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Optimal control in first-order Sobolev
spaces with inequality constraints

Yu Deng; Patrick Mehlitz Uwe Priifert*
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In this paper, an elliptic optimal control problem with controls from H'(Q) which
have to satisfy standard box constraints is considered. Thus, Lagrange multipliers
associated with the box constraints are, in general, elements of H'(Q)* as long as
the lower and upper bound belong to H!(Q2) as well. If these bounds possess less
regularity, the overall existence of a Lagrange multiplier is not even guaranteed.
In order to avoid the direct solution of a not necessarily available KKT-system, a
penalty method is suggested which finds the minimizer of the control-constrained
problem. Its convergence properties are analyzed. Furthermore, some numerical
strategies for the computation of optimal solutions are suggested and illustrated.
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1 Introduction

In practice, optimal control applies to many areas e.g. fluid mechanics, microelectronics, and
medical engineering. From the mathematical point of view, control functions are demanded to be
chosen from a suitable function spaces in order to ensure the existence of optimal solutions, see
De los Reyes [2015], Hinze et al. [2009], Troltzsch [2009] for an introduction to optimal control.
Usually, control functions are elements of L?(Q) which is the space of all Lebesgue measurable
functions whose square is integrable. In several cases, however, L?-regularity is not enough to
guarantee the existence of an optimal solution. Particularly, the set of feasible controls associated
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with optimal control problems with control switching or control complementarity constraints,
see Clason et al. [2017], Mehlitz and Wachsmuth [2016] and the references therein, is not weakly
sequentially closed as a subset of L?(Q2). In order to overcome this difficulty, a suitable choice
for the control space is the Sobolev space H(Q) of all L?-functions possessing weak derivatives
in L?(Q). In the paper Deng et al. [2018], some first steps regarding optimal control in H(Q)
were made. More precisely, optimal control problems with additional constraints on the control
function’s weak gradient were investigated.

In this paper, an optimal control problem of a linear elliptic partial differential equation is
studied. The control is chosen from H'(Q) and restricted by box constraints. This choice causes
optimal controls to be more advantageous when applied in practice since they are likely to
be smoother than their counterparts from L?(Q). In order to ensure maximal generality, the
associated lower and upper bound for the control are chosen from L?(Q). Since the optimal
control problem of interest is convex, its KKT-conditions are sufficient for optimality. However,
suitable constraint qualifications do not generally hold at the feasible points of the program. As a
consequence, the KKT-conditions do not provide a reliable necessary criterion for optimality. In
order to solve the problem, a penalty method is suggested which bypasses this lack of regularity.

The remaining parts of the paper are organized as follows: In Section 2, the model problem is
introduced and the underlying necessary assumptions are motivated. Some notation used in this
manuscript is presented in Section 3. Section 4 is dedicated to the study of a penalization method
which can be used to compute the global minimizer of the model problem. First, a suitable
penalty term is introduced. Afterwards, the convergence properties of the proposed method
are analyzed. In Section 5, some issues w.r.t. optimality conditions and constraint qualifications
for the model problem are discussed which motivate the suggested penalty method even more.
Finally, Section 6 deals with the computational treatment of the optimal control problem. Some
examples are implemented and the corresponding results are shown.

2 Problem statement and motivation

For a given bounded domain Q ¢ R? with boundary T satisfying the cone condition, see [Adams
and Fournier, 2003, Section 4], the following elliptic optimal control problem is considered:

2 A 2 .
$1y = Yallaoy + 4 Nullf gy — min

=V - (C(x)Vy(x)) + a(x)y(x) = u(x) a.e.on Q (0C)
n - (C(x)Vy(x)) + d(x)y(x) = 0 ae.onT
u(x) < u(x) < ux) a.e.on Q.

It is worth mentioning that H'(Q) is the underlying space for state and control functions.
Furthermore, there appears a regularization term w.r.t. the control’s H!-norm in the objective
functional of (OC). Finally, the control function has to satisfy certain inequality constraints
demanding some upper and lower bounds to be valid. It has to be mentioned that the overall
theory of the paper stays correct in the absence of one of these bounds after doing some obvious
changes.

The precise assumptions on the problem data are stated below.



Assumption 2.1. Let C € L®(Q;R¥?) possess symmetric images in R on Q and let the
subsequent condition of uniform ellipticity be satisfied for some constant cy > 0:

Vx € QVE € RY: ETC(X)E = ¢ |E]5.

The data functions a € L™(Q) and d € L™(T') are chosen such that ||a|| «q) + [|d]| oy > 0 is
valid. The target state yq € L*(Q), a Tikhonov regularization parameter A > 0, as well as functions
u,u € L2(Q) are fixed. Let u(x) < U(x) be satisfied for all x € Q. Finally, it is assumed that the set

Upg := {u € HY(Q) |g(x) <u(x) £u(x) faa x € Q}
is nonempty.

Recall that the operator which assigns any source u to the (uniquely determined) weak
solution y of the state equation appearing in (OC) is linear and continuous as a mapping from
L3(Q) to HY(Q), see [Evans, 2010, Section 6]. Since H(Q) is continuously embedded into L?(Q),
this solution operator is linear and continuous as a mapping from H'(Q) to H'(Q) as well.

Observe that in standard optimal control, i.e. in the setting where the control u is chosen
from L2(Q) while the regularization term in the objective is given by the squared L?>-norm of u,
the existence of global minimizers of the associated optimal control problem is still guaranteed
if 1 = 0 holds since Uy, is bounded in L%(Q). However, it is not generally bounded in H'(Q).

Example 2.2. Ford = 1and Q := (0,1), u = 0 and u = 1 are fixed. Define {uy }xen C Ugq as
stated below:
1-kx ifxe (0,%)

Vk e NVx € Q:  ur(x):=
0 otherwise.

Some calculations show

Vk € N: ”uk”iZ(Q) = #’ ||axuk||iZ(Q) =k.

Thus, ||uk|| i) = Vk is obtained for any k € N, i.e. {ux tken (and, thus, Uag) is not bounded w.r.t.
the H'-norm.

A nearby way to overcome this shortcoming is the H'-regularization term in the objective of
(OQC). It has to be mentioned that another suitable choice for the regularization term would be the
squared L2-norm of Vu since U,q is bounded in L%(Q) by definition. In any case, the regularization
parameter A has to be positive in order to obtain the existence of a global minimizer of (OC) via
standard arguments (convexity and closedness of U,q are obvious).

Proposition 2.3. The optimal control problem (OC) possesses a unique optimal solution.

In standard control-constrained optimal control, it is well known that for sufficiently regular
upper and lower bounds, particularly in the case u,u € H'(Q), the resulting optimal control @ is a
function from H'(Q) as well, see e.g. Troltzsch [2009]. However, @i may not be the optimal control
for the associated optimal control problem with controls from H'(Q) and H'-regularization
term as the following example from ODE control depicts.



Example 2.4. Setd =1 as well as Q := (—1,1) and consider the standard optimal control problem
1 2 2 .
2 “y - Yd”LZ(Q) + ||u||L2(Q) - I}l’}l’llll’l

y € H(Q), u € L}(Q)

Vy(x) = u(x) a.e. onQ (1)
y(-1) =0
u(x) > x a.e. on Q.

Therein, the desired statey, € L*(Q) is given as stated below:
Vx e Q:  yulx):= %(max{O;x})Z.

Set i(x) := max{0; x} for all x € Q. One can easily check that the associated solution of the state

equation is given by y = yg. Since @t is the projection (w.r.t. the L>-norm) of the constant 0-function
onto the set

{u e L*(Q) | u(x) > x fa.a. x € Q},

(3, @) must be the optimal solution of (1).
Next, the slightly modified optimal control problem

2 2 .
% ||y _Yd”LZ(Q) + “uHHl(Q) — 1’31;11114’1

y € H(Q), u € H(Q)

Vy(x) = u(x) a.e. on Q 2)
y(=1) =0
u(x) = x a.e. on Q.

will be investigated. Note that @ as given above is feasible to (2) as well and (due to y = y4) produces
the objective value

1 1
0 = Nleqgy + 10salZ, 0, = / xdx + / dy = £,

For ¢ € (0,1], the function 4*(x) := max{¢e; x} = max{0;x — ¢} + ¢ for all x € Q will be studied
next. First, u® is feasible to (2) as well. The associated solution of the state equation is given by
VxeQ: §(x)= %(max{O;x —e})? +e(x +1).

Some calculations show
0 £
ly* - Yd||iz(9) =¢? / (x +1)%dx + / (e(x+1) - %xz)2 dx
-1 0

+/1(%(x—8)2+£(x+1)—%xz)zdx

&

2 2 3 4 3 5 2 2
=18+ [388((e+ 1’ - D —e(3e* + 1) + £ + (3P +¢) (1-¢)
=1+ [P+t i -1 -1t + 50| + [¢F -3t - 1€
_ 7,5 _ 1,4 3 4.2
——@E —EE + € +§€.



Moreover,
||ug||H1(Q)—/(max{£ x})zdx+/ 12dx

/zdx+/ xdx + (1-e)

=¢ (1+£)+§(1— E)+(1—¢)
holds true. Now, one can check

0,01

3 5" yd”iZ(Q) + ”ﬁo’m”iﬂ(g) ~1,3236 < 3 =3y - ydIIiZ(Q) + ”a”ip(m’

i.e. (¥, 1) is not the optimal solution of (2)

The above comments and examples indicate that the theoretical treatment of the optimal
control problem (OC) might be different from standard techniques for control-constrained
optimal control problems in the Lebesgue space L2(Q).

3 Notation

For any two vectors x, y € R", x - y denotes their Euclidean inner product while |x|, represents
the Euclidean norm of x. Furthermore, E,, € R™" expresses the unit matrix in R™*".

Let X be a Banach space with norm ||| y. Then, X* denotes the associated (topological)
dual space. The corresponding dual pairing is given by (-, -) y : X* X X — R. Recall that the
canonical embedding x — (-, x) y is an injective isometry from X to X** by the theorem of
Hahn-Banach. If it is surjective as well, then X is called reflexive. Any reflexive Banach space X
satisfies X = X**. It is well known that any Hilbert space is reflexive. A sequence {xy }xen C X
converges to some X € X (xx — X for short) if |[xx — x||y — 0 holds as k — oco. On the other
hand, {x; }ren converges weakly to % (xp — x for short) if <x*, xk>X — (x*, )Z)X holds true
for all x* € X* as k — oo.

For a set A C X, the polar cone and annihilator of A are defined via

A° = {x* eX*!Vx €A: (x*,x)x < 0}, At = {x* €X*|Vx €A: <x*,x>X = 0}.
Obviously, At = A°N(—A)° holds true. For a closed, convex cone K C X and x € K, the relations
cone(K — {x}) = K - linx, (K-{x})° =K°n{x}*+

are easily obtained. Here, lin ¥ = {a@x | « € R} denotes the linear space induced by *.

Let Y be another Banach space. The set L [X, Y] represents the Banach space of all continuous
linear operators mapping from X to Y. For any operator F € L [X, Y],F* € L [Y*, X*| denotes
its adjoint. An operator A € L [X , X *] is said to be elliptic whenever there exists a constant
a > 0 such that the relation

VxeX: {(Alx],x)y >« ||x||f\,



is valid. Note that any elliptic operator is an isomorphism, see [Werner, 1995, Lemma IV.5.3].
Supposing that X c Y is valid, X is called continuously embedded into VY if the identical
mapping E: X — Y is an element of L [X, Y]. This is expressed by X < VY and E is called the
associated natural embedding. Additionally, if E is compact, i.e. if the closed unit ball of X is
compact in Y, then X is said to be compactly embedded into Y.

A function J: X — Y is called Fréchet differentiable at x € X if there exists a continuous
linear operator J'(x) € L [X, Y], which satisfies

i 1J(x +d) - J(x) - J®ldllly
1im =
lldlx\0 ]l x

0.

In this case, J'(x) is called the Fréchet derivative of J at X. Suppose that x +— J'(x) is a well-
defined mapping from X to L [X, Y] which is (Lipschitz) continuous in a neighborhood of x.
Then, J is said to be (Lipschitz) continuously Fréchet differentiable at x.

A mapping j: X — R is called coercive if for all sequences {x}ren C X which satisfy
lxkl|x — oo, it holds j(xx) — oo as k — co. The mapping j is called weakly lower semi-
continuous at x € X if for all sequences {xi}reny C X satisfying x; — x, the inequality
j(%) < liminfy_,« j(xx) is valid. Note that any convex and continuous functional is weakly
lower semicontinuous, see [Troltzsch, 2009, Theorem 2.12].

Let Q c R? be a nonempty, bounded domain and B be a reflexive Banach space. For a real
number p € [1, ), LP(Q; B) denotes the common Lebesgue space of all (equivalence classes of)
Lebesgue measurable functions u: Q — B such that x — ||u(x)||% is integrable, while L*(Q; B)
is the Lebesgue space of all Lebesgue measurable functions u: Q — 8B such that ||u(-)| g is
essentially bounded. The associated norm is given by

1/p
Vue IP(Q8): lullpras) = (/Q ()l dX)

for all p € [1, ) and

Yu e L 8): lullp~q,8) = Ncgizn|§\r|—o( 531\9 ||u(x)||3)
> U \xeQ\N

for p = oo, respectively. Here, |M| denotes the Lebesgue measure of the measurable set M C Q.
For brevity, we write L?(Q) := LP(Q; R) for all p € [1, oo]. The spaces L?(Q) are reflexive Banach
spaces for all p € (1, o). Particularly, L*(Q) is a Hilbert space. The associated dual pairing is
given by

Yu,v € L*(Q): (U, u)2(q) = / u(x)o(x)dx.
Q
Here, L>(Q) and L%(Q)* are identified with the aid of Riesz’s representation theorem.
Let H(Q) be the Sobolev space of all order one weakly differentiable functions from L?(Q)

whose weak derivatives are elements of L?(Q) as well. The space H!(Q) is equipped with the
following norm:

1 2 d 2 12
Vy e Q) Iyl = (010 + 2 065 lee) -



Obviously, H{(Q) < L%(Q) holds true, and this embedding is compact as long as Q satisfies at
least the so-called cone condition, see [Adams and Fournier, 2003, Sections 4 and 6]. Note that
H(Q) is a Hilbert space. However, for the well-known reasons, H'(Q)* is not identified with
HY(Q). Taking the considerations in [Adams and Fournier, 2003, Section 3] into account, for any
& € H(Q)*, there exist not necessarily uniquely determined functions v, vi,...,vq € L2(Q)
such that

Vy e H(Q): (¢, y>H1(Q) = <V0’y>L2(Q) + Z?:l <Vi’ axiy>L2(Q)

holds true.

4 A penalty method

The aim of this section is to state a penalty method which can be used to compute the uniquely
determined global minimizer of (OC) which exists due to Proposition 2.3. First, a suitable penalty
term is constructed in Section 4.1. The associated penalty method is described in Section 4.2. Its
convergence properties are analyzed as well.

4.1 On the penalty term

In this section, a single abstract inequality constraint of the form
v(x) <0 ae onQ

is studied. Note that v is chosen from L2(Q).
Introducing a mapping P: L*(Q) — R given by

Vo e L3(Q): P(v):= % ||rnax{0;v}||i2(9) = %‘/Q(max{o;v(x)})zdx,

some function v € L?(Q) satisfies the aforementioned inequality constraint if and only if
P(v) = 0 holds true. Particularly, P(v) > 0 is valid provided v is positive on a subset of Q which
possesses positive measure.

In the upcoming lemmas, some properties of the mapping P are discussed. Although standard
arguments are used for their validation, proofs are included for the reader’s convenience.

Lemma 4.1. The mapping P is convex. Furthermore, if a: H(Q) — L*(Q) is affine, then the
composition P o a: H'(Q) — R is convex as well.

Proof. The proof of the first assertion follows in an obvious way after noting that the function
s % max{0; s}2, which maps from R to R, is convex.

Noting that a satisfies a(av; + (1 — a)v;) = aa(vy) + (1 — a)a(vy) for any a € [0,1] and any
v, v € HY(Q), the second assertion is a consequence of the first one. m]

Lemma 4.2. The mapping P is Lipschitz continuously Fréchet differentiable. For fixed © € L*(Q),
the following formula characterizes the Fréchet derivative of P at 0:

Vd € L*(Q):  P'(9)[d] =/max{0;z§(x)}d(x)dx.
Q



Proof. Noting that the function s — %max{o; s}? which maps from R to R is continuously
differentiable with derivative s — max{0; s}, the following estimate is derived from the mean
value theorem for any @ € L?(Q) and d € L*(Q):

/Q (% max{0; o(x) + d(x)}* — %maX{O; 0(x)}* — max{0; 9(x)}d(x)) dx

< '/Q |% max{0; 3(x) + d(x)}* — %max{O; 9(x)}* — max{0; z}(x)}d(x)| dx

< / sup |max{0;d(x) + O(x)d(x)} — max{0; 3(x)}| |d(x)|dx
Q 0(x)e[0,1]

< / sup  [0(x)d(x)| |d(x)ldx = / d)Pdx = (1] -
Q 0(x)€[0,1] Q
This yields

0< lim ||d|7}
ldll 20 E )

P(0 +d)— P(d) — /Q max{0; 0(x) }d(x)dx

< lim  |dllzq = 0.
g0

Since

/ max{0; 9(x)}d(x)dx| < / 1060)] [d()ldx < 101120y 120
Q Q

holds true for all d € L%(Q), P’(9) := max{0; 9(x)} is the Fréchet derivate of P at .
For another function w € L%(Q), it is easily seen that

|IP'(3) — P,(W)HiZ(Q) = ‘/Q |max{0; o(x)} — max{O;v‘v(x)}|2 dx

< [ 1ot = w0 ax = o= Wl

is valid. Thus, the function v +— max{0;v} which maps from L%(Q) to L%(Q) is Lipschitz
continuous, i.e. P is Lipschitz continuously Fréchet differentiable. O

4.2 Computing the global minimizer

For the computational treatment of (OC), a sequence of penalized surrogate problems will be
considered. Let {yr}xen € R be a sequence of positive penalty parameters tending to oo as
k — oo and investigate
3 17 = Yallizo) + 2 Mllipo) + viP@ = u) + yiPu =) — min
=V - (C(x)Vy(x)) + a(x)y(x) = u(x) a.e.on Q (OC(yx))
n - (C(x)Vy(x)) + d(x)y(x) = 0 a.e.onT.

Therein, the penalty term P is the same which was studied in Section 4.1.

Noting that the penalty terms are convex, continuous, and bounded from below, see Lemmas
4.1 and 4.2, the state-reduced problem which corresponds to (OC(yx)) is unconstrained and
possesses a convex, continuous, as well as coercive objective functional. That is why the following
result is self-evident.



Proposition 4.3. Foranyk € N, (OC(y)) possesses a unique optimal solution.

In the upcoming proposition, it is studied how the sequence of minimizers associated with
(OC(yr)) is related to the global minimizer of (OC).

Proposition 4.4. For anyk € N, let (i, ilx) € HY(Q) X H(Q) be the unique optimal solution of
(OC(yx)). Then, {(Jx, tix)} ken possesses a convergent subsequence (without relabeling) whose limit
point (y, ) € H(Q) x HY(Q) is the unique minimizer of (OC).

Proof. Due to Assumption 2.1, there exists a feasible point (y, %) € H(Q) x H(Q) of (OC). Since,
for any k € N, this point is feasible to (OC(yx)) as well, the following estimate is obtained:

17k = yallZaggy + 2 el +yeP@— ) + yePa—) < 3115~ yallego + 2 1l - ()

Especially,
VkEN: @l < 4 (315 - yalltag + 3 2l

follows from the nonnegativity of P and, thus, {iix }xcn is bounded in H'(Q) and, therefore,
possesses a weakly convergent subsequence (without relabeling) with weak limit # € H'(Q).
Due to the compactness of H(Q) — L*(Q), ilx — # in L*(Q) is valid. Recalling the continuity
properties of the solution operator associated with the given PDE, the associated states { ¥k }xen
converge strongly in H'(Q) to some y € H'(Q) which solves the state equation for fixed source
U=

Let E: H(Q) — L*(Q) be the natural embedding. Defining affine as well as continuous
mappings aj, a;: H(Q) — L*(Q) by

Yue H(Q): ay(u) :=u— E[u], ax(u) := E[u] —u, (4)

a more precise formula of the penalty term in (OC(yy)) is given by yx(P o a)(u) + yx(P o az)(u).
Thus, the estimate (3) yields

0 < lim (Poa)(@) < lim & (115 =yl + £ llnq)) =0

—o0 Yk

for i = 1, 2. Recalling that P o g; is convex and continuous for i = 1, 2, see Lemmas 4.1 and 4.2, it
is weakly lower semicontinuous. This leads to

0<(Poa;)a) < lilzn inf(P o a;)(iig) = 0,

ie. (Poa;)(@) = 0 for i = 1,2 holds true. This shows @ € Uy, i.e. (¥, @) is feasible to (OC).
For an arbitrary feasible point (y,u) € H'(Q) X H'(Q) of (OC), the estimate

19 = yalZaggy + 2 16020 + ve(P 0 a)(@) + v (P o a)@e) < X lly = yallZagq + 2 Il

is inherent since (y, u) is feasible to (OC(yy)) as well. Recalling that y + ||y — Yd”i?(g) and

U ||u||ip(Q) as well as P o gy and P o a, are weakly lower semicontinuous functionals mapping



from H'(Q) to R,

19 = yallZag + 2l

P 1915 2 S Anso12
< h]l;rl)lolgf 2 ||J/k - Yd||L2(Q) + h]l;ll)lorgf 2 ||uk||H1(Q)
< timinf (4 131 = yall s, + £ el

< lim sup (% 9% — Yd||i2(Q) + % ||11k||§{1(g))

k—o00

< limsup (% l7% — Yd||iz(Q) +4 ||11k||§{1(9) + k(P o ay)(iag) + yx(P o az)(ﬁk))

k—o00

< % Hy - YdHiZ(Q) + % ”uHZI(Q)

is derived. Consequently, (j, &) is the global minimizer of (OC).
Choosing y := y and u := @, the above estimate yields

kh—r}go (% ”yk - Yd”iZ(Q) + /% ”ak”ip(g)) = % ”37 - Yd”iZ(Q) + /% ”a”ip(Q) .

Noting that y — ¥ holds in H}(Q), @kl i) — il (o) is obtained. Combining this with
the weak convergence il — i in H'(Q), the strong convergence il — i in H'(Q) follows from
the fact that H(Q) is a Hilbert space. This completes the proof. O

For any k € N, the unique minimizer of (OC(yy)), which exists due to Proposition 4.3, can be
characterized by some necessary and sufficient optimality conditions.

Proposition 4.5. Fixk € N. A feasible point (Jx, iix) € HY(Q) X HY(Q) of (OC(yy)) is the unique
minimizer of this problem if and only if there are an adjoint state py, € H'(Q) as well as functions
Ok, Ur € L*(Q) which solve the following system:

=V - (C(x)Vpi(x)) + alx)pi(x) = Ji(x) = yalx) a.e. on Q
n - (C(x)Vpg(x)) + d(x)pr(x) = 0 a.e onT
vk max{0;u — g} — @ = 0 (5)
Yemax{0;dg —u} — Y = 0
Al V) i) + Pk — Ok + Y, V) p2q) = 0 forallv € H(Q).

Therein, the PDE has to be understood in the weak sense.
Proof. First, linear operators A,B € L [H'(Q), H(Q)*| will be introduced which allow an

abstract representation of the constraining PDE. Therefor, set

(ALY] 0y = /Q (C)Vy(x)) - Vox)dx + /Q a(o)y(xo(x)dx + /r d(x)y(x)0(x)ds
©)
(Blul, v) i) :=/Qu(x)v(x)dx

10



for arbitrary y,u,v € H(Q). It can be easily checked that A is elliptic and self-adjoint due to
Assumption 2.1, see e.g. [Evans, 2010, Section 6]. Furthermore, B is self-adjoint as well. Since
the constraining PDE is interpreted in weak sense, it is equivalent to A[y] — B[u] = 0.

Thus, exploiting the affine and continuous functions a;, a;: H'(Q) — R definedin (4), problem
(OC(yx)) reads as

S IELY] = Yallfag) + § lull o) + 1P o @)(w) + yi(P o a)w) — min o
Aly] - Blu] = o.

Here, E: H(Q) — L%(Q) denotes the natural embedding again and is added for formal correct-
ness. Note that (7) is convex and possesses a continuously Fréchet differentiable objective, see
Lemmas 4.1 and 4.2. The surjectivity of A implies that the KKT-conditions associated with (7)
(and, thus, with (OC(yy))) are necessary and sufficient optimality conditions, see Jahn [1996]. Ex-
ploiting the chain rule, see [Troltzsch, 2009, Theorem 2.20], in order to compute the derivatives
of P o gy and P o a,, these KKT conditions are equivalent to

(8a)
(8b)

E*[E[3%] - ya| - A*[px] =

0
Ay, .)Hl(Q) + yE* [— max{0; u — E[ax ]} + max{0; E[a;] — ﬁ}] +B*[pr] = 0

for some adjoint state px € H'(Q). Clearly, it holds

(E*[w],v)Hl(Q) = ‘/Qw(x)v(x)dx

for any w € L?(Q) and v € HY(Q). Thus, recalling that A is self-adjoint, (8a) is equivalent to the
weak formulation of the PDE which appears in the first two lines of (5). Defining ¢, & € L*(Q)
as it is done in the third and fourth line of (5), (8b) equals the last line in (5) since B is self-adjoint.
This completes the proof. O

In order to obtain necessary optimality conditions for (OC), it is reasonable to take the limit
k — co in the optimality system (5) presented in Proposition 4.5. However, since the multiplier
sequence {Vx — ¢k }xen C L?(Q) associated with the control constraints is usually bounded in
HY(Q)* but not in L%(Q), standard arguments for control constraints in L%(Q) do not apply in
the present situation.

Remark 4.6. Foranyk € N, let (j, iix) € HY(Q) x HY(Q) be the unique minimizer of (OC(y;)),
and let py € H(Q) as well as ¢k, Y. € L*(Q) be the associated multipliers from Proposition 4.5.
Recalling Proposition 4.4, we can assume w.Lo.g. that 5 — j and @y — @ hold true in H'(Q)
where (3, 1) € H(Q) X H(Q) is the global minimizer of (OC). The continuity of the PDEs solution
operator implies that the sequence {py }xcn converges to some point p € H'(Q) which satisfies

=V - (C(x)Vp(x)) + a(x)p(x) = J(x) - yalx) a.e. on Q
n - (C(x)Vp(x)) + d(x)p(x) = 0 a.e onT.

Thus, the last line in (5) can be used to infer that {{x — @i }ren C L2(Q) converges in H(Q)*. This,
however, does not mean that {@y }ren and {Yi }xen are bounded in L*(Q). Especially, taking the

1



limit k — oo, it cannot be inferred that there exist standard Lagrange multipliers ¢, € L*(Q)
satisfying standard complementarity conditions in L*(Q).

Note that the convergence of {{x — @i tken in HY(Q)* to some & € HY(Q)* is not enough to infer
that {Yx fken and {@x }ren converge in H(Q)* to the positive and negative part of €. In fact, the
positive and negative part of & are not necessarily elements of H'(Q)* again, cf. [Wachsmuth, 2016,
Appendix 2].

5 Discussion of optimality and regularity conditions

In spite of Remark 4.6, it is possible to derive KKT-type necessary and sufficient optimality
conditions for (OC) provided the upper and lower obstacle u and u are sufficiently regular.
Throughout this section, the following assumption will be standing.

Assumption 5.1. Letu,u € H(Q) hold true.
Using the operators defined in (6), the constraints of (OC) can be written in the compact form
Aly] - Blu] = 0
u-u € H(Q) ©)
i-u € Hi(Q).
Here, H1(Q) represents the cone of almost everywhere nonnegative functions in H'(Q). In the

upcoming theorem, the KKT-conditions of (OC) are presented. By convexity, they provide a
sufficient optimality criterion.

Theorem 5.2. Let (y,i) € H(Q) x HY(Q) be a feasible point of (OC) and assume that there are
a function p € H(Q) as well as ¢, € HY(Q)* which solve the following system:
V- (CH)Vp(x) +alop(x) = J(x) - yalx)  aeonQ
1 - (C(x)Vp(x)) + d(x)p(x)
Aa =@+ Y, 0) g + 0. V) 2q) = 0
920, {pu—1)yq =0
Y20, (Y, u—W)pgiq) =0

Therein, the PDE has to be understood in the weak sense, while ¢ > 0 and {y > 0 are defined via
duality:

0 a.e.onT
forallv € H(Q) (10)

VEEH(Q*: £20 & (£,0)gq) = 0 Vo € HI(Q).
Then, (y,4) is the global minimizer of (OC).
Proof. Clearly, the last two conditions in (10) are equivalent to —¢p € HL(Q)° N {@ — u}* as well
as —iy € HL(Q)° N {u — a}*, respectively. Thus, the system (10) can be written in the following
abstract way:
E*[E[y] - yal - A*[p] = 0
A+ (=@) = (=), (o) + B*[pl = 0
—p € HA(Q)P N {a - u}*
i € HL(Q)° n {u—a}*.
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Here, E € L [H'(Q), L*(Q)| denotes the natural embedding while A, B € L [H(Q), H/(Q)*| are
defined in (6). The above conditions form the KKT-system of the convex program

FIEY] = yallZaq) + 5 lullipq — min

A[J/] —Blu] =0 (11)
u-u € H(Q)
i-u € H.(Q)

evaluated at the feasible point (3, #). Following standard KKT-theory for convex problems, see
e.g. Jahn [1996], (, @) is a minimizer of (11). However, since (11) and (OC) are equivalent, (j, &)
solves (OC). O

It is well known from the literature, see e.g. [Bonnans and Shapiro, 2000, Theorem 3.9], that
the optimal solution of (OC) satisfies the KKT-conditions (10) if an appropriate constraint quali-
fication is valid. The fundamental constraint qualification for the investigation of optimization
problems in Banach spaces is Robinson’s constraint qualification, see Bonnans and Shapiro
[2000], Robinson [1976], Zowe and Kurcyusz [1979]. In the lemma below, the actual form of
Robinson’s constraint qualification for the abstract constraint system (9) is derived.

Lemma 5.3. Let (y,@) € H(Q) X H(Q) be a feasible point of the constraint system (9). Then,
Robinson’s constraint qualification is valid at (y, @) if and only if the following condition holds:

lin{z — u} + lin{u - a} — Hy(Q) = H(Q).

Proof. Following the definition, see [Bonnans and Shapiro, 2000, Section 2.3.4], Robinson’s
constraint qualification is valid for (9) at (j, @) if and only if

A -B {0} HY(Q)*
0 T (gi(g))— HL(Q) - lin{a —u} | = | HY(Q)
o 1| \H® HL(Q) - lin{u - @} HY(Q)

is valid. Here, I is the identical operator and O is an appropriate all-zero-operator. Noting that
A is an isomorphism, this is equivalent to

I Hi(Q)-lin{u—u}) (HY(Q)

Applying [Mehlitz, 2017, Lemma 3.4], it is easily seen that this condition reduces to
~H(Q) + lin{a — u} — H(Q) + lin{u - a} = H'(Q).
Since HL(Q) is a closed, convex cone, HL(Q) + H1(Q) = HL(Q) is valid. This yields the claim. O

In the setting d = 1, Robinson’s constraint qualification may hold under additional assump-
tions.

13



Lemma 5.4. Assume that d = 1 holds true. Furthermore, suppose that there is ¢ > 0 such that
u(x) —u(x) > ¢ is valid for almost all x € Q. Then, Robinson’s constraint qualification holds at
any feasible point of the constraint system (9).

Proof. Let (3,4) € HY(Q) X H'(Q) be arbitrarily chosen. Due to Lemma 5.3, it has to be shown
that for any v € H'(Q), there exist @, f € R and w € H1(Q) such that v = a(@—u)+ U —it)—w
holds, in order to prove the validity of Robinson’s constraint qualification.

Due to d = 1, H(Q) — L*(Q) holds true, see [Adams and Fournier, 2003, Theorem 4.12].
That is why there exists a constant M > 0 such that v(x) < M is valid for all x € Q. Define
Q= {x € Q|u(x) —a(x) > ¢/2} and Q; := Q \ Q. By assumption, @(x) — u(x) > ¢/2 holds
for all x € Q,. As a consequence,

M (a(x) - u(x)) + 2 (u(x) - a(x)) =
————— |
>0 >0

%(g(x) —ux) =M ifxeQ,
%(ﬁ(x) —d(x) =M ifxe

is obtained for all x € Q. Thus, choosing @ = f = (2M)/e, w := a(a — u) + f(u — @) — v belongs
to H1(Q). This completes the proof. O

Corollary 5.5. Let (y,i) € H(Q) X H(Q) be a minimizer of (OC) and let the assumptions of
Lemma 5.4 be valid. Then, there exist a function p € H{(Q) and multipliers ¢,y € H'(Q)* which
solve the KKT-system (10).

In the lemma below, some comments on the violation of Robinson’s constraint qualification
are presented.

Lemma 5.6. Let one of the following conditions be valid. Then, Robinson’s constraint qualification
is violated at all feasible points of (OC).

1. It holds d > 2 and there is a nontrivial subdomain Q' C Q such that the restrictions u|¢y
andu|q are essentially bounded.

2. There is a nontrivial subdomain Q" C Q such that the restrictions u|q and u|q coincide.

Proof. For the proof of the lemma’s assertion under validity of the first condition, it has to
be noted that due to d > 2, there is a function y, € H!(R?) which is not bounded at the
origin, see [Adams and Fournier, 2003, Examples 4.41, 4.43]. Furthermore, fix X € Q’ and set
3(x) := yo(x — %) for all x € Q. Then, © € HL(Q) is not bounded at X. Supposing that Robinson’s
constraint qualification is valid at some feasible point (3, @) € H'(Q) X H(Q) of (OC), there are
a,f € Rand w € H}(Q) such that o = a(@ — u) + (1 — @) — w holds. Due to the postulated
assumptions, the restictions of #, u, and u to Q’ are essentially bounded. Due to the nonnegativity
of w, this yields the existence of M > 0 such that

0 < 9(x) = a(a(x) - u(x)) + fulx) - a(x)) - w(x) <M

holds for almost all x € Q’. Thus, ¢ is essentially bounded on Q’. This, however, is a contradiction,
i.e. Robinson’s constraint qualification is violated.
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Now, let the second condition of the lemma be valid and fix a point (§, @) € H(Q) x H(Q)
which is feasible to (OC). Then, u(x) = @(x) = u(x) holds for all x € Q’. This yields

lin{@ — u} + lin{z — 0} - H(Q)  {v € H(Q)|v(x) < 0ae.on Q'} ¢ H(Q),
and by means of Lemma 5.3, Robinson’s constraint qualification is violated at (3, @). O

Clearly, the constraint system (9) is equivalent to

Alyl - Blu] = 0
u € Uyg.

Due to the surjectivity of A, Robinson’s constraint qualification is valid at all of its feasible
points. However, the resulting KKT-system is more abstract than (10). Particularly, there is only
one Lagrange multiplier £ € H'(Q)* which is associated with the constraint u € U,g.

Theorem 5.7. Let (§,i) € H(Q) x H(Q) be a feasible point of (OC). Then, (¥,#) is a minimizer
of (OC) if and only if there are a function p € H'(Q) as well as & € H'(Q)* which solve the
following system:

V- (COOVp() + a(p(x) = F() —yax) @ on®
n - (C(x)Vp(x)) + d(x)p(x) = 0 ae onT
A+ &,0) gy + (0> V) p2(q) = 0 forallv € H\(Q) (12)
(u—w)pq) <0 forallu € Uygy.

Therein, the PDE has to be understood in the weak sense.

Remark 5.8. As it has been emphasized in Remark 4.6, the Lagrange multiplier ¢ € H'(Q)* which
appears in the necessary optimality conditions provided in Theorem 5.7 cannot be decomposed into
a positive and a negative part which are still elements of H'(Q)* in general. This decomposition
trick, however, works for standard box constraints in L2(Q), see e. g. [Troltzsch, 2009, Theorem 2.29].
Clearly, if there exist multipliers p € H'(Q) and ¢, € H(Q)* which solve the system (10), then p
and & := § — ¢ solve the system (12).

Obviously, the situation is far more comfortable when U,q is defined w.l.o.g. only via a lower
obstacle. Combining ideas from the proofs of the above result, the validity of the upcoming
result is easily verified.

Corollary 5.9. Consider the optimal control problem (OC) in the absence of the upper bound u.
Let (3,@) € HY(Q) x H(Q) be feasible to (OC). Then, (3, i) is a minimizer of (OC) if and only if
there exist a function p € H(Q) and a multiplier o € H'(Q)* which solve the following system:
=V - (C(x)Vp(x)) + a(x)p(x) = J(x) - yalx) a.e. on Q
1 - (C(x)Vp(x)) + d(x)p(x)
<AL_{ - o, U>H1(Q) + <p, 'U)LZ(Q)
@20, (go,g— a>H1(Q) = 0.

0 a.e.onT
0 forallv € H(Q)

Therein, the PDE has to be understood in the weak sense.
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6 Numerical treatment

This section deals with the computational treatment of a sequence of the penalized surrogate
problems (OC(yx)). The optimality system in function spaces will be discretized and the resulting
nonlinear system will be solved by Newton’s method. A simple pathfollowing algorithm will
be used to implement the increasing of the penalty parameter. Finally, a number of numerical
experiments will be performed.

6.1 Discrete optimality system

For simplicity, let d = 0 be fixed in the boundary condition of the PDE. Then, the penalized
surrogate problem of interest is given by

2
% ”y - YdHiZ(Q) + % ”u”ip(g) + YTk HmaX{O;E - u}||L2(Q)

+y2—k||max{0;u —ﬁ}”iz(g) - 1;1151 13)
=V - (C(x)Vy(x)) + a(x)y(x) = u(x) a.e.on Q

n-(C(x)Vyx)) =0 a.e.onT.

The optimality conditions for (13) have been already derived in Proposition 4.5. Thus, in order
to solve the optimal control problem (13), the following system must be solved where yy is fixed:

V- (Cx)Vp(x)) + a(x)p(x) = () ~ya(x)  ae.onQ

n- (C(x)Vp(x)) = 0 a.e.onT

ykmax{O;u—u}—¢ =0 (14)
Yemax{0;a—u} -y =0
0

AU, V) oy + P =@+ ¥ 0) 12 = for all v € HY(Q).

By Proposition 4.5 this is not only a necessary but also a sufficient condition for a feasible point
(7, @) € HY(Q) x HY(Q) of the optimal control problem (13) to be a minimizer. Here, p € H(Q)
denotes the adjoint state, while ¢, € L?(Q) are artificial multipliers.

The next step is to discretize the KKT-system. Discretizing the infinite-dimensional optimality
conditions is referred to the "first-optimize-then-discretize approach" or "indirect method".
In preparation for that step, the system must be tranferred into its weak formulation. The
first and second lines of the optimality system (14) are still in a strong formulation of a PDE
with a Neumann (or second-type) boundary condition. After multiplying with test functions
v € V := HY(Q), integrating over Q, and applying Green’s formula, the boundary condition can
be eliminated and the weak formulation of the PDE is obtained. Replacing ¢ and ¢, respectively,
by their definitions, and together with the state equation, the following system of PDEs in weak
formulation is obtained:

<CVP, V'U)LZ(Q) + (ap, U>L2(Q) - <}_/ —Yd, U>LZ(Q) =0 forallve HI(Q),

A#, V) g + (p — Y max{0;u — @} + yx max{0; % — u}, U> =0 forallv e HY(Q),

L3(Q)
<CV)_), Vv)LZ(Q) + (aj/, U)LZ(Q) - <l/_l, U)LZ(Q) =0 forallve Hl(Q)
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Note that due to the appearence of the H!-pairing, the second equation is also a PDE for the
control. Note further that all remaining functions are from H'(Q), except the data functions u,
u, and C, a, as well as yq, which come from appropriate Lebesgue spaces in general. Later, this
fact makes it necessary to use two different types of finite element ansatz functions.

One advantage of the chosen "indirect method" is that one can use the linearity of the dual
pairings to split them into easier to handle "atomic" parts. For instance,

(V= ¥d: V) 2(0) = (P> V) 12) = (Vds V) 12(q) »
and from the second equation one obtains
A <L_l, U>H1(Q) = A <L_l, 'U>L2(Q) + /1 <Va, VU>L2(Q;Rd) .

The reader familiar with the finite element method immediately recognizes the basic integrals
appearing in the FEM. After discretizing Q by a suitable tessellation Qx, replacing the test space
H'(Q) by a finite dimensional subspace V}, and discretizing the functions u, y , p, u, U, and yq4
by suitable discrete approximations i, y, p, U, 4, and y4, one obtains the following discretized
optimality system:

~(K(C) + My(a))p + My(1)y — Mo1ya = 0
A(My(1) + K(Eq)) i — yiMor (max {0; 4 — Eypii})
+yr Mo (max {O;Eloﬁ - ﬁ}) +M(1)p=0 (15)
—(K(C) + Mi(a))y + Mi(1)ii = 0

Note that the stiffness matrices depend on the coefficient functions C and E4. Furthermore, the
discrete system contains three different mass matrices: Mj(a) is associated with the coefficient
function a, M;(1) comes from the dual pairing (vs, Wr) 2(q), Where v, Wy, € HY(Q), and the mass
matrix Mo; comes from the discretization of the dual pairing (up, vs)2(q), where v, € H(Q)
but u;, € L?(Q). Here, they will be calculated in the chosen finite element spaces £!(Q,) and
PO(Q,) (piecewise affine and pieceweise constant elements), respectively. The matrices My,
and E;, represent the relationship between the different elements evaluated at grid nodes and
barycenters of the elements in the mixed finite element systems.

The matrix Ej represents the mapping Eyg: P(Qa) — P°(Qa). It is the discrete analogue of
the formal embedding operator E: H'(Q) — L?(Q). Its use at this point results from practical
considerations: From the numerical point of view, it is much easier to bring the control from its
H'-representation into an L?-representation, and then to perform, for instance, the operation
Eqou — U. It is now a subtraction operation for vectors with the same length, and then easily
applied in the max-function. To the contrary, u(x) — u(x) should be performed pointwise on
every element on the tessellation of Q and then applied in the max-function pointwise. For an
introduction to the problem of projections w.r.t. piecewise constant and affine functions, the
paper Hinze [2005] may be a good start.

The detailed execution of a similar discretization strategy is described in [Deng et al., 2018,
Section 7.1].
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To perform the numerical experiments in the next section, the object oriented MATLAB class
library OOPDE, see Priifert [2015], is used. It provides tools to compute all matrices appearing
in the discrete optimality system in an easy way as well as methods implementing Newton’s
method to solve nonlinear systems of equations.

6.2 Algorithm and program

In the last section, the solution process for the optimality system (15) w.r.t. fixed parameter yx
was described. However, the choice of a suitable value for yi is not clear, and hence, a sequence
of problems must be considered, where yx — oo for k — co. To solve the problem numerically,
a simple path-following algorithm is used. The following pseudo-code Algorithm 1 describes
the discrete version of the algorithm, but this conceptual algorithm is also valid to solve the
problem in function spaces.

Algorithm 1 Conceptional algorithm

SO Let be {yx }ren a sequence with yp — oo as k — 0. Let a tolerance tol > 0 be given. Choose
U, arbitrarily. Compute y, as a solution of the discretized state equation with source .
Compute py as a solution of the discretized adjoint equation with source Ejyy, — yq4. Set
k=1

S1 Solve the discretized KKT-system (15) for fixed yx by (damped) Newton’s method with
starting point (Yy_1, tix_1, pr_1)- Let (Jx, ik, px) be the associated solution.

S2 If ||ty — tg—1]lm < tol, then accept uy as the discrete optimal control. Otherwise, set k = k +1
and go to S1.

It is worth mentioning that although the initial value #, for the discretized control can be
chosen arbitrarily, it is better to select it out of the feasible range u < 4 < u. For example, i
can be the mean of U and 1. Note that the norm |I-|l 5 in the stopping criterion can be every
vector norm. However, an adequate choice may be the Euclidean norm weighted by the mass
matrix M;(1), or weighted by K(E;) + M;(1), which can be seen as discrete counterparts of the
L?- and H'-norms, respectively.

Note further that in the absence of control constraints or in the case of a unilateral constraint,
one can set u = —oo and/or u = 0. In such cases, max {O;Eloz_i - ﬁ} and/or max {0@ - Eloﬁ},
respectively, are all-zero vectors. In the absence of both control constraints, the KKT-system
becomes linear. However, it can be still solved trivially by Newton’s method, and Newton’s
method will converge after one iteration. A path-following is not necessary in this case. However,
the program will detect such situations and act accordingly.

Note that the function s +— max{0;s} is not differentiable at s = 0, but such situations may
be rare in numerical computations. In the code, the definition

0 ifs<o0
0s max{0;s} := % ifs=0
1 ifs>0
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is used. Clearly, it can be seen as a single-valued selection of the subdifferential map associated
with the convex function s +— max{0;s}.
To overcome problems arising from the nonsmoothness of the max-function, the use of a

smoothed version of the max-function, see for instance Neitzel et al. [2011], could be taken into
account as well.

6.3 Numerical experiments

In this section, some numerical experiments for solving the optimal control problem are pre-
sented. Fix d = 2 and Q := (0,1)?. The maximal mesh width for the discretization of the domain
is chosen as h = 0.025. For simplicity, the coefficient functions C = E, and a = 1 are chosen to
be constants. The desired state yq € L?(Q) is given by

x1 8in(27x7) + 3 cos(27x7) + 2x, if x1 <
V(xl,xg) € Q: yd(xl,xz) = {

D= D=

x18in(27x1) + 3 cos(27xy) + 2x, — 2 if x1 >

Obviously, this function possesses discontinuities. However, since it is an L?-function, it can be
discretized by piecewise constant finite elements, see Figure 1.

desired state y d

Yq(Xy%))
o - n w & o

b oA

Figure 1: Nonsmooth, discontinuous desired state yq, discretized as an L-function by piecewise
constant basis functions.

The Tikhonov regularization parameter for the H'-norm of the control is fixed to A := 107°.
In Algorithm 1, the sequence {yx }ren of penalty parameters is initialized with y, = 0.01 and
Yk := 2yk—1 is given recursively for all k € N.

(1) In the first experiment, a problem without constraints for the control is considered, i.e.
u = —oo and u = oo. Since the penalty terms disappear, the equation system (15) becomes linear,

and after only one step, the solutions for control, state, and adjoint, depicted in Figure 2 are
obtained.
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adjoint state p
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Figure 2: Solutions with unconstrained control, u = —co and u = co.
(2) In the second experiment, the lower bound u = —2 and the upper bound u = 5 are added.

All other settings remain unchanged.

control u state y adjoint state p

Figure 3: Solutions with constrained control, u = -2 and u = 5.

The solutions in Figure 3 are demonstrative. Due to the small Tikhonov regularization
parameter for the control, the solution of the control is rather steep. As the parameter grows,
the solution of the control becomes smoother, compare with Figure 6.

(3) In the third experiment, only a lower bound for the control is given by u = 0, i.e.u = oo
is fixed. This means the control is restricted to be nonnegative. The other settings remain
unchanged. The obtained results are shown in Figure 4.

control u state y

adjoint state p

Figure 4: Solutions with nonnegative control, u = 0 and u = co.
(4) In the fourth experiment, only an upper bound for the control is given by u = 0, i.e. the

control is considered to be nonpositive. Particularly, u = —co is fixed. The other settings remain
unchanged further on. Figure 5 illustrates the obtained results.
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state y adjoint state p

Figure 5: Solutions with nonpositive control, u = —co and u = 0.

6.4 Perspectives of regularization

It is already known that the H!-regularization term ensures that there exists a unique optimal
solution for the optimal control problem (OC). Recall that the squared H!-norm of the control u
can be considered as the sum of the squared L?-norms of u and its derivative Vu. Let A, and
Adu be two different Tikhonov regularization parameters for the L?-norms for the control and
its derivative, respectively. The new penalized surrogate problem becomes

Au Adu
Uy = Yalleigy + 4 lull gy + 222 196l 0,
Y . 2 Y . — P :
+5 Hmax{O,g - u}”Lz(Q) + 7"” max{0;u — u}HLz(Q) — nyn;l 16)
=V - (C(x)Vy(x)) + a(x)y(x) = u(x) a.e.on Q

n - (C(x)Vy(x))

It already has been mentioned in Section 2 that a regularization term of the L?-norm w.r.t.
the derivative of the control is enough to guarantee the existence of a global minimizer of the
optimal control problem. This situation is covered by the model program (16) choosing A, = 0
and Aq, > 0. Figure 6 shows some results for control-constrained optimization where A, = 0
and Ag, = 107> are chosen.

0 ae.onl.

control u statey adjoint state p

Figure 6: Solutions with constrained control, u = -2 and u = 5, Tikhonov regularization
parameters A, = 0 and A4, = 10> for the squared L?-norm of u and Vu, respectively.

In order to clarify, which of these two L?-norms has more influence on the actual solutions,

additional experiments are implemented. First, setting A, = 107> and Ag,, = 107°, the resulting
solutions with unconstrained control are computed and illustrated in Figure 7.
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control u

state y adjoint state p

plx,x,)
=5 =

Aol R

Figure 7: Solutions with unconstrained control, u = —co and u = oo, Tikhonov regulariza-

tion parameters 1, = 107> and Aq, = 107° for the squared L?-norms of u and Vu,
respectively.

In comparison with Figure 2, the solutions hardly change. Next, changing the parameters to
Ay =107° and A4, = 1075, one obtains the solutions shown in Figure 8.

control u

state y adjoint state p

ux,x,)

plx, x,)

Figure 8: Solutions with unconstrained control u = —co and u = co, Tikhonov regularization pa-
rameters A, = 10® and A4, = 10~° for the squared L?-norms of u and Vu, respectively.

Obviously, the regularization parameter 14, associated with the norm of the control’s weak
gradient has more influence on getting solutions for the optimal control problem than A,,.
Particularly, the control with less slope is favoured to be chosen than others.
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