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We consider bilevel optimization problems which can be interpreted as
inverse optimal control problems. The lower-level problem is an optimal
control problem with a parametrized objective function. The upper-level
problem is used to identify the parameters of the lower-level problem. Our
main focus is the derivation of first-order necessary optimality conditions. We
prove C-stationarity of local solutions of the inverse optimal control problem
and give a counterexample to show that strong stationarity might be violated
at a local minimizer.
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1 INTRODUCTION

Nowadays, the optimal control of partial differential equations (PDEs) is well understood,
both theoretically and numerically. In the last decade, the interest in inverse optimal
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control problems emerged. That is, one wants to identify parameters in an optimal
control problem by measurements of the optimal control or state. We refer to Albrecht,
Leibold, Ulbrich, 2012; Albrecht, Ulbrich, 2017; Mombaur, Truong, Laumond, 2010;
Hatz, Schloder, Bock, 2012 for inverse optimal control problems with ordinary differential
equations (ODEs). In these contributions, the first step is the discretization of the
inverse optimal control problem. Afterwards, the resulting finite-dimensional problem is
analyzed.

In our work, we consider the inverse optimal control problem governed by a linear elliptic
partial differential equation. For a finite number of parameters a = (o;)?_; we consider
the parametrized optimal control problem

n

. a0, o

min g 1 a; fi(y,u) + ?HUHL?(Q)
i

s.t. —Ay=u in H}(Q), (P(a))
y € Hy(Q),
u € Uyg C L2(Q).

For the precise assumptions on the data of (P(«)), we refer to Assumption 2.1 below.
We just mention that a; > 0, ag > 0, and that the functions f; are assumed to be jointly
convex in (y,u). Therefore, problem (P(«)) has a unique solution for all choices of the
parameter vector a.

Given a measured state yg € L?(Q), we consider the inverse optimal control problem

1 2
e 5”?/ - dep(Q)

a’y?“

s.t. (y,u) solves (P()), (IOP)

n
a > 0 and Zaizl.
i=1

That is, we try to find the parameter vector o which reproduces the measurement 1y
as good as possible. Since the solution mapping of (P(«)) is a constraint in (IOP), this
problem becomes a bilevel optimal control problem. As already mentioned, the pair (y, u)
is uniquely determined by «. Hence, we do not have to distinguish between pessimistic
and optimistic formulations of the bilevel problem (IOP), see Dempe, 2002, Section 5.1.
Nevertheless, the mapping from « to the solution (y,u) of (P(«)) is, in general, not
differentiable. Thus, we cannot employ standard methods for the analysis of (IOP).

One possibility for the derivation of optimality conditions for (IOP) is to replace (P(«))
by its (necessary and sufficient) optimality conditions. The resulting problem is similar
to a mathematical program with complementarity constraints (MPCCs) in an infinite-
dimensional space. This class of problems has recently been studied in Wachsmuth,
2015; Mehlitz, Wachsmuth, 2016. However, the constraint qualifications derived in these
papers are not applicable for reformulations of (IOP).
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The main goal of our work is the derivation of necessary optimality conditions for problem
(IOP). As already mentioned, this is not possible by standard methods. We are going
to penalize the control constraints in the optimal control problem (P(«)). Consequently,
the solution map becomes differentiable and we can derive optimality conditions for
the regularized version of (IOP) by an adjoint calculus. Passing to the limit in these
optimality systems, we arrive at an optimality system for the original problem.

The structure of our paper is as follows. In Section 2, we discuss assumptions and
basic properties of the lower-level problem and investigate properties of the solution map
a +— u of the lower-level problem. In Section 3, we turn our attention to the upper-
level problem. We prove strong stationarity in the unconstrained case U,q = L?(Q) and
define the stationarity systems for (IOP). Additionally, we provide a counterexample
in Section 3.2 which shows that strong stationarity may not hold in the general case.
Finally, Section 4 is dedicated to proving C-stationarity for a local minimizer of (IOP).

2 LOWER-LEVEL PROBLEM

In this section, we discuss properties of the lower-level problem (P(«)). First, we intro-
duce the precise assumptions on the data of (P(«)).

Assumption 2.1.

1. The vector of parameters o« = (o;)!"_; satisfies 0 < a; < 2 for each ¢ = 1,...n,
whereas «y is a fixed positive constant.

2. The set Q C R? is open and bounded, and 1 < d < 3.

3. The set of admissible controls U,q satisfies
Und = {u € L*(Q) | uqg < u < up ae. in Q}, (2.1)
where u, :  — [—00,00) and u, : Q — (—o00, 00| are measurable with u, < uy a.e.

in . Moreover, there exists ug € Uyq N L™>(Q).
4. The functions f; : L>(Q2) x L*(Q) — R are given by

fily,u) = /Q b1 y(), u(x)) da,

where ¢; : 2 xR xR are Carathéodory functions for alli = 1,...,n (i.e., ¢(x,-,-) is
continuous for a.a. x € Q and ¢(-,y,u) is measurable for all (y, u) € R?). Moreover,
¢i(x,-,-) is assumed to be C? and convex for a.a. x € (.

5. We have ¢;(+,0,0) € LY(Q). Finally, for every M > 0, there exist constants
Cu, Coar > 0, yar € LY(Q), pas € LP(), p > 1 and p > d/2, such that

[Dudi(z, y,u)| < Cm (2.2a)
|Dyydi(x,y,u)| + |Dyutdi(x, y, w)| + | Duudi(z, y,u)| < Cum (2.2b)
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hold for a.a. z € 2 and all y,u € R with |y|, |u| < M and such that

|6i(z, y, w)| < Yar(x) + Cas |uf? (2.2¢)
|Dydi(x,y,u)| < par(2) + Cor fuf? (2.2d)

holds for a.a. z € Q and all y,u € R with |y| < M.

For the upper bound on a we remark that by scaling o and ag appropriately, the problem
can be equivalently reformulated for arbitrary upper bounds on a.

Further, we mention that the admissible set U,q might not be bounded neither in L?(Q)
nor in L*°(€2). Since we will consider a version of (P(«)) in which the control constraints
are penalized in Section 4, we need to allow this generality. Together with the mild
requirements on the functions ¢;, we cannot use the standard theory from, e.g., Tréltzsch,
2010, to infer existence and regularity of an optimal control.

Existence of controls will be ensured by the regularization term. We provide a pointwise
optimality condition and this can be used to check that the optimal controls are uniformly
bounded in L*>(£2). Next, we verify that the mapping from « to u is Lipschitz continuous
into L>°(Q2). This Lipschitz continuity allows us to apply a differentiability result to the
mapping o — u.

For convenience, we will use
1 2 L oo
ol w) = 5 lll3agay. do(a,y,u) = 3 ful”

It is clear that fj satisfies Assumption 2.1.

2.1 EXISTENCE AND REGULARITY OF OPTIMAL CONTROLS

Our first goal is to prove existence of an optimal control. This is not immediate, since
the admissible set U,q may not be bounded in L?(f). Since the PDE is linear and the
objective is assumed to be strictly convex, the optimal control is automatically unique.

As an auxiliary result, we check that the functions f; are well defined in Lebesgue spaces.

Lemma 2.2. For all i = 1,...,n, the function f; maps L>(Q) x L?(Q) to R and is
continuous in these spaces.

Proof. For every y € L°°(Q) and u € L?(2) we have |y| < M for some M > 0 and (2.2¢c)
implies

| fi(y, u)l S/Q\qbi(x,y(x),u(:c)ﬂdx

< /Q a1 (@) + Ot [u(@) 2 da < [arll sy + O ulZaqy < oo.
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To prove the continuity of f;, let v, — v in L>(Q) and up — u in L3(2). W.lLo.g.
(otherwise, pick a subsequence and use uniqueness of the limit f(y,u)), we assume that
Jur — ull L2y < 27% and wuy, — u pointwise a.e. in Q. In particular, this yields

Gi(; yr (), u(2)) = di(z, y(x), u(z))

for a.a. x € ). We define

o
= [u] + > |ugp —u| € L*(Q).
k=1

This yields |ug| < |u| a.e. in Q. Again, there exists M > 0 with |yx| < M for all k.
Hence,

|6i (2, (), u(@))| < yar(@) + Cor fu(a)]?
and the right-hand side is integrable. The dominated convergence theorem implies
filyr, ur) = fiy,w).

Let us denote by G = (=A)~!: L2(Q) — H}(2) the solution operator associated to the
PDE in (P(«)). Then, the classical result Stampacchia, 1960-1961, Théoréme 1 implies
the existence of C' > 0 with [|Gul| e (q) < Cllul|p2(q)-

For the moment, the coefficient vector o will be fixed and we abbreviate
f(yvu) ::Zai fi(yau)v ¢($,y7u) ::Zai ¢i(x7y?u)'
=0 1=0

Now, we are in position to check the solvability of (P(«)).

Theorem 2.3. For all « satisfying Assumption 2.1 1, there exists a unique global mini-
mizer (7,4) € L=(Q) x L?(Q) of (P(a)). Moreover,

_ 2
4l 20y < llwollp2(o) + a (I1Dy.f (yo, o)l 10 1G | 2(p2(), 120 (92)) + 1Dwf (W0, w0) | £2(02))

(2.3)
where 1y := Guyg.

Proof. If we consider f; as a function from L*°(Q)? to R, assumption (2.2) ensures that
fi is Gateaux differentiable by using standard arguments (pointwise convergence of the
difference quotient associated to ¢; and the dominated convergence theorem).

Note that the partial derivatives of f; are given by

Dy fi(yo,u0) = Dyi(-, yo,up) € L'(R),
Dufi(yOaUO) = Duqbi('ay()auo) € LOO(Q)
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Together with the convexity of f; and ug € Uyg N L*°(Q), we find

fity,u) > fi(yo,uo) + Dy fi(yo, uo) (¥ — vo) + Dufi(yo, uo) (v — up) Vy,u € L™=(Q),

where yo = Gug. Using Lemma 2.2, this inequality even holds for all v € L%(€2). More-
over, for fy we even have

1 1 1
B ||U||%2(Q) =3 HUOH%?(Q) + (o, u — uo)2(0) + B |u— UOH%Z(Q)‘
Hence,
Qg
F(y,w) = f(yo, uo) + Dy.f(yo, uo) (y = o) + Duf (o, uo) (u = uo) + =~ [lu — uol[72 ()

for all y € L>°(Q) and u € L*(2). This inequality implies that minimizing sequences for
(P(a)) are bounded in L>(Q) x L?(2). Now, we can proceed as usual using that f is
weakly lower semicontinuous and U,q is weakly closed.

Inequality (2.3) follows from the above estimate with y = ¢, u = u and using f(yo, uo) >

[y, u).

Note that the solution operator G = (—A)~! maps even L3/%*¢(Q) continuously to
L>(Q) for all € > 0, see Stampacchia, 1960-1961, Théoréme 1. Hence, the adjoint
G* maps (L>®(2))* to L37¢(Q) for all ¢ € (0,2]. In particular, G*r € L37¢(Q) for
r € LY(Q) and ¢ € (0,2]. Now, we are in position to provide optimality conditions for
(P(«)). However, our assumptions on D, ¢; are too weak to conclude any regularity of
D, ¢i(+,y,u) at this point. Hence, we write down the optimality conditions in a pointwise
sense. After we have established more regularity of u, a global variational inequality is
given in Corollary 2.8.

Theorem 2.4. Let (7,) € L™(Q) x L2(Q) be the solution of (P(a)). We define
p:=G"Dy¢(,9,u) = G*éai Dyi(-, y,u). (2.4)
Then, p € L3~(Q) for all € € (0,2] and
(ﬁ(ﬂv) + éa Duti(w, §(x), ﬂ(aj))) (w—a(@) >0  Vue [ua(@),u(z)], (2.5)

holds for a.a. z € Q.

Proof. We fix M > ||§||pe(q) and choose h € L>(Q) with h = 0 on {|u] > M} and
U+ h € Uyq. We set yp, := Gh.
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For t € (0,1) we have

B t {lul<M} t
‘l‘/ ¢(ay+tyhvu) - QS(,y,U) dx
{lul>M} t

The differentiability of ¢ implies the pointwise convergence of the integrands as t N\, 0.
Assumptions (2.2a) and (2.2d) yield an integrable upper bound. Thus, the dominated
convergence theorem gives

0 <t LTty T D) — (5
t\0 t

/quzs 52) Y + Dud(- 7, 0) h e

Since (2.2d) implies Dy¢(-,§,u) € L'(f2), the first addend under the integral can be
written as

Q I

, 1), Gh) 1), 1 (Q

AD9¢('7y7u) Yn dx = <Dy¢(

= <G*Dy¢('7 Y, ﬂ)a h>L3/2*5(Q)7L3+5(Q)

where € > 0 is arbitrary and e given implicitly by the requirement that both exponents
are conjugate. Thus,

‘/@+Dmmamﬂmxz&
Q

Now, the pointwise variational inequality can be derived by the usual arguments.

The next goal is to prove u € L*(€2) and to provide uniform bounds for ||| e (q). Since
U,q might not be bounded in L (), this is not obvious. We are going to use a bootstrap
argument to increase the regularity of u. In fact, the regularity of @ implies regularity of
p via adjoint equation (2.4) and, conversely, regularity of p gives regularity of @ via the
pointwise variational inequality (2.5). This is covered in the following two lemmas.

Lemma 2.5. Let (7,7) € L>®(2) x L?(2) be the solution of (P(a)) and denote by p
the adjoint state given by (2.4). We further assume that u € L*(Q) for some s € [2, o0].
Then, p € L"(Q) for all r € [2, 00| satisfying 1/r > 2/s —2/d and

12l 2r0) < C (lalZs) +1). (2.6)

Here, the constant C depends on €2, n, the exponents r, s and on ,u,M,CA*M from (2.2d)
with M = [|g][ ()
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Proof. We first provide an estimate for the right-hand side of the adjoint equation (2.4).
By using (2.2d) with M = [|7|| o (q), we find

| Dysi(, 5(x), w(x))] < par(2) + Co la(z)|®
for a.a. x € Q. Hence, with ¢ := min(p, s/2) > 1 we have

1Dyi(- 5 @)l ey < lliaallzee) + Cur 1@y < Cse (lall o) + Ot llalZs(q))s

where the constant C,; only depends on the exponents s,t and on the measure of 2.
Consequently, by using Y " ; a; < 2n, we infer

HZ (07} Dy¢z(7?j,a)‘ LHQ)
=1

Let us check that 1/r > 1/t —2/d. If t = s/2, this is the assumption. Otherwise, we
have t = p > d/2, thus 1/t —2/d < 0 < 1/r. Thus, we can invoke the regularity result
Stampacchia, 1960-1961, Théoréme 1 (and a duality argument) to obtain p € L"(Q2) with

]iai Dyi(-, 5. 0)
i=1

< s 2n (|l pog) + Cur s ()

~

5]l () < Cra < Cri Cop 20 (||t |l o) +Cu HUHLS(Q ),

LiQ)

where CA'M depends only on the exponents r,¢ and on ).

Lemma 2.6. Let (7,u) € L°(Q) x L?(2) be the solution of (P(c)) and denote by p
the adjoint state given by (2.4). We further assume that p € L"(€2) for some r € [0, 0o].
Then, u € L"(Q2) with

1 1
U r < r —I|lD r — Uy r . 2
llall Q) = l|luoll @ Tt aOHpHL @ + aoHDuf(y,uo)HL Q) (2.7)

Proof. We use the monotonicity of Dy¢;(x,y,-) to obtain

ap (uo(z) — u(x))* < [Dug(@, §(x), uo(x)) — Dud(@, §(x), ()] (uo() — ().

Now, we use (2.5) with u = ug(z) and obtain

ao (uo(x) — u(x))® < [p(z) + Dud(, §(x), uo(2))] (uo(z) — u(z)).

Now, (2.7) follows from division by ug(z) — u(x) and taking norms.

It remains to apply these two lemmas alternatingly to obtain the desired regularity of «.
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Theorem 2.7. Let (7,u) € L>(Q) x L%(Q) be the solution of (P(a)). Then,
@]l ooy < C, (2.8)

where C' only depends on the following quantities: Q, n, [Dyf(Guo,uo)llr1 ()

1D f (Guo, wo)ll L2(ays #ars Cr from (2.2d) with M > |[g]| < (@), [|Duf (§; w0) || oo () In
particular,

N := sup{|lufl o) + [9ll= (@ | (3.u) solves (P(a), a € [0,2)"} <oo.  (29)

Proof. From (2.3) we get ||u| 12(q) < C. Now, we apply Lemmas 2.5 and 2.6 thrice. The
first application of Lemma 2.5 proves p € L%/2(Q) since 2/5 > 2/2 — 2/d. Lemma 2.6
gives @ € L5/2(Q). Then, p,u € L7(Q) since 1/7 > 4/5 — 2/d. A last application of the
lemmas yields p,u € L*(Q) since 0 = 1/00 > 2/7 — 2/d.

The final constant in (2.8) depends on all quantities in (2.3), (2.6) and (2.7). This
yields the list of dependencies in the assertion. We emphasize that M can be chosen
independent of @ or gy, because as a consequence of (2.3) we obtain a uniform bound on
171l oo (02)-

As a corollary, we give a global variant of the pointwise VI (2.5).

Corollary 2.8. Let (7,4) € L>(2) x L?(2) be given and denote by p the adjoint state,
given by (2.4). Then, (g, u) is the solution of (P(«)) if and only if u € L*°(2) and

(ﬁ ;Oﬁ Du¢i('>?jaﬂ)7 u— ,L_L)LQ(Q) >0 Vu € Uyg. (210)

Proof. If the tuple is optimal, then @ € L*°(£2) by Theorem 2.7. By the boundedness
of (y,), the functions Dy (-, §,u) belong to L>°(2). The claim now follows from
integrating (2.5).

The converse direction follows from convexity arguments and g > 0.

2.2 LIPSCHITZ DEPENDENCE ON THE PARAMETERS «
In this subsection our goal is to show that the solution operator
S :[0,1]" — L™(Q), a—u, (y,u)solves (P(«)) (2.11)

is Lipschitz continuous. Note that the solution u is in L>°(€2) due to Theorem 2.7. Such
a Lipschitz estimate has previously been shown in Unger, 1997; Troltzsch, 2000. Since
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these references dealt with a slightly different setting, we cannot directly apply their
results.

We start with showing the Lipschitzian dependence on « for the L?(€)-norm and will
later show the same for the L*°(£2) norm.

Lemma 2.9. There exists a constant C' > 0 such that for all a!, a? € [0, 2] we have
|ur — uallp2() < Clat — a?|, (2.12)

where (y1,u1) is a solution of (P(a')) and (y2,us) is a solution of (P(a?)). Here, ||
denotes the ¢'-norm on R”. That is, the solution mapping S : [0,2]" — L2(Q) is
(globally) Lipschitz continuous.

Proof. Let j € {1,2}. Due to the term %Hu”%z(m in (P(«)) it can be shown that the
quadratic growth condition

n n

. . ao
> "ol fily,u) = > ol filys,ug) > 7HU—’%‘H%2(Q)
=0 1=0

holds for all feasible (y,u). Adding the inequalities for the cases j = 1,2 with the choice
(yau) = (y37j7u3fj) yields

aollur = uz)|Faiq) < Y (af — af)(filyz, u2) — filyr,w))
1=0

<la' —a? max |fi(ya,u2) — filyr,u1)l.
1€{0 }

goeny

Now we can use Theorem 2.7 and our assumptions (2.2a), (2.2d) with M = M from
(2.9). Therefore, we have

| fi(yz, u2) — filyr,u2)| < llyn = v2llzee(oyllear + Corluzl? 1) < Cllur — usll 120

and
| fiyr, uz) — fiyr,u1)| < meas(Q)/2Ciylluz — url| r2(q).-

If we combine this with the inequality above we have
aollur — uzl72(g) < Cla! — o?||lur —
ollur — uzllf2(q) < Clow — a”|[lur — vl 12

and dividing by [[u1 — u2l|12(q) completes the proof.

Now, we can use similar arguments as in the previous section in order to obtain the
Lipschitz stability in L>°(£2).

10
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Lemma 2.10. For j = 1,2 let (y;,u;) be a solution of (P(a’)) and p; be defined like in
(2.4). Furthermore, let s,r € [2,00] be exponents that satisfy 1/r > 1/s —2/d. Then we
have

Ip1 = p2llr(o) < Cllur — ugl sy + o' — ?)).

for a constant C' > 0 which does not depend on a', o2

Proof. We start with

Ip = pallurie = | & (@ Dyi ) = 07Dy o, )|

=1 Lr@)
<C max o Dygs(-,y1,u1) — o Dydi(-, y2, u2)|| 150
1€{1,...,n}

where we used our conditions for r, s and the regularity of G* that result from Stampac-
chia, 1960-1961, Théoréme 1, cf. the proof of Lemma 2.5.

Because y;, u; are bounded in L*(2) according to Theorem 2.7, we know by (2.2b) that
Dy@-(xA, -,+) is Lipschitz continuous for a.a. x € Q with Lipschitz constant Cys, where
M = M from (2.9). This yields

o} Dyi (-, y1,u1) — @F Dyhi(-, y2, u2)[| 1o o)
< ot = a®[[[Dy¢i(- y1, w) | gy + Cula®|(lyr = ol Lo + lur — uallLs (@)
< O(lat = a®| + [lur — w2 Ls(@)

which completes the proof.

Lemma 2.11. For j = 1,2 let (y;,u;) be a solution of (P(a’)) and p; be defined like in
(2.4). Then for r € [2,00] we have

Jur — uz|l ey < Cllp1 — p2llr) + o' = & + ly1 — v2ll - ()

for a constant C' > 0.

Proof. By using the monotonicity of D,¢;(z,y, ) and applying (2.5) twice we obtain
n
aolur — ugl® < ol (Dudi(-,y1,u1) — Dugi(- y1, ug)) (ur — ug)
i=0
n
< (—pl — >/ Dudi(, yl,u2)> (u1 — us2)
i=0

n n
< (pQ —p1+ Y afDugi(-, ya, ua) — ZO‘%Dud)i('ayl»uZ))(ul — ug).
1=0

=0 i=

11
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This yields the estimate
n
aollur — u2llr o) < llp1 — p2llzr @) + ZHafDutﬁi(',y%W) — aj Dudi (-, y1,u2) | 1o () -
i=1

Now let M > 0 be such that M > |u;|, M > |y;|,j =1,2 and let i € {1,...,n} be given.
Using the triangle inequality for the last term, we have

|02 Dyoi(-, Y2, u2) — @ Dyi(,y1,u2)| < o — af|Car + & lyr — y2|Cur

where we used (2.2a) and |Dy,¢i(x,y2,u2)| < Cpr. Combined with the estimate above
this completes the proof.

Using these two lemmas, we obtain the Lipschitz stability in L>°((Q).

Theorem 2.12. The solution operator S : [0,2]" — L>(Q) given by (2.11) is (globally)
Lipschitz continuous.

Proof. We proceed similarly to the proof of Theorem 2.7. By Lemma 2.9 we have local
Lipschitz continuity with respect to the L?(Q) norm. Then, we can apply Lemmas 2.10
and 2.11 twice to repeatedly prove Lipschitz continuity of the maps o+ p and a — u
for the norms L°(Q), L>(12), respectively.

2.3 DIRECTIONAL DIFFERENTIABILITY OF THE SOLUTION OPERATOR

Our next goal is to provide the directional differentiability of the solution operator S of
(2.11). Traditionally, this is established by first proving the directional differentiability of
an auxiliary, linearized problem and then applying Donchev’s implicit function theorem.
We refer exemplarily to Malanowski, 2002 for this approach. We are going to apply the
differentiability results of Christof, Wachsmuth, 2017, Theorem 2.13.

In a first step, we characterize the solution of (2.11) by a variational inequality. Therefore,
let a® € [0, 1] be fixed and we define g := S(a’). Then, there is a constant C' > 0, such
that the solutions of (2.11) are bounded by C in L*>(Q) for all « € [0,2]". We define

UG =Uug N{ueL®Q) | -C-1<u<C+1}
and the mapping A : R" x L?(Q) — L?(Q) via

A, u) = {G Yo @i Dy (Gu,u) + Y07 g aiDydi(Gu,u)  if u e Uy,

0 else.
Then for a € [0,2]", it is clear from Corollary 2.8 that u, = S(«) if and only if

Uo € UG and  (A(a,uq), u—ug) >0 Yu € US,. (2.13)

12
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Moreover, the solution operator S is Lipschitz continuous from [0, 2]™ to L>°(2). Further,
A R™ x L®(Q) — L?(Q) is Fréchet differentiable in an R™ x L>°(Q2) neighborhood of
(o 1p) and we denote the partial derivatives in (a ig) by Aq = DaA(a®, ) and
A, = DuA(ozo, ao).

Theorem 2.13. With the notation given above, the solution map S : [0,2]" — L?*(Q)
is directionally differentiable in a® € [0,1]" for all feasible directions 3 € 7'[072}11(040) and
the directional derivative h = S’(a’; 3) is given by the unique solution of the VI

h € Cu,, (g, A(a®, 1)) and (AaB+ Ayh, v—h) >0 Vv € Cy,,(tio, A(®, up)).
(2.14)
Here,

Cu,a (0, A(a®, %0)) = T (o) N A(a”, o)+

denotes the critical cone and Tjg g (@), T, (o) are tangent cones in the sense of convex
analysis.

Proof. In order to apply Christof, Wachsmuth, 2017, Theorem 2.13 under its condition
(ii) with the setting X =Y = L*(Q) and j = 6Ua% (indicator function of U in the sense
of convex analysis), we have to check the following facts:

e Point (i) in Christof, Wachsmuth, 2017, Assumption 2.2 is void since we only
consider directional differentiability. The Lipschitz estimate in point (ii) follows
from Theorem 2.12. Finally, the differentiability assumption (iii) follows from the
Lipschitz continuity of S in L°°(2) and the Fréchet differentiability of A w.r.t.
L>(Q).

e Since the set UJ is polyhedric in L%((2), the function j = (5Ucd is strongly twice
epi-differentiable in 7y w.r.t. —A(a?, @) due to Christof, Wachsmuth, 2017, Corol-
lary 3.3. Moreover, the second subderivative of j in @9 w.r.t. —A(a®, ) is
given by the indicator function of CU-cd (19, A(a®,0)) and this set coincides with
CUad(ﬂo,A(OzO,ﬂo)) since ||ﬂ0HLoo(Q) <.

e One can check that (v, A,v) > ap HU”%Q(Q)' This implies the weak lower semicon-
tinuity of v — (v, A,v) and that (2.14) admits at most one solution.

The application of Christof, Wachsmuth, 2017, Theorem 2.13 yields the claim.

Due to the Lipschitz continuity of S : [0,2]" — L*°(2) one even has the convergence of

S(a® +tB) - S(a?)
t

to S’(a’; B) strongly in all LP(Q), p € [1,00) and weak-x in L>(Q).

We remark that due to the fact that S is Lipschitz continuous, we even have Hadamard
directional differentiability for S.

13
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3 UPPER-LEVEL PROBLEM

In this section we discuss some basic properties of the upper-level problem (IOP). Let
us introduce the reduced objective function

1
v 02" =R, am [GS(0) —yallixg)

and the feasible set
K= {a e R"

0 < a and Zaizl}.
i=1

Now, the upper-level problem (IOP) is equivalent to the minimization of ¢ over K. We
remark that the results in this section also hold true for arbitrary compact and convex
K C [0,1]™. We collect some results that follow directly from the results in Section 2.

Corollary 3.1.
1. The reduced objective function ¥ is globally Lipschitz continuous.

2. For every a € [0,2]" and a feasible direction 3 € T gn(c) the reduced objective
function 7 is directionally differentiable. The directional derivative is given by

V' (a; B) = (G S(a) —ya, GS'(a; 8)) 20

3. The upper-level problem (IOP) has a solution.
4. Let (y,u,a) be a local solution of (IOP). Then, the primal optimality condition

(@ B) >0  VBeE Tk(a) (3.1)

holds, where Tk (@) is the tangent cone to K at a.

In case that the lower-level problem is unconstrained, i.e., Uyq = L?(2), the directional
derivatives S'(c,-) and ¢'(«,-) are even linear. This is caused by the fact that the
critical cone in (2.14) is the entire space L?(2). Now, we utilize this linearity in order
to transform (3.1) into an optimality condition involving multipliers. To this end, we
introduce the objective of the lower-level problem in dependence of all parameters of the
upper-level problem

" (6%
F(o,y,u Zaz fz Yy, u Zai fi(y,u) + ?0 HUH%Q(Q) (3-2)
=1

Theorem 3.2. Consider the unconstrained case U,q = L?(Q2) and let (&, i, %) be a local
solution of (IOP). Then, there are functions (fi, 7, p) € H(Q) x L*(Q) x HL(2) such

14
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that
DyyF(-) Dy, F() —A f Y—Yd
DuyF() DuuF() -1 v = 0 (3.3&)
—A -1 0 p 0
_DayF(.>ll] - l)oz.uF’(')l7 S _NK @)' (33b)

(
Here, (-) is an abbreviation for the argument (&, 7, %) and N (&) is the normal cone of
K at a (in the sense of convex analysis).

Proof. For given 8 € Tk(a), we set ou := S'(a;3). Using that the critical cone in
(2.14) becomes L%(Q), a short calculation shows that du together with some functions
Sy, 0p € H () solves

Dy, F(-) Dy, F(-) —A\ [dy —DyoF(1)B
DuyF() DuuF() -1 u = _DuaF(‘)B
-4 -1 0 op 0

Now, Corollary 3.1 implies

0 <9'(a; B) = (I — va, 0Y)12()-

Using the convexity of the function F' w.r.t. y and u, and the coercivity w.r.t. u, it can
be shown that the operator on the left-hand side of (3.3a) is continuously invertible. By
defining (@, 7, p) via (3.3a), we find

0 < (¥ = Ya> 09)r2(2) = (— Doy F ()it = DauF ()7, B) g

Now, (3.3b) follows from the definition of the normal cone.

We remark that the obtained stationarity system is the system of strong stationarity, see
Definition 3.3.

3.1 FORMAL DERIVATION OF STATIONARITY SYSTEMS

In this subsection we want to describe some stationarity systems for (IOP) that arise
from a formal calculation. These will be similar to stationarity conditions for MPCCs in
finite dimensions. For stationarity concepts in infinite dimensions, we refer to Mehlitz,
2017, Section 3.1.

Due to Corollary 2.8, we rewrite the bilevel optimization problem (IOP) into the equiv-

15
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alent infinite-dimensional MPCC

ocﬁlig,x %Hy = vali2(@) (3.4a)
s.t. —Ap — DyF(a,y,u) =0, (3.4b)
p+ DyF (o, y,u) + A =0, (3.4c)

—u— Ay =0, (3.4d)

(u, A) € gph Ny, 4, (3.4¢)

a€ K. (3.4f)

Here,
gph Ny, = {(u,\) € L*(Q)? | u € Uaa, A € Ny (u)}

is the graph of the normal cone mapping to the admissible set U,q. We recall that the
condition (3.4e) is equivalent to the pointwise a.e. conditions

0<wup—ul AT >0, 0<u—ug LA >0 (3.5)
Here, AT, A~ are the positive and the negative part of A, i.e., AT = max(),0) and
A7 = max(—A\,0).

We note that due to Corollary 2.8, (3.4b)—(3.4e) are a characterization of a solution (y, u)
of the lower-level problem.

The Lagrange function of (3.4) is given by

. 1
[’(a7y)u7 )‘)p’ v, v, p,Z,'}/) = 5”?/ - de%Q(Q) + (U, Z)LQ(Q) + (V7 )\)LQ(Q) + (O[, ’Y)]R"

+ (=Ap — DyF(a, y,u), 1) L1(0)x L= (Q)
+ (p+ DuF (o, y,u) + A, D) r200) + (u+ Ay, p)r2(q)-

Setting the partial derivatives DL, DyL, D, L, DL, D, L to zero yields

v+1v=0,
Yy —ya— DyyFlo,y,u)p+ Dy Fa,y,u)p + Ap = 0,
2 = DuyF (o, y,u)pp+ D F (0, y, )0 + p =0,
—Ap+v=0,
—DoyF(a,y,u)pt + Doy F (o, y,u)v + v = 0.
As usual, we also have the condition v € N () for the multiplier v of the constraint

a € K. Similarly, we get a condition for the multipliers (z,v). However, since gph Ny,
is not convex, this condition has the form

(z,v) ENEL INORCRY (3.6)

for an unspecified normal cone N'* to the nonconvex set gph Ny, . Let us given some ex-
amples for these normal cones to gph My . Since this nonconvex set consists of pointwise
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constraints in L%(Q)2, we can apply the results of Mehlitz, Wachsmuth, 2017, Section 5
to characterize the various normal cones to gph Ny, ,. Using the Clarke normal cone
instead of A’ yields the conditions

z=0a.e. on {u, <u<u},
v =0 a.e. on {\ # 0},

that correspond to weak stationarity. Moreover, in this situation, the limiting normal
cone to gph Ny, , coincides with the Clarke normal cone. Using the Fréchet normal cone
instead of N results in the additional sign conditions

v>0, z<0a.e on{A=0}N{u=u.},
v<0, z>0a.e on{A=0}N{u=up}.

These sign conditions will appear in the system of strong stationarity. Note that these
stationarity conditions are pointwise versions of the stationarity concepts with the same
name in the theory of MPCCs in finite dimensions.

We will summarize the above formal stationarity conditions in the following definition.
As a slight simplification, we will avoid the variables  and + by simple substitution and
we will add the intermediate stationarity concepts C- and M-stationarity between strong
and weak stationarity that correspond to their finite-dimensional analogues.

Definition 3.3. A point (&, 7,u) € R"

x H}(Q) x L%() is called weakly stationary if
there exist functions p, p, i € H}(Q) and 7, A,

z € L?(Q) such that

—Ap—DyF(-) =0, (3.7a)
p+D,F()+X=0, (3.7b)
—Ay = a, (3.7¢)
U € Uy, A€ ./\/Uad(ﬂ), (3.7d)
ae K, (3.7¢)

Dy F() Dy F(-) —A N) Y—Yd
DyyF(-) Du,F() —I vl = z , (3.71)

“A ", 0o/ \p 0

Doy F(-)fi + DaulF ()7 € Nic(@), (3.7¢)
v =0a.e. on {\ # 0}, (3.7h)
z=_0ae. on{u, <u<up}. (3.71)

Again, we use (-) as an abbreviation for (@, y,u). We call the point (&, g, w) C-stationary,
if it is weakly stationary and the multipliers 7, Z satisfy

vz < 0a.e. on (. (3.8)

17




Optimality conditions for inverse optimal control Harder, Wachsmuth

For M-stationarity of (&, y,u) we require

Yae. on {A =0} N{u = u,}

Yae. on {A=0}N{a=uy} (3.9)

in addition to the conditions for weak stationarity. Finally, we call the point (&, 7, u)
strongly stationary if it is weakly stationary and the multipliers 7, Z satisfy the conditions

a.e. on {\ =0} N{u=uy}

a.e.on {\=0}N{a=u}. (3.10)

W
IV IA
o o

Note that all stationarity concepts coincide in the case that the biactive sets {\ =
0} N{& = ug} and {\ =0} N {& = up} have measure zero. This is in particular the case
in the setting of Theorem 3.2. More general, one can prove strong stationarity similar to
Theorem 3.2 when the biactive set has measure zero, because the directional derivative
Y'(a; B) is linear in (3 in this case. We note that strong stationarity in this case is also a
trivial consequence of Theorem 4.8.

We observe that every feasible point (y,u) of (IOP) where the inactive set has measure
zero (i.e., 4 = u, or 4 = up a.e. in §2) is an M-stationary point. This can be seen by
setting p = 0,7 =0, p = G(y — yq), Z = —p in Definition 3.3.

3.2 COUNTEREXAMPLE TO STRONG STATIONARITY

We give a counterexample showing that a local minimizer does not need to fulfill the
system of strong stationarity.

Example 3.4. Let n = 2, oy = %0, Q= (-1,1) ¢ RY, fi(y,u) = |y + 1]\%2(9),
fa(y,u) = |y - 1“%2(9)7 ug = 0, up = 00, and yg = X(-1,0) — X(0,1)- Then, the point
a = (%, %) is a global minimizer of the bilevel optimal control problem, but it is not a

strongly stationary point.

Proof. First, we show that & is indeed a solution of the upper-level problem. Note that for
@ the solution of the lower-level problem is given by (7, %) = (0,0). For arbitrary o € K
it follows from the symmetry and convexity of the functions f; that solutions (y,u) of
the lower-level problem are even functions, i.e., they satisfy u(z) = u(—z),y(z) = y(—=x)
a.e. in . Then, the objective function of the upper-level problem satisfies

1 I 1
Sy =il =5 [ 1P+l +1Pdr= [+ 1
0 0

Hence, ¥ = 0 is the global minimizer of this function. In particular, & is a global
minimizer of the bilevel optimal control problem.

18
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For the disproof of strong stationarity, let p, v, ,z be given such that the system of
strong stationarity is satisfied. From (3.7a), (3.7b) with § = 0,u = 0 it follows that

A = 0 and therefore the biactive set is equal to Q = (—1,1). Next we consider condition
(3.7g). We have Nk (a) =lin{(1,1)} and therefore

((_27 ﬂ)L2(Q)7 (27 ﬂ>L2(Q)) € hn{(17 1)}

It follows that (1, ii)z2(q) = 0. Due to strong stationarity, we have > 0,z < 0. By
maximum principle it follows that i > 0 and therefore (1, fi)r2(q) = 0 implies 1 = 0
and 7 = 0. Now it follows from (3.7f) that —Ap = —yg and p = —z. Thus we can
directly calculate that p(z) = 2(1 — |z|) on Q. Since z < 0 by assumption, this is a
contradiction.

However, the point (&, 7, @) in this example is M-stationary. This follows from the remark
after Definition 3.3 because u is active a.e., i.e. {u =u,} = Q.

4 C-STATIONARITY OF LOCAL SOLUTIONS

In this section, we are going to prove C-stationarity of a local minimizer in the general
case Upq # L%(Q). Our strategy is to apply the optimality condition from Theorem 3.2
to a penalized problem. Consequently, an optimality condition is obtained by passing to
the limit.

First, we are going to state a penalized version of the lower-level problem (P(«)).
W.lo.g., we may assume uq,up € L>(Q2), see Theorem 2.7. We will use the penalty
function P(u) := [, m(u) dz, where

0 s <0,
m(s) =423 —s* 0<s<l,
2s — 1 s> 1.

Note that 7 is twice continuously differentiable and its second derivative is bounded. As
a penalty functional we will use II(u) := P(u, — u) + P(u — up). It is easy to see that
u € Upyg & II(u) = 0 and II'(u) = 0,I1"(u) = 0 for u € U,q. For a penalty parameter
k > 0, we arrive at the penalized lower-level problem

. - ap
min Zaifi(ya u) + 7”“”%2(9) + kI(u)
’ i=1

s.t. —Ay=wu in H_l(Q) (P(k, )

y € Hy(Q)
Note that our Assumption 2.1 is satisfied for fixed k if we would use an additional function

fnt+1(y,u) = kll(u). Therefore our previous results can be applied for (P(k,«)) using
Uag = L?(Q) and K = K x {1} C R*! as feasible sets.
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We denote the solution operator « — u of this penalized lower-level problem by S («).
Note that the solution operator o — wu of the unpenalized lower-level problem with
control constraints is still denoted by S(«).

Lemma 4.1. Assume that o — & € K. Let uj, = Sy,(a) denote the associated optimal
control and let yr = Guy denote the optimal state. Then, the sequences {uy} and {y;}
are uniformly bounded in L°°() and ug — S(&) in L2(€2).

Proof. First, we apply Theorem 2.7 to obtain the boundedness of uy, in L>°(€2). Note that
this bound is uniform in k since the penalty parameter does not influence the quantities,
on which C' from (2.8) depends, cf. (2.2).

W.l.o.g. we may assume uy, — @ in L?(£2). This is justified since we will see that the limit
satisfies & = S(&) and, thus, is unique. The weak convergence implies yi 1= Gup — § =
G in H(Q). We use again the function F from (3.2). This yields

F(&,7,7) < lim inf {F(d, 7, 10) + kH(a)] (4.1a)
< lim in [F(ak, Ve ) + k H(uk)} (4.1b)
< lim sup [F(ak, Ui ) + k H(uk)} (4.1¢)
< lim sup [F(ak, G S(a"), S(ak))] (4.1d)
= F(&,G S(@), S(a)) < oo. (4.1¢)

Inequality (4.1a) follows from II(%) > 0. The next inequality (4.1b) follows from the weak
lower semicontinuity of («,y,u) — F(«,y,u) and by a distinction of the cases II(a) = 0
or TI(#) > 0. Since (yx,ux) solves (P(k,a)) and TI(S(a*)) = 0, (4.1d) follows. Finally,
(4.1e) follows from the continuity of F' and S, see Theorem 2.12.

Altogether, the chain of inequalities (4.1) implies II(a) = 0, i.e., & € U,q. Since the
original lower-level problem (P(«)) has a unique solution, & = S(&) follows. Hence,
(4.1) holds with equality. In particular,

F(akaykvuk) + kH(uk) — F(&73}7a)

Using again the weak lower semicontinuity of F', we find kII(uy) — 0. Finally,

n

a -
> af filye ) + \W:Hy %Zazfz ||UH%2(Q)
=1

implies the convergence ||uk/||r2(q) — |4l z2(q)- The claim follows.

From now on, we consider a fixed local minimizer & of (IOP). If € > 0 is the optimality
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radius of the local minimizer @ (i.e. () > (@) if |a — &| < €) then we define

Ko = KN B.(a) C R"

where B.(a@) C R" is the closed ball with radius ¢ and centered at a. It follows that
@ is a global minimizer if we restrict the feasible set to Ky. We consider the modified
upper-level problem

1 1,
min §||y_yd”L2(Q)+§’a_a|2

oLY,u
st. ae Ky
(y, u) solves (P(«)).

(4.2)

It is clear that & is a unique global minimizer of (4.2).

Now we combine (4.2) and (P(k,«)) into the penalized bilevel problem, which yields

1 ) 1,
min §Hy—deL2(Q) +§’0¢—04\2
s.t. ae Ky (Q(K))

(y,u) solves (P(k,)).

This optimization problem will be the basis for deriving optimality conditions for (IOP).

Lemma 4.2. For each k let o be a local minimizer of (Q(k)). Then we have o — a.

Proof. We denote the first term of the objective function of the upper-level problem with
1
Yi(a) = SGSk(a) = yall20)-

Because o is bounded, there exists a convergent subsequence. We denote its limit by &
and w.l.o.g. we can say that ¥ — @&. According to Lemma 4.1 we have Sy (o) — S(&).
Therefore the convergence ¢ (a*) — (&) follows.

Another consequence of Lemma 4.1 is that Si(a) — S(@) and therefore ¥ (@) — ¥(a@).
We have

¥(@) + 56 —af* = lim (yr(a”) + %\a“ —al?) < lim ¢(a) = (@) < (@),

This implies @ = &. Because every subsequence of {ay}ren has a subsequence that
converges to @, it follows that of — a.

From now on we consider a fixed sequence (o*, yx, u) of solutions of (Q(k)). Our strategy
is to apply Theorem 3.2 to obtain necessary optimality conditions for each k¥ € N and
then to take the limit.
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We recall that Lemma 4.1 yields uj, = Si(a¥) — S(a) =: @ in L*(Q). It follows that

yx := Guy converges to § := Gu in H(Q). The solution (yg,us) of (P(k,a*)) satisfies
the optimality condition

—Api — DyF(a, y, up) =0 (4.3a)

pr + DuF (o yp, up) + kI (ug) = 0, (4.3b)

which follow from Theorem 2.4. For the limit we obtain the following lemma.

Lemma 4.3. The term kIl'(uy) converges in L?(Q) and py, in Hg(Q). The limits \ :=
limg o0 K11 (ug) and p := limy_, o py satisfy the conditions

—~Ap — DyF(a,y,u) =0,
P+ DyF(a,7,u) +X=0,
0<u,—u L AT>0,
0<@—1u, LA~ >0.

Proof. Due to (2.2b) the functions (y,u) — DyF(a,y,u),(y,u) — DyF(a,y,u) are
pointwise a.e. Lipschitz continuous for every o € K with Lipschitz constant nCy; if M is a
uniform upper bound on y, u. Therefore we have D(%U)F(ak, Yk, ux) — Dy F(a, Gy, u)
in L?(2)2. As a consequence we first obtain from (4.3a) that py — p in H}(2) and then
from (4.3b) kI’ (uy) converges in L?(§2) and the limits p, A are given such that they satisfy
the equations in the claim.

In order to show the pointwise complementarity conditions, we consider a subsequence
such that both wuy and kII'(uy) converge pointwise. Due to the definition of I, it can be
seen that

(ub - uk)(kl_['(uk)ﬁ = k(ub — uk)(ﬂl(uk — ub)) < 0 a.e. inQ

because 7'(ux, — up) = 0 a.e. on {uy < up}. Taking the limit, this implies (u; — a)AT <0
a.e. in Q. Similarly, we can show that (t—ug)A~ < 0 a.e. in . Finally, using u, < @ < up
and \* > 0, the result follows.

Now we apply Theorem 3.2 to (Q(k)) (while taking the additional term in the objective
function into account). Thus there exist (pg, Vg, px) such that

Dny(akvykauk) Dqu<ak7yk7uk) —A M Yk — Yd
DuyF(aka Yk Uk:) DuuF(aka Yk, ukz) + kH”(uk) -1 Vg | = 0 (44&)
_A I 0o ) \p 0

& — a* 4+ Doy F(oF  yp, ) i, + DauF (¥, yp, up)vg € Ny (a¥).  (4.4b)

Since the parameter corresponding to kII(-) is fixed, its stationarity condition, which
arises from (3.7g), contains no information and has been removed.
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The goal for the next lemmas is to show that a subsequence of (u, vk, px) converges
(weakly) in suitable spaces and that the limit point satisfies the system of C-stationarity
(3.7), (3.8). First, we address the convergence of these dual variables and check that the
limit point satisfies (3.7f), (3.7g).

Lemma 4.4. There exist i, p € H}(Q), 7,2z € L*(Q) such that

pr — @ in HY (), (4.5a)
ve — o in L*(Q), (4.5b)
pr — p in H}(Q), (4.5¢)
—kI" (up)vp — 2 in L*(9) (4.5d)
along a subsequence. The limits [, 7, p, Z satisfy
Dy F(& Y, ﬂ)ﬂ D ( 7gvﬂ)D_Aﬁ:g_yd7 (456)
DuyF(& Ys ﬁ)ﬂ + D F(@7g7ﬁ)lj —p=2z (45f)
-Ap—v=0, (4.5g)
Doy F(&,y,0)fi + Doy F(@, y,u)v € Ng (@) (4.5h)

Proof. Using some substitutions, (4.4a) can be rewritten as

(A(a®, yg, up) + K" (up) )i = Glyn — ya) (4.6)
where A(a®, y,u) : L*(Q) — L?(Q) is a suitable bounded linear operator with coer-
civity constant cg > 0. In particular, this constant does not depend on k. Thus, we
can apply the LaX—Milgram theorem to obtain a solution v € L?() of (4.6) and this
solution satisfies [[vg[|r2) < & LGy — va)| r2(q)- Hence v, converges weakly along a
subsequence. We denote the weak limit by v and w.l.o.g. we can say that v, — 0. It
follows that sy, converges strongly to ji := G in H} ().

The convergences D, F'(ov k,yk,uk) — Doy Fl(a,y,u), DauF( k,yk,uk) — Do F (@, g, 1)
in L?(Q) can be shown similar to the convergence of D, ) F(a,y, ux) in the proof of
Lemma 4.3. By passing to the limit with (4.4b), (4.5h) follows Indeed, since & is in the
interior of B.(a) we have Ny, (a) = Nx(a).

Now, consider a subsequence of uy (without renaming) that converges pointwise almost
everywhere. By continuity of Dy, ¢;(x, -, ) it follows that Dy, ¢; (-, yg, ur) = Dyudi(-, Y, @)
a.e. and by Lebesgue’s dominated convergence we have

Dyudi(-, Yry up)w — Dyyi(-, 4, @)w  in L*(Q) (4.7)
for all w € L?(2),i € {1,...,n}. It follows that
(w, Dqu(akaykvuk)Vk)m(Q) = (Vk, Dqu(akvykauk)w)LQ(Q)
= (U, Dy (@, Y, W)w) 12(q)
= (w, DyuF(a, §,0)V) 2(q2)-
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One can proceed in the same way for the term D, F (oek , Yk, Uk )V, which results in the
weak L2(Q)-convergences

Dqu(akﬂ Yk, Uk)Vk - Dqu(&7 ga ﬂ)lja (4 8)
DuuF(ak, Yk, Uk )V — Dy F(@, g, u).

Using the triangle inequality and the uniform boundedness of Dny(ak,yk,uk) and
DyyF(a®, yi, up), (4.7) even implies the strong L2(£2) convergence

DuyF(aka Yk uk),uk: — DuyF(aa Y, ﬂ)la (4'9)
Likewise, the L?(f2) convergence
Dyy F (0, yi, ug )i = Dyy F (@, 5, D) (4.10)

can be shown. From (4.4a) it follows that —Apy converges weakly in L?(2) and thus py
converges strongly in H}(£2) and the limit p satisfies (4.5¢). Now using (4.8),(4.9),(4.10)
and other previous results, the weak convergence (4.5d) and the satisfaction of (4.5f)
follow.

The next goal is to show the complementarities necessary for the system of weak station-
arity. Our plan is to use Egorov’s theorem to a pointwise convergent subsequence of ug to
obtain uniform convergence on the set {2, where ¢ > 0 is arbitrary and meas(2\ €2,) < e.
We will use this for the next two lemmas in order to show the conditions necessary for
weak stationarity.

Lemma 4.5. The condition -
v =0a.e. on{\#0}

holds.

Proof. First, we consider a subsequence such that vz — 7 holds. From Lemmas 4.1
and 4.3 we know uy — @ and kIT'(ug) — X in L?(Q2). Let ¢ > 0 be given. Then, by
Egorov’s theorem there exists 2. C Q with meas(2 \ .) < ¢ such that u; — u and
EIT' (ug) — X in L>=(€.) along a further subsequence of {uy }ren.
Consider the set Q. 1 := QN {A\T > e}. We have P'(u; — up) = II'(u)™ > 0 on Qe 4
for large k. Using the definition of our penalty functional P, we have P'(up — up) <
6(uy — up)?. Since kP’ (uy, — up) — AT uniformly on €., this implies

6(up — up)® > P (up, — up) > i)\"‘ > % on Qg 4
for large k € N. Again, using the definition of P(uy — uyp) it follows that kP (ug — up) >
k(ug — up) for large k. Then we have

KIT" (ug) > kP (u, — up) > k(ug — wp) > ky / & on Qg ;.
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In particular, KI1”(uy) — oo pointwise on € 4. Because kI (uy)vy is bounded in L?(2)
according to Lemma 4.4, it follows that v, — 0 pointwise on €. . Using v, — 7, it
follows that v = 0 a.e. on € ;.

Similarly, it can be shown that 7 = 0 a.e. on Q. _ := Q. N {A\~ > ¢}. Finally, because

meas({A #0}\ ) (Q4+UQ.)) =0,

£>0,e€Q

the claim follows.

Lemma 4.6. The limits z, @ satisfy the condition

z=0a.e. on{u, <u<up}.

Proof. First, we consider a subsequence such that —kIT”(ug)vy, — Zz holds. From
Lemma 4.1 we know ug — @. Let € > 0 be given. Then, by Egorov’s theorem there exists
Q. C Q with meas(2\ ©¢) < € such that u; — @ uniformly on 2. along a subsequence
of {uk}ren-

Then we define Q. := Q. N{u, +¢ < @ < up, — }. Because uy converges uniformly, we
have u, < up < up on §¢ o for large k. Therefore kI1”(uy)v, = 0 a.e. on Q. o. Due to the
weak convergence —kIT” (uy)v,, — Z and the pointwise a.e. convergence on ). g, we know
that z = 0 a.e. on (). . Finally, because

{ua <u< ub} = U QE,O
£>0,e€Q

up to a set of measure zero, the claim follows.

The previous results show that any local minimizer of (IOP) are weakly stationary. It
remains to upgrade this to C-stationarity.

’Lemma 4.7. We have vz < 0 a.e. in Q.

Proof. In this proof, we consider a subsequence such that the convergences in Lemma 4.4,
(4.7), (4.8), and (4.9) hold. Let E' C Q be an arbitrary measurable set. If we test (4.4a)
with (0, vxxg,0) and consider that ygII”(ug) > 0 we obtain

(vexz, DuyF (o, g, w) i, + Do F (0, yie, ui) v — pr) 2y < 0. (4.11)
Because vpxg — vxg in L2(), (4.9) yields

(VX By DuyF (0, yp, up) i) r20) = (7XE: DuyF (@, 7, 0) ) 12(0)-
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We define the abbreviation wy, := xgDuuF (o, yg, uy) € L>(Q). Because wy, is nonneg-
ative, we have

(7, W) 2y < 2(0 — Vi wi¥) 2() + Vi, Wik) 22(0)-
On the other hand, by using arguments similar to those leading to (4.7), we have
(773 ka)LQ(Q) - (ﬂa XEDuuF(da Ys ﬂ)lj)LQ(Q)'

Combining this with the previous inequality, (4.8) and the weak convergence v — ¥
yields

(¥, XEDuul'(@, 5, 0)V) 120 < lim inf (v, XEDuuF (o, ype, wi) Vi) 120 -
Together with (4.5¢) and (4.11), this gives
@, xEDuul (@, 5,0)V) 120 < liminf(vexe, pr — DuyF(a®, ypo, wi) i) 202
= (UxE; p— DuyF (0, §, ) 1) 2
Now, using the equation (4.5f) for z yields
0> (vxE, Dyt (&, §,0)0 — p+ Dy (&, 5, W) r2() = (VXE 2)12(0)-

Because E C €2 was arbitrary, the claim follows.

Now we have shown that for each local minimizer (&,y,u) of (IOP), the sequence
(1k, Vi, P, —kI1" (ug)vg) of multipliers has a (weakly) convergent subsequence and the
accumulation point satisfies the system of C-stationarity from Definition 3.3. Because
this is our main result and for the sake of completeness, we state this as a theorem.

‘Theorem 4.8. Every local minimizer (@, 7, @) of (IOP) is a C-stationary point.

Finally, we recall that Example 3.4 shows that local minimizers might not be strongly
stationary. However, it is not clear whether all local minimizers are M-stationary.
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