω)kf (1) − f (2) kL1 +
Ω

Ω

Finally, we observe that our assumption M = 1 was without loss of generality, as the
estimate from Corollary 4.2 holds for all coordinate sequences and the approximation with
simple functions can also be carried out for all coordinate sequences. After taking the
maximum over the required iteration counts, the result follows as above.
We summarize the weak-∗ convergences emanating from the previous lemma into the
following proposition.
Corollary 4.6. Let Assumption 4.4 hold. Then,
φ(n) * 0 in σ(Lp (Ω, RM ), Lq (Ω, RM )) for 1 < p < ∞,

1 1
+ =1
p q

φ(n) *∗ 0 in σ(Lp (Ω, RM ), Lq (Ω, RM )) for 1 < p ≤ ∞,

1 1
+ = 1.
p q

and

Proof. We identify RM ∼
= (RM )∗ and use Lp -space duality for vector-valued function
spaces, see e.g. [4, Thm IV.1], together with Lemma 4.5.
With the results from Section 3 and Section 4 to this point, we can prove convergence
of Algorithm 1.1 under Assumption 4.4 in the theorem below.
Theorem 4.7 (Convergence and termination of Algorithm 1.1). Let (RC) be wellposed with solution (x, α, u) ∈ V × L∞ (Ω, RM ) × Uad and consider the multi-dimensional
SUR variant as well as a sequence of grids (S (n) )n that satisfies Assumption 4.4.
Then, Algorithm 1.1 terminates after a finite number of steps with an iterate (y (n) , ω (n) , u) ∈
V × L∞ (Ω, RM ) × Uad such that
J(y (n) , u) − J(x, u) < δmax .
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Proof. The well-posedness ensures that the first line of Algorithm 1.1 yields the minimizer (x, α, u). Applying the multi-dimensional SUR algorithm on Hilbert curve iterates
yields weak-∗ convergence of ω (n) by virtue of Corollary 4.11. Plugging this into Theorem 3.2 implies the convergence of the state vector y (n) → x. Convergence of the
objective and termination follow from the continuity of the objective functional J.
4.3. Hilbert curve iterates yield suitable grid refinements. This section shows
that the domain dissection induced by the Hilbert curve iterations, see Figure 4.1, satisfies
indeed the requirements set forth in Definition 4.3. The limit of this iteration, the Hilbert
curve itself, is a representative of the class of so-called space-filling curves, surjective
and continuous mappings from [0, 1] to [0, 1]d . For further reading, we refer to Sagan’s
monograph [16] for analytical and historical considerations and Bader’s monograph [2]
for computational aspects of the topic. For convenience, we limit ourselves to the case
d = 2. Although more cumbersome, the higher dimensional cases d > 2 can be done
analogously. As arithmetic arguments on space-filling curves and the associated iterations
are very tedious, we will mostly argue geometrically.
The case Ω = (0, 1)2 .. We first discuss the case of the unit square as the domain
of interest, i.e. Ω = (0, 1)2 , and discuss afterwards how to employ the Hilbert curve
iterations on other domains. From [2, Chap. 2.3], we summarize the following construction
instruction.
Definition 4.8 (Hilbert curve iterations).
1. The initial square is the unit square.
2. From iteration n to n + 1, all existing sub-squares are divided into four smaller
ones exhibiting halved side lengths sharing only boundaries which are connected
by a pattern that is obtained by rotation of the base pattern (leftmost image in
Figure 4.1).
3. In iteration n + 1, four copies of iteration n are connected by scaling, rotating
and them translating them such that their start and endpoints can be connected.
The four copies are scaled by 0.5 on each side. The orientation of the four copies
is independent of the current iterate: bottom-left arises from a 90◦ clockwise
rotation of iterate n, top-left and top-right are just copies of iterate n and bottom
right arises from a 90◦ counter-clockwise rotation of iterate n.
(n)

The squares of iteration n are the Si from Definition 4.3. We restrict our attention to
the open squares and disregard the boundaries to simplify arguments. This works because
the boundaries have a two-dimensional Lebesgue measure of zero and do not play a role
in the integral evaluation. Definition 4.3 has been designed specifically to allow doing so.
We obtain the following proposition.
Proposition 4.9. The sequence of sets of squares generated by the Hilbert curve
iterations is an order conserving domain dissection, i.e. it satisfies the requirements set
forth in Definition 4.3.
Proof. We check the properties in Definition 4.3. We note that the Hilbert curve
iterations produce squares, which are generalized intervals and therefore measurable. From
the recursive dissection and the bisection of the side lengths in 2. in Definition 4.8, we
obtain


(n)
(4.7)
N (n) = 22n and λ Si
= 2−2n for i ∈ {1, . . . , N (n) }.
Now, we check the properties one by one:
1. follows from 1. in Definition 4.8.
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2. follows from 2. in Definition 4.8 and (4.7).
3. follows from (4.7).
4. follows inductively from 3. in Definition 4.8. Iteration n is composed of four
copies of iteration n − 1 that are always connected by the pattern of the base
shape.
5. follows from (4.7).
6. It is well-known that the Borel σ-algebra B((0, 1)n ) of the unit interval (0, 1)n is
generated by open intervals (a, b)n , see e.g. [22, Thm 1.4]. The dyadic expansion
allows to approximate any real number with dyadic rationals arbitrarily well. This
allows to represent (a, b)n as the countable union of semi-open intervals with
dyadic rational endpoints. Hence, intervals with dyadic rational endpoints also
generate B((0, 1)n ).
Remark 4.10. The same reasoning as in this section can be applied mutatis mutandis
to many other space-filling curves, see, e.g., the different versions of the Hilbert curve
iterations in [16, Chap. 2.6, 2.7] or Peano’s space-filling curve [16, Chap. 3].
The case of Ω being a bounded domain.. The following methodology allows to generalize the results to bounded domains Ω. If Ω ⊂ Rd is bounded, there exists an open
axis-aligned hypercube envelope A of Ω, i.e. Ω ⊂ A. As A is a hypercube, the Hilbert
curve iterations can be applied by appropriately scaling and translating the hypercubes
in the iterations. For α ∈ L∞ (Ω, RM ) being [0, 1]M -valued, we easily obtain a natural
extension to L∞ (A, RM ):

α(x) x ∈ Ω,
α̃(x) :=
0
otherwise.
After applying the multi-dimensional SUR variant along the Hilbert curve iterates dissecting A with their recursive ordering, we obtain (ω̃ (n) )n ⊂ L∞ (A, RM ) being {0, 1}M valued and by virtue of Lemma 4.5 (φ̃(n) )n ⊂ L∞ (A, RM ) such that
Z 

(4.8)
φ̃(n) , f˜ M dλ → 0 for all f˜ ∈ L1 (A, RM ).
A

R

In particular, the following result holds for all f ∈ L1 (A, RM ) with f |Ωc ≡ 0.
Corollary 4.11. Let α ∈ L∞ (Ω, RM ) be [0, 1]M -valued, α̃, (ω̃ (n) )n and (φ̃(n) )n
be constructed as described above, we obtain
Z 

φ(n) , f M dλ → 0 for all f ∈ L1 (Ω, RM )
Ω

R

for all ω (n) := ω̃ (n) |Ω and φ(n) := φ̃(n) |Ω .
Proof. Using the extension
f˜(x) :=



f (x) x ∈ Ω
,
0
else

which satisfies f˜ ∈ L1 (A, RM ), we obtain by virtue of (4.8)
Z 
Z 


φ(n) , f
dλ =
φ̃(n) , f˜
dλ → 0 for all f ∈ L1 (Ω, RM ),
Ω

RM

which proves the claim.

A

RM
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Combining the results above with Theorem 4.7 yields the following corollary on the convergence and termination of Algorithm 1.1, which we state for the sake of completeness.
Corollary 4.12. Let (RC) be well-posed with solution (x, α, u) ∈ V ×L∞ (Ω, RM )
×Uad and consider the multi-dimensional SUR variant as well as the sequence of grids
(S (n) )n induced by successive Hilbert curve iterates and let SUR progress along the recursive ordering induced by the Hilbert curve iterates. Let δmax > 0 be given.
Then, Algorithm 1.1 terminates after a finite number of steps with an iterate
(y (n) , ω (n) , u) ∈ V × L∞ (Ω, RM ) × Uad such that
J(y (n) , u) − J(x, u) < δmax
4.4. The application of SUR along the ordering induced by the order conserving domain dissections from Definition 4.3 are not a necessary condition for
Lemma 4.5 to hold. Assumption 4.4 asks for an order conserving domain dissection of
the domain Ω and the progression of SUR along the ordering iterates of the n-th domain
dissection. Lemma 4.5 shows that this condition is sufficient for our purposes. This section is dedicated to showing that this condition is indeed not a necessary one, and that
other options exist for SUR to progress through the cells of the iterates of the domain
dissection and obtain weak-∗ convergence anyway. In particular, we discuss the following
example.
Example 4.13. Let Ω = (0, 1)2 and the domain
to successive Hilbert
n dissection due o
(n)

(n)

curve iterates be given. Let SUR progress through S1 , . . . , SN (n) row-wise, i.e. SUR
starts in the bottom left cell, progresses through the cells on the same vertical level to
the bottom right cell, climbs one cell on the vertical axis, progresses through the cells on
the same vertical level from right to left, climbs one cell on the vertical axis and repeats.
Alternatively to this sweeping, we could assume that the progression of SUR jumps from
the right cell in one row to the left cell in the row above or a column-wise progression
instead of a row-wise progression
The row-wise progression described in Example 4.13 is depicted in Figure 4.2. Although
1

4

1

0

0

1

3

2

1

0

16

15

14

13

9

10

11

12

8

7

6

5

1

2

3

4

0

1

1

0

64

1

0

1

Fig. 4.2: Domain dissection due to the first three Hilbert curve iterates H1 , H2 , H3 (left
to right) on Ω̄ = [0, 1]2 . The induced discretization squares are circumscribed by the gray
lines. The ordering SUR is using in the row-wise progression defined in Example 4.13 is
indicated by the little numbers inside them.
deviating from the prerequisites of Lemma 4.5, we obtain weak-∗ convergence which is
shown below.
Lemma 4.14. Consider the sequence of control deviations (φ(n) )n arising from SUR
in the setting of Example 4.13. Then,
φ(n) *∗ 0 in σ(L∞ (Ω, RM ), L1 (Ω, RM )).
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Proof. We combine the ideas to prove Lemma 4.5 and Proposition 4.9 and can reduce
our considerations the case M = 1 and a simple function supported on squares with dyadic
rational endpoints as test function. As in the proof of Lemma 4.5, there is an iteration
n0 such that it is represented exactly in the domain dissection induced by the successive
(n0 )
Hilbert curve iterations. Consider such a square Sk(j,i)
.
In Lemma 4.5, the progression of SUR along the recursive ordering ensured SUR
(n0 )
entered Sk(j,i)
exactly once and exited it exactly once in iterations n ≥ n0 giving a factor
of 2 in front of the estimate of Corollary 4.2 by using the splitting in (4.6) and the triangle
(n0 )
inequality. Now, the progression of SUR enters and exists Sk(j,i)
up to 2n−n0 times (less
on cells at the boundary). Applying the same argument in Lemma 4.5 but taking into
account the different progression gives a factor of 2 · 2n−n0 in front of the estimate, i.e.
Z
(4.9)

(n0 )
Sk(j,i)

φ(n) dλ ≤ 21+n−n0 C

max
i∈{1,...,N (n) }

(n)

λ(Si ) = C21−n0 −n → 0

for some constant C > 0.
Thus, it is possible to obtain to obtain weak-∗ convergence of φ(n) → 0 by following a
different ordering than the one from Definition 4.3. However, using an order conserving
domain dissection and following its ordering in the progression of SUR seems beneficial
for two reasons. First, the higher constant in (4.9) rises the expectation that other SUR
progressions as described in Example have slower convergence rates on the same grid
compared to iterates of space-filling curves. Second, the repeated entering and exiting of
(n)
the cell under considerations implies the additional prerequisite λ(Si ) ∈ o(gn ), where
gn is reciprocal to the maximum number of repeated cell entries and exits of the curve
in iteration n when carrying out a proof analogously to the one of Lemma 4.14 above.
Admittedly, there may be different proofs for the weak-∗ convergence that may allow to
circumvent this issue.
5. Numerical experiments. All meshes and PDE solutions have been implemented
using the capabilities of the free and open-source software package FEnICS [1]. As mentioned above, we consider the Dirichlet Laplacian which satisfies our assumptions, see
Example 5.1 below.
Example 5.1. We consider the Dirichlet Laplacian, i.e. the following (ESRC) on the
unit square Ω̄ = [0, 1]2 :
−∆x
x|∂Ω
α
PM
α
i=1 i

PM
= i=1 αi fi
=0
∈ [0, 1]M
a.e. on Ω̄
=1
a.e. on Ω̄

For completeness, we note that the following embeddings are continuous, compact and
dense [15, Thm 7.29]
H01 (Ω) ,→c L2 (Ω) ,→c H −1 (Ω)
and that the Lax-Milgram theorem [15, Thm 9.14] yields the existence of a bounded
inverse A−1 : H −1 (Ω) → H01 (Ω). Thus, Assumption 3.1 holds.
We illustrate the behavior of the multi-dimensional SUR algorithm and the induced convergence of the state vector with increasing Hilbert curve iterations, i.e. successive refinement
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(1)

ωHC

(1)

ωrow-wise

(4)

ωHC

(4)

ωrow-wise

(7)

ωHC

(7)

ωrow-wise

(10)

ωHC

(10)

ωrow-wise

Fig. 5.1: Weak-∗ convergence of SUR illustrated for a grayscale image of David Hilbert
along the order defined by the Hilbert curve (top row) and row-wise (bottom row). The
superscript index denotes the iteration of the Hilbert curve-induced discretization grid.

of the grid on which the local averaging and rounding is performed in Subsection 5.1.
Afterwards, we state the optimization algorithm induced by our method and solve a
tracking-type problem being constrained by the Dirichlet Laplacian in Subsection 5.2.
5.1. Illustration of convergence properties. We consider Example 5.1 with the
three functions
f1 = 0, f2 = 2.1χB0.1 ((0.172,0.3)) , f3 = 2χB0.123 ((0.7,0.7))
P3
and three activations α1 , α2 , α3 : Ω → [0, 1] with i=1 αi = 1 on Ω, which are shown
in Figure 5.2. The integrality gap produced by the SUR algorithm and its theoretical
bounds1 are displayed in Figure 5.3. The results of Theorem 3.2 and Corollary 4.11 for
Example 5.1 with the aforementioned α and f are illustrated in Figure 5.4.
P (n)
Note that the weak-∗ convergence of i ωi fi can be perceived visually in Figure 5.4,
as the output of SUR resembles a dithering technique from computer graphics to display
gray-scale images with coarsely quantized gray colors as e.g. performed by the FloydSteinberg algorithm [23]. To observe the effect in print, one has to make sure that the
gray shades in images are represented using the K component of the CMYK color space.
To illustrate the considerations from Subsection 4.4, i.e. the fact a row-wise progression also implies weak-∗ convergence, we plot the row-wise progression of SUR against the
progression along the Hilbert curve for a gray-scale image approximated with black and
white pixels by means of SUR on grids arising from successive Hilbert curve iterations.
The result is depicted in Figure 5.1.
1 linear in ∆(n) , also holds in the case of additional constraints involving the activation variables,
derived in [14];
logarithmic in ∆(n) , only holds if no further constraints involving the activation variables are present,
derived in [12]

16

P. MANNS, AND C. KIRCHES

Fig. 5.2: Distributed (relaxed) activations α1 , α2 ,
α3 (left) and functions f1 , f2 , f3 (right).

Fig. 5.3: The integrality gap of the control deviation φ(n) for SUR and theoretical linear and
logarithmic bound for Example 5.1 and α, f as
above.
Table 5.1: Differences between y(ω (n) ) and y(α)
in the L2 - and H 1 -norm.
n
1
2
3
4
5
6
7
8
9

ky(ω (n) )−y(α)kL2
ky(α)kL2

ky(ω (n) )−y(α)kH 1
ky(α)kH 1

1
9.2434 × 10−1
6.1993 × 10−1
2.1163 × 10−1
4.4614 × 10−2
9.5315 × 10−3
6.0450 × 10−3
2.9144 × 10−3
8.0951 × 10−4

1
1.3742
8.3623 × 10−1
4.1264 × 10−1
1.8274 × 10−1
8.9878 × 10−2
4.3787 × 10−2
2.1007 × 10−2
8.2248 × 10−3

Fig. 5.4: Illustration of the conP (n)
P
∗
vergences
i ωi fi *
i αi fi
(left) and y(ω (n) ) → y(α) (right).
The limits are displayed in the top
row.
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5.2. Approximating the Solution of a MIOCP with Algorithm 1.1. We consider
the following problem
min
y,u

(P)

1
2 ky

− yd k2L2 + γ2 kuk2L2

s.t. −∆y = u, y|∂Ω = 0
u ∈ {u1 , . . . , uM } a.e. on Ω

with u1 < . . . < uM . (P) is similar to problem (1.1) considered by Clason and Kunisch
in [3] where they introduce the notions of multi-bang controls and generalized multibang principle for controls u satisfying the discrete-value
R QM constraint almost everywhere.
Compared to (1.1) in [3], (P) lacks the term β Ω i=1 |u − ui |0 with |t|0 = 1 − δt0
(using the real-valued Kronecker delta) that promotes {u1 , . . . , uM }-valued solutions.
Furthermore, the box constraint u1 ≤ u ≤ uM has been replaced by u ∈ {u1 , . . . , uM }.
This is not a coincidence because, in an informal way, we can regard (P) as a limit problem
of (1.1) in [3] for the homotopy arising from increasing their parameter β penalizing nondiscreteness.
Reformulation and relaxation. We consider the following relaxed partial outer convexification of (P).
2
PM
− yd k2L2 + γ2
αi ui 2
i=1
y,u
L
PM
.
s.t. −∆x = i=1 αi ui , x|∂Ω = 0
P
M
α ∈ [0, 1]M and
i=1 αi = 1 a.e. on Ω̄

min
(P RC1)

1
2 kx

Of course, we reduce solving (P RC1) to solving
min
y,u

(P RC2)

1
2 kx

− yd k2L2 + γ2 kuk2L2

s.t. −∆y = x, x|∂Ω = 0

.

u ∈ [u1 , uM ] a.e. on Ω
with standard techniques and compute α from u afterwards. Note that (P RC1) is illposed as the representation of u with convex combinations of the ui is not unique and the
particular outcome of SUR and in turn Algorithm 1.1 may depend on the representation
chosen. The convergence results hold independently of the chosen representation, but
a different α is approached by ω (n) in the weak-∗ sense. We have chosen the most
natural representation from our point of view. Specifically, we represent a value u(s) for
s ∈ Ω as the convex combination of its two neighboring points in {u1 , . . . .uM }. This
means, we choose ui such that ui+1 such that ui ≤ u(s) ≤ ui+1 and compute αi (s),
αi+1 (s) = 1 − αi (s) such that αi (s)ui + (1 − αi (s))ui+1 = u(s). αj (s) := 0 for all
j∈
/ {i, i + 1}. Of course, a convex combination of neighboring points always exists due
to Caratheodory’s theorem.
It is well-known that L1 -regularized problems tend to produce large areas where the
control is exactly zero. If such a structure can be assumed, i.e. there is a value u∗ ∈
{u1 , . . . , uM } that can be assumed to dominate the resulting control on large areas, it
may be beneficial to solve an L1 -regularized problem with regularizer ku−u∗ kL1 as relaxed
problem. Therefore, we include the following problem into our computational experiments:
min
y,u

(P RC3)

1
2 kx

− yd k2L2 + γ2 kuk2L2 + ηkukL1

s.t. −∆y = x, x|∂Ω = 0
u ∈ [u1 , uM ] a.e. on Ω

.
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If γ > 0, the L2 term has a smoothing effect on the regularity of the solution, but one does
not have to smooth the L1 -term. Elliptic control problems with box constraints and an
objective functionals as in (P RC3) have been analyzed in [21] and [24] and we compute
the solution of the discretization of (P RC3) with the active set method presented in
[21]. We choose γ  η to obtain a dominating effect of the L1 -regularization over the
L2 -regularization.
Application of Algorithm 1.1. As u depends on α in (P RC2), we have a slight
deviation from the setting in (BC) and (RC) and can only expect norm-convergence in
the tracking type summand of the objective. Clearly, ω (n) *∗ α implies v (n) * v with
v (n) :=

M
X
i=1

(n)

ωi ui and v =

M
X

αi ui ,

i=1

but the norm k · kL2 is weakly lower semicontinuous and we obtain
lim inf

n→∞

γ
γ (n)
2
kv kL2 ≥ kvkL2
2
2

and equality can only hold when v (n) → v which cannot be assumed for the relaxed
problems under consideration. Hence, we assume that we see convergence of the tracking
type summand to the solution of the relaxed problem in the progression of Algorithm 1.1
and convergence to a suboptimal value of the L2 -regularization term.
We have taken yd and the control quantization into u1 = −2, . . . , u5 = 2 from [3] to
use their code for plausibility checks of our results. We solve (P RC2) (with γ = 10−3 ) and
(P RC3) (with γ = 10−5 and η = 5·10−4 ) on a predefined grid with order 1 Lagrange finite
elements on a triangular grid and use piecewise constant discontinuous Galerkin elements
on square cells for the the right hand side of the Dirichlet problem to represent the SUR
iterates v (n) . We stopped the iterations when the coarseness (measured as the radius of
the enclosing circle of a grid cell) of the square grid matched the coarseness of the triangle
grid (two triangles make up one square). The trajectory of the objective function and the
relative suboptimality of the iterate for the computations are presented in Table 5.2 for
(P RC2) and 5.3 for (P RC3). The tracking type summand of the objective converges to
the value of the relaxed problem in both cases while the regularizing term converges to a
suboptimal value in (P RC2) as anticipated due to the weak lower semicontinuity of k·kL2
and the fact that v (n) does not converge in the norm-topology. In (P RC3), the same
happens, but the suboptimality is significantly smaller because the v (n) approach v very
closely in the norm-topology. This strengthens our argument to employ L1 -regularization
terms when possible. The weak approximants v (n) of v, which are reconstructed from the
SUR outputs during the progression of Algorithm 1.1, are presented in Figure 5.5.
6. Conclusion. We have addressed mixed-integer optimal control of elliptic PDEs.
Solutions of such problems may be approximated arbitrarily well by solving a partially
convexified and relaxed control problem with a first-discretize-then-optimize approach.
The family of SUR algorithms may then be used to approximate the solution of the
relaxed problem, i.e. [0, 1]-valued control trajectories, with {0, 1}-valued trajectories. We
have shown that the approximation converges in a weak sense when the granularity of the
grid, on which rounding takes place, is gradually refined. We have also shown that this
induces norm convergence of the associated sequence of state vectors. This approximation
property can be transferred to MIOCPs with integer variables distributed in more than one
dimension by exploiting an appropriate grid refinement and a feasible ordering strategy
of the grid cells during the refinements. We have formulated a sufficient condition for
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Table 5.2: Convergence of the objective, the suboptimality gap δ and the summands of
the objective for relaxation (P RC2) with γ = 10−3 .
Iteration
1
2
3
4
5
6
7
8
9
Relaxed

Objective value
1.7274 × 10−2
1.6913 × 10−2
1.6261 × 10−2
1.6054 × 10−2
1.6022 × 10−2
1.5996 × 10−2
1.5991 × 10−2
1.5990 × 10−2
1.5989 × 10−2
1.5936 × 10−2

δ
J(x,v)

1
(n)
2 ky

−2

8.40 × 10
6.13 × 10−2
2.04 × 10−2
7.41 × 10−3
5.37 × 10−3
3.75 × 10−3
3.48 × 10−3
3.37 × 10−3
3.35 × 10−3
0

− yd k2L2
1.652 × 10−2
1.591 × 10−2
1.534 × 10−2
1.513 × 10−2
1.510 × 10−2
1.508 × 10−2
1.507 × 10−2
1.507 × 10−2
1.507 × 10−2
1.507 × 10−2

γ
(n) 2
kL2
2 kv

7.500 × 10−4
1.000 × 10−3
9.219 × 10−4
9.258 × 10−4
9.214 × 10−4
9.203 × 10−4
9.200 × 10−4
9.200 × 10−4
9.200 × 10−4
8.668 × 10−4

Fig. 5.5: Visualization of the weak convergence v (n) * v for v solving (P RC2).

such ordering strategies that has been shown to be satisfied by approximations obtained
on discretizations induced by space-filling curve iterates. We have demonstrated the
applicability of our setting by deducing a norm convergence result for the state vector of
an elliptic PDE system, and have presented a computational verification of our result.
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Table 5.3: Convergence of the objective, the suboptimality gap δ and the summands of
the objective for relaxation (P RC3) with γ = 10−5 and η = 5 · 10−4 .
It.
1
2
3
4
5
6
7
8
9
Rel.

Obj. value
1.6467 × 10−2
1.6273 × 10−2
1.5709 × 10−2
1.5564 × 10−2
1.5506 × 10−2
1.5497 × 10−2
1.5493 × 10−2
1.5491 × 10−2
1.5491 × 10−2
1.5490 × 10−2

δ
J(x,v)

1
(n)
2 ky

−2

6.30 × 10
5.05 × 10−2
1.41 × 10−2
4.78 × 10−3
1.03 × 10−3
4.26 × 10−4
1.46 × 10−4
3.02 × 10−5
7.18 × 10−6
0

− yd k2L2
1.570 × 10−2
1.564 × 10−2
1.507 × 10−2
1.493 × 10−2
1.487 × 10−2
1.486 × 10−2
1.486 × 10−2
1.486 × 10−2
1.486 × 10−2
1.486 × 10−2

γ
(n) 2
kL2
2 kv

+ ηkv (n) kL1
7.6500 × 10−4
6.3750 × 10−4
6.3750 × 10−4
6.3348 × 10−4
6.3499 × 10−4
6.3462 × 10−4
6.3458 × 10−4
6.3459 × 10−4
6.3460 × 10−4
6.3456 × 10−4

Fig. 5.6: Visualization of the weak convergence v (n) * v for v solving (P RC3).
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