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ADAPTIVE APPROXIMATION OF THE
MONGE-KANTOROVICH PROBLEM VIA PRIMAL-DUAL
GAP ESTIMATES

SOREN BARTELS AND PATRICK SCHON

ABSTRACT. The Monge—-Kantorovich problem arises as a special case
for linear cost functionals in optimal transportation problems. It leads
to a convex minimization problem with limited regularity properties.
The convergent finite element discretization and iterative solution of
the problem and its dual are addressed. Based on these approximations
a computable upper bound for the primal-dual gap is derived which
is suitable for efficient local mesh refinement. Numerical experiments
reveal a significant improvement of related adaptive methods.

1. INTRODUCTION

1.A. Optimal mass transfer. Optimal mass transfer is a classical mathe-
matical problem that models the optimal transmission of a Radon measure
into another one. It defines the Wasserstein distance which is an important
tool in geometry, stochastics, and partial differential equations, with applica-
tions in economics, image processing, and data analysis, cf. [RR98, Eva99,
Vil03, LLSV14] and references therein. The general mathematical prob-
lem is a continuous linear program. Since this general form provides little
information about qualitative properties of the mass transfer and since dis-
cretizations are high-dimensional, reduced models for special cost functions
have been identified in the literature. Important cases are linear and qua-
dratic cost functions which postulate that transport costs are proportional
to distance and squared distance, respectively. The quadratic case leads to
the Monge—-Ampere equation which is a nonlinear elliptic partial differential
equation. The linear case results in the Monge—-Kantorovich problem which
is a constrained nonsmooth, convex minimization problem. For this prob-
lem we address the convergent discretization, the iterative solution for the
problem and its dual, and adaptive mesh refinement strategies based on an
a posteriori error estimate for the primal-dual gap.

1.B. Cost functional and relaxation. The optimal mass transfer prob-
lem due to Monge models the available and required amounts of mass by
nonnegative Radon measures 4+ and 1~ on metric spaces X and Y, respec-
tively. An admissible transport map is a bijective mapping s : X — Y which
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pushes p* into = in the sense that

/X@bosd;ﬁ:/yz/}du‘

for all » € C(Y) denoted suzut = p~. The total cost associated with a
transport map is defined via a cost function ¢: X x Y — R as

I(s)z/}(c(x,s(m))du*(:c).

Establishing the existence of an optimal admissible transport map is difficult
due to the nonlinear character of the constraint. Kantorovich proposed to
use transport plans which are nonnegative Radon measures p € M(X xY)
on the product space X x Y and to relax I by considering

= //Xxy c(z,y) dp(z,y)

subject to the constraint that the projections of p onto X and Y coincide
with ™ and p~ in the sense that

//XW ) du(z,y) = /<z> ) dp (2),

/Xxyw ) du(r,y) = /w ) du~ (2),

for all ¢ € C(X) and ¢ € C(Y), respectively. This formulation admits
solutions and is con51stent with the original formulation. By imposing the
constraints via Lagrange multipliers, i.e., via a maximization of the residuals
over ¢ and %, in the minimization of I, and carrying out standard duality ar-
guments, one obtains the dual formulation that consists in the maximization

of
K(6,0) = /¢> ) du( /w ) du~(y)

subject to the constraint

P(x) + ¥ (y) < c(z,y).
The functions ¢ and 1 have the interpretation of shipping costs per unit
mass for the producer and the recipient of goods. Since u* are nonnegative
we may, for given x and y, formally increase the objective by modifying
1) maximally so that we have equality in the constraint. In particular, if
X =Y = Q and c satisfies the triangle inequality we find that for z € Q we
have
Y(z) = —¢(z).

Assuming further that the Radon measures u* are absolutely continuous
with respect to Lebesgue measure with nonnegative densities f* and setting
f = f*— f, we obtain the reduced functional

K(¢) = [ foda
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with the constraint

P(x) = o(y) < c(z,y)
for all z,y € Q. In the case of the euclidean distance as cost function this
means that ¢ is Lipschitz continuous with constant 1. We refer to this case
as the Monge—Kantorovich problem. For details of the derivation we refer
the reader to [Eva99, Vil03].

1.C. Monge—Kantorovich problem. Given f € L!(Q) with vanishing
mean we seek a function ¢ € WH°(Q) which is maximal for

K(¢) = /Q fodz — I, 0) (Vo).

where I, (o) is the indicator functional of the closed unit ball in K1(0) C
L>®(£;R?). Standard duality arguments lead to the dual formulation which
determines a minimizing vector field p € L'(Q;R?), whose distributional di-
vergence belongs to L' (2) and whose normal trace on the boundary vanishes
in distributional sense denoted W, (div; Q2), for

D(p) = I_py(divp) + /Q ipl dz

with the indicator functional I;_ sy of the subset {—f} C L' (). We remark
that establishing the existence of a maximizer for K is straightforward while
it is not trivial to show that a minimizer for D exists. Nevertheless, we have
the strong duality relation, cf. [Eva99, Vil03, Igb09],

) peW (5) K(9) pGWII{,I%(fiiV;Q) Dip).

Since neither K nor D admits uniform convexity properties we will instead
of error estimates for ¢ and p consider the approximation of the optimal cost
value and in particular the primal-dual gap as a measure for the accuracy of
approximations. The convergence of discretizations of the dual formulation
has been investigated in [BP07].

1.D. Error estimation and convergence. The Monge-Kantorovich prob-
lem has the interpretation of an infinity Laplace equation with limited reg-
ularity of solutions, cf. [Aro68, Lin06]. Approximation schemes can thus
greatly benefit from local mesh-refinement. We follow here a well-known
concept and use the primal-dual gap to control the approximation of the pri-
mal cost, i.e., for a solution ¢ € WH*°(€), an approximation ¢;, € W1>(€Q),
and an arbitrary vector p, € Wi (div; Q) we have

0< K(¢) — K(¢n) < D(pn) — K(én)-

Following the arguments from [Barl5a, Barl5b] and assuming that ¢, and
py, are such that D and K are finite, i.e., —divp, = f and ||[V¢p||Le) < 1,
we deduce with an integration by parts that

0< K(6) — K(¢n) < /Q 1pnl = P - Vo da.
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The integrand on the right-hand side is nonnegative and serves as a use-
ful indicator for local mesh-refinement. To choose discrete spaces for the
approximation of the primal and dual problem with suitable approxima-
tion properties, we carry out corresponding a priori error analyses. These
reveal that for low order conforming P1 finite elements we obtain a qua-
dratic consistency error in the primal cost functional while for the choice
of lowest order W, (div; ) conforming spaces in discretizing the dual prob-
lem we only obtain linear consistency. Hence, a second-order consistent
subspace of W3 (div;{2) has to be chosen in order to benefit from adaptive
mesh refinement. We will rigorously analyze fully practical discretizations
of K and D which involves incorporating stabilizing terms that are neces-
sary for terminating iterative numerical schemes. A different approach to
local mesh-refinement has been used in [BP07], where refinement indicators
are defined via variations of py,.

1.E. Iterative solution. The iterative solution of the primal and the dual
formulation of the Monge—Kantorovich problem is difficult since a constraint
on the gradient of the unknown and a nondifferentiable term, respectively,
have to be treated appropriately. Since the constraint and the nondifferentia-
bility pose no difficulties when considered pointwise we introduce auxiliary
variables that result in augmented Lagrange functionals. Corresponding sad-
dle points will be computed with splitting methods that are unconditionally
convergent. Two major difficulties that arise in their practical realization
are that degrees of freedom in subspaces of W} (div;2) are typically not
nodal values and that nonuniqueness of solutions causes problems in for-
mulating efficient stopping criteria. We will therefore introduce appropriate
quadrature or mass lumping and consider optional regularizing terms that
do not modify the essential features of the problem. The use of augmented
Lagrange functionals is motivated by the results in [BC15] which reports
good performance of the splitting method for the primal problem.

1.F. Outline. The outline of this article is as follows. In Section 2 we
introduce some notation and required finite element spaces. Section 3 pro-
vides abstract a priori and a posteriori error estimates for the primal and
dual problem along with their application to specific finite element methods.
In Section 4 we address the reliable iterative solution of the maximization
and minimization problems via regularization and iterative splitting. The
influence of regularizing terms and convergence of adaptively generated ap-
proximations are studied in Section 5. Section 6 reports various numerical
experiments which show that adaptivity based on our primal-dual gap esti-
mator leads quasi-optimal experimental convergence rates. In Appendix A
we include a convergence proof for the employed splitting method.
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2. PRELIMINARIES

2.A. Lebesgue and Sobolev spaces. Throughout this article we let 2 C
R%, 1 < d < 3, be a polyhedral Lipschitz domain with finite diameter dg > 0
and denote the inner product and corresponding norm in L?(Q;R), ¢ € N,
by

o) = [0 wds, o] = @02
Q

We let W*P(Q; RY) denote the standard Sobolev space with norm and semi-
norm denoted by |[v][yysr() and |v|ysp(q), respectively. If s = 0 then we

write LP(Q; RY) instead of W5P(€; RY). The set of functions f € L"(Q) with

vanishing mean, i.e.,
/ fde=0
Q

2.B. Standard finite element spaces. For a sequence of regular triangu-
lations (7x)p>0 of 2 consisting of regular simplices we let

L5(Th) = {on € LY(Q) : vp|r € P(T) for all T € T},
S¥(Th) = {vn € C(Q) : vp|1 € P(T) for all T € T},

where Py (A) denotes the set of polynomials of total degree at most k& on the
set A C R%. We let

is denoted by L{(€2).

f - LN RY) — £4(T)’
denote the L? projection onto £F(73)¢. The space C(T) consists of all
functions in L>°(2) that are continuous on every element 7" € 7. The ele-
mentwise application of the nodal interpolation operator to an elementwise
continuous function is denoted by the operator

T : C(Th) — LMNTh),

which can be identified with the standard nodal interpolation operator Zj, :
C(Q2) — S1(Tx) on continuous functions. With the set of nodes A}, and the
associated nodal basis (¢, : 2 € A},) of SY(7;,) we have for all T € Tj, that

th!T = Z vl (2) ezl
zeN,NT
We define a discrete inner product on C(75) by
(v,w)p = / fh(vw) dr = Z Z BLv|r(2)w|r(z), BT = / v, dx.
Q TET;, zEN,,NT T

Note that the induced norm || - ||, is equivalent to the L? norm on £!(73).
We define the mesh-size function h7 € L*>(2) by

h7’|T = hT = diam(T),
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for all T' € Tp, and set
Amin = min by,  hApaxy = max hy.
Since we consider locally refined meshes we also work with the average mesh-
size h defined with the number of nodes in A}, via
h= (#Np) 7M.

We stress that for a sequence of triangulations (73)p~0 we only assume that
the average mesh-size h tends to zero as h — 0 but not necessarily the
maximal mesh size hy.x unless stated otherwise.

2.C. Vector fields and weak divergence. We say that the vector field
p € L"(;RY) has a weak divergence if there exists f € L"(2) such that

/Qp-VQSd:E:/qubdw

for all continuously differentiable, compactly supported functions ¢ € CL(Q).
In this case we denote —divp = f. We say that p has vanishing normal com-
ponent on 0f if the identity holds for all ¢ € C1(Q). For r > 1 we let

Wi(div;Q) = {p € L"(;R?) : divp € L"(Q), p-n = 0 on 9N}

denote the space of vector fields with weak divergence in L"(€2) and vanish-
ing normal component on 0f) indicated by the subscript N. The space is
equipped with the norm

[pllwr @ivie) = [IpllLr @) + [ div el -
The divergence operator div : W{ (div; Q) — L{(Q2) is surjective with a

bounded left inverse, i.e., for all f € L{(£2) there exists p € W} (div; Q) such
that —divp = f and

1Plwr @iviey < ellfllor @)
with an r-independent constant ¢ > 0, cf. [BP07] for details. For the con-
struction of discrete subspaces of divergence spaces we note that an ele-
mentwise polynomial vector field belongs to Wi (div; Q) if and only if its
normal component is continuous across neighboring element boundaries and

vanishes on 0€2. A suitable discrete subspace of Wi (div; §2) are the Raviart—
Thomas finite element spaces

RTY(Th) = {an € WA(div; Q) : for all T € Tj,
anlr(z) = qr(z) + (z — 27)pr(z), ar € Pe(T)%, pr € Po(T)},

where z7 denotes the barycenter of T' € T,. This space is compatible with
the space Q, = LF(T,)NLL(Q) in the sense that if Vj, = RTX(T;,) then there
exists a bounded left inverse for the divergence operator div : V, — @y, i.e.,
for all f, € Qp, there exists p, € V}, such that for 1 < r < 4/3 we have

—divpr = fa,  Ipnllwyg @ivie) < ellfallzr @),
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with a constant ¢, > 0 that depends on 7 > 1 but not on h, cf. [BP07]. This
property implies the inf-sup condition. Moreover, there exists a generalized
interpolation operator I : Wi (div; ) — V}, such that

div Ipé = ¥ div €.
For ¢ € W§(div; Q) N WA (Q;RY) with r > 1 we have that
(2) 1€ = Irllr () < erhP€llwor ),

for 1 < B < k+ 1, provided that £¥(7;,)¢ N W3 (div; Q) C V},. The operator
I is stable on W1 (Q; RY), i.e.,

1TrEllwrr ) < elléllwr)-

For details we refer the reader to [BBF13, BP07, Far98]. If f € L;°(2) for
some rg > 1 the operator Ip allows us to construct a sequence (pp)p>o of
discrete vector fields py € Vp, with —divp, = fr, = H}L f and

”ph”W}\,(div;Q) < CthHWi,‘"g(djv;Q) < CthHW]QO(div;Q)

as h,e — 0 by choosing { € Wy (div; Q) such that —div{ = f and setting
pn = Irp€. Note that the constant involved in the interpolation estimate for
Ir depends on r but the operator itself does not. We finally remark that
every py, € RT%(T) admits on every T € 7y, the local representation

palr = v + (z — z7)q]

with vl € Py(T)? and ¢ € Py(T) which is homogeneous of degree k, i.e.,
we have (z — x7) - Vgl (z) = kg, cf. [BBF13]. This implies that

divpy|r = dive] + (d+ k)qf
and hence
(3) prlr = v + (d+ k)~ (z — zp)(divpy, — divey).
If div py, = 0 then it follows that py|r € Py(T)? for every T € Tj,.

3. ABSTRACT ERROR ESTIMATES

3.A. A priori estimate for primal cost. For a finite-dimensional sub-
space X, C W1°°(Q) N L§(Q) and an approximation f, € Qn C L}(Q) of f
we let ¢y, € X}, be a maximizing function for

Kn(on) = /thfbh dz — I'c, (0 (V).

A possibly nonunique solution ¢, € X, exists due to the direct method in
the calculus of variations.
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Proposition 3.1 (A priori estimate I). Let ¢y € X}, be maximal for Ky, and
¢ € Wh(Q) be mazimal for K with vanishing means. For every1 < r < oo
we have that

K(¢) — K(¢n) < s 1yl = Ynllze(@) + el f = fallzroy
[V |<1
where ¢, = 2dg|QV/" | dg = diam(Q), provided that f € L"(Q).
Proof. For every 1, € Xj with |[Vioy| < 1 in Q we have that

K(9) = K(én) = K(0) = Kn(on) + [ (fu= Do da
< K(0) = Klvn) + [ (= Nénda
= K(6) = K(bn)+ [ (= D)6 = vn) do
= [ o= wndat [ (fa Hion—wn)da.

In view of the vanishing mean we have the Poincaré inequality ||| pe () <

dol|Vi|l (o) and this implies the estimate. O

Remark 3.2. If f € L?(Q) and L°(T;) N L{(Q) C Qp, we may choose r = 2
and fr, € Q, as the L? projection H?Lf and use the estimate

/Q U — ) (&n — ) de < [hr(f — IR (@ — v — T — )

<Al (f = f) IV (én — ¥n)l;
to obtain an improved estimate with || f — fullr(q) replaced by ||hr(f — fn)l|-

For triangulations 7;, which are right-angled in the sense that every element
T € Tp, has d orthogonal edge vectors we have for ¢ € Wh*°(Q) and its P1
interpolant Z,¢ € S'(7y) the stability estimate

IVZholl oo () < IVl Lo ()-
This implies that Z,¢ is admissible for K and allows us to deduce the fol-

lowing error estimate.

Corollary 3.3 (Convergence rate I). Assume that Ty is right-angled. If
¢ € WiTao(Q) and f, € LY(Ty) is the elementwise affine interpolant of the
elementwise smooth function f € L*(Q) then we have for every mazimizer
on € Xy, of Ky, that

K(¢) — K(¢n) < czh'|glwr+ace(a) + c2ch®| DF £ 120,
where D%—f denotes the elementwise computed Hessian of f.

Proof. The estimate is a consequence of Proposition 3.1 and the interpo-
lation estimates [|¢ — Zpollpec(q) < ch!T||@llwitame(q) and [|f — Ipf| <
ch?|| D2 ]| 0
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Remarks 3.4. (i) The assumption of a right-angled triangulation is restric-
tive in particular for d = 3.

(i) The maximization of K is a variant of the infinity Laplace problem for
which generic solutions ¢ € W1°(Q) have at most the reqularity property
€ W432(Q), cf. [Aro68, Lin06], i.e., we cannnot expect a higher conver-
gence rate than O(h4/3) for P1 finite element functions which is significantly
worse than the formal optimal convergence rate O(h?) for ¢ € W2 (Q).

3.B. A posteriori estimate for primal cost. To obtain a mechanism
that allows for local adaptive mesh refinement and thereby improved con-
vergence rates, we derive an a posteriori error estimate that is obtained from
the strong duality relation with admissible functions.

Proposition 3.5 (A posteriori estimate). Given arbitrary ¢, g5, € WL (Q)N
L(Q) with
Vol Loy, IVonllpeo@) <1
and an arbitrary vector field py, € Wi (div; Q) with
—dinh = fh m Q,
we have that

K(¢) = K (o) < mn(dn,pn) = Y nr(dn,pn) +2da Y oser(f, fr),

TeT TeTh
where for every T € Ty we have

0z (6ns pn) = /;F ohl = pn - Vo, oser(f, fa) = /T = ful de.

Proof. Noting the duality relation (1) for K} and Dj which result from
replacing f by fj in K and D, respectively, and integrating by parts we find
that

K(6) — K(dn) = Kn(6) — Kn(dn) + /Q (f = f1)(6 — én) da
< Di(pn) — Kn(n) + /Q (f = f1)(6 — ) da
:/ o3 —fh¢hdx+/<f—fh><¢—¢h>dx
Q Q
:/ !ph\+dinh¢hdﬂf+/(ffh)(¢¢h)d$
Q Q
S/Q!ph\ —ph-V¢hd$+||<Z>—¢>h||Loo(Q)/Q!f—fh!dfC-

Using that the function ¢ — ¢}, has a root in Q and that its gradient is
uniformly bounded by 2, we deduce [|¢ — ¢p|| (o) < 2dq, which implies the
estimate. U

The a posteriori error estimate is based on the primal-dual gap and requires
a good approximation of a solution for the dual problem.
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3.C. A priori estimate for dual cost. For subspaces V}, C W]{[(div; )
and Qp C L§(Q) which are compatible in the sense that the divergence
operator div : Vj, — @y, is a surjection with bounded left inverse, we consider
for given fj € @}, the minimization of the discretized dual functional

Dh(ph):/9|ph|d$+l{fh}(divph).

The following estimate enables us to determine necessary approximation
properties of V4, to obtain the same formal consistency error as in the dis-
cretization of K.

Proposition 3.6 (A priori estimate II). Let § > 0 and ps € Wi (div; Q) be
a d-minimizer for D, i.e.,

D(ps) < inf  D(p)+0.
pEW]{, (div;Q2)

Then, for every qn € Vi, with —div g, = fr we have that

1Dn(an) — D(ps)| < llan — sl + 2es. 12| f = full ey + 6,
provided that f € L™(Q) withr > 1 ifd <2 andr > 6/5 if d = 3.
Proof. We first define a sequence of corrections ¢ e W]%(div; Q) so that
for g, = qn + ¢ we have
—div (Ajh = f’
and hence D(g) is finite. This is achieved by letting o® € WH2(Q) be the
unique weak solution with vanishing mean of

“Aa® =f—finQ, Va™.n=0ono0
and setting ¢ = Va®. With the Sobolev inequality ||a(h)||LT/(Q) <
CSJHVO[(h)H for " <6 if d =3 or ' < oo if d < 2, we have
g™ | L) < 1212 Va™|| < s |2 f = fallLr ),
forr >6/5if d =3 and r > 1 if d < 2. We thus deduce that
1D(@) — Drlan)| < llan — anlliey = 1™y < esellf = fullro)-

This leads to

0<D(@)— inf D
< D(qn) qewﬁdiv;m (9)

< D(qn) — D(ps) + 6
< llan — pollzr ) + ese 21 f = fulliro) + 6,
which implies the estimate. ]

Assuming the existence of a bounded sequence of almost-minimizing vector
fields p; € WP2(Q;R%), 1 < 8 < 2, for the dual functional, we obtain the
following formal error estimate.
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Corollary 3.7 (Convergence rate II). Assume that 5 € [1,2] and every
§ = hBax there eists ps € WP2(Q;RY) which is a 6-minimizer for D, that
f € L*(Q) is elementwise smooth and fy, =11} f, and that for k < 1 we have

LET)E N W (div; Q) C V.
If 1 < B < k+1 we have for every minimizer py € Vi, for Dy, that
|Di(pn) = D(ps)| < ch®(1 + |pslyws2q)) + ch?| DFf]-

Proof. The estimate follows from interpolation estimates for the Fortin-like
operator Ip, cf. (2), with ¢, = Ipps noting —divg, = II} f, the relation
Dy (prn) < Dp(qn), and Proposition 3.6. O

Remarks 3.8. (i) Note that we need k > 1 to match the formal quasioptimal
convergence rate O(h?) for the approzimation of the optimal cost of the
primal problem, i.e., the lowest order Raviart—-Thomas finite element space
RT]Q,(Th) 18 not sufficient to obtain an optimally convergent error estimator
(S, Pn)- R R

(ii) If fn is defined via fn, = Inf then the difference Ipf — I} f can be
controlled similarly to the difference f — f1, in the proof of Proposition 3.6.

4. ITERATIVE SOLUTION

We discuss in this section the iterative solution of the primal and dual prob-
lem. For a fixed discretization we do not compute the exact discrete solu-
tions. This does not affect the validity of the a priori error estimates pro-
vided that the tolerances and regularization terms remain within the formal
consistency errors. The a posteriori error estimate only requires feasibility
which is guaranteed for the computed approximations. In the following we
apply the alternating direction of multipliers method (ADMM) to appropri-
ate modifications of the discretized primal and dual problems.

4.A. Primal problem. To enforce a unique solution ¢, € S*(7;,) we intro-
duce an optional regularizing term weighted by a factor € > 0 and consider
the maximization of the functional

Kine(on) = [ fiondo = [ V6 do = Iy (Vo).

For every ¢ > 0 we have that —Kj, . is uniformly convex on the space of
functions in S(7;,) with vanishing mean. The iterative solution introduces
the auxiliary variable s, = V¢, and uses the augmented Lagrange functional

Lier: SHTR) x LO(Th)d x L2(Th)* — RU {—o0},

which is for a stabilization parameter 7 > 0 defined by

&
L e (Ons Shi fin) = /thcf)h de — §”Sh||2 — Ik, (0)(sn)

— (1ny Vb = 51) = 51V — sl
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Note that the term weighted by the factor 7 is a consistent stabilizing term.
The maximization of K. on S'(73) is equivalent to computing a saddle
point for Ly . -, i.e., we have

max K c(¢n) =

max min L Sk )
dreSH(Th) (b1s5n)ESL(TR) X LO(T)? pn €LO (T, ) hoe.r(Oh, Shs [1n)

The minimization with respect to up enforces the relation sp = Vp. The
splitting of the variable has the advantage that the maximization of Ly . -
with respect to sp is pointwise and can be done explicitly. Unconditional
convergence of the following iterative scheme follows from general assertions,
see [FG83] and Appendix A. The stabilizing term weighted by ¢ is included
to guarantee uniqueness and convergence of the iterates (sﬁ)kzo’lw. For
€ = 0 we only have convergence of subsequences.

Algorithm 4.1 (Primal splitting). Let s), u9 € LO(T,)%, 7> 0, set k = 1.
(1) Compute the mazimizer ¢f € S'(Ty,) with vanishing mean for

on = Lh,e,7(¢ha 327% /‘ﬁil)'
(2) Compute the mazimizer st € LO(T,)? for

k k—1
Sp Lh,E,T(¢h7 Shs Ky, )

(3) Compute the minimizer uf € LO(Ty)¢ for

1 _
P EHMh — iy NP+ Lo, his pan)-
(4) Stop the iteration if
Tl = sp 7+ gy — < stop-
(5) Increase k — k+ 1 and continue with (1).

Note that it is essential to involve the variable s; in the stopping criterion

in order to ensure convergence of approximations to a saddle point since the

difference sﬁ — =1 occurs as a residual in the optimality equation for ¢j,.

Remarks 4.2. (i) The solution in Step (1) is the uniquely defined function
oF € SY(Ty) with vanishing mean that satisfies

T(VeE, Vibn) = —(ub ™" — 75571, Vo) + (fa, ¥n)

for all 1y, € SY(Ty).
(ii) The solution in Step (2) is the uniquely defined function s¥ € L£°(T;)?
that satisfies

—(r+e)sh + oy + TV € 0L, (0)(5h),
which is given by the elementwise shrinkage operation

Th 1

rh = (" +7Vh).

- max{1, |ry|}’
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(iii) Step (3) leads to the explicit updating formula
ph o=yt + (V] — sp).

We note that our stopping criterion controls the constraint violation V¢ =
sp, via T(V(Z)Z — sﬁ) = uﬁ — u’fl_l and this quantity also occurs as a residual
in the stationarity equations for the variables s; and ¢p. The residual in the
optimality equation for the variable ¢j, involves also the quantity s’fL — 32_1

resulting from the decoupling of the minimizations in s, and ¢p,.

4.B. Dual problem. For approximately solving the discretized dual prob-
lem we consider a finite element space Vi, C Wi (div; Q) and the regularized
functional

~ 1 )
Dy, c(pn) = 1%/9|ph|1+s d:z—l—I{,fh}(dlvph).

The choice of a positive regularization parameter € > 0 introduces a uniform
convexity property and thereby uniqueness of the discrete minimizer. For
optimal stability, the iterative solution has to respect the features on the
nonregularized problem and should not make explicit use of the regulariza-
tion. In particular, the devised numerical scheme described below is well
defined for ¢ = 0. To efficiently deal with the practical nondifferentiability
we introduce a variable s;, &~ pj, that is an element of a finite element space
with nodal degrees of freedom, i.e., in the space L£'(7;,)¢ of elementwise
affine, discontinuous vector fields which are not contained in Wy (div; Q).
Using quadrature, this allows us to express the nondifferentiable functional
as a sum of separate functionals applied to nodal values. This leads to the
discretization

1 = .
Dh@(ph) = 17—1—6 QIh|H%Lph|1+5 dx + I{_fh}(dlvph)

1 : .
=12 2 > Alsle)] + I diven),
TeTh 2zeNyNT

where we abbreviate s;, = H}Lph. The discretization is similar to the one con-
sidered in [BPO7] for zero-th order Raviart-Thomas elements. The practical
minimization is realized via the augmented Lagrange functional

My s Vi x LYT)® x LY(Th)? — R U {+00}
defined by

My (Ph» Sh; An) = Tnlsn|"** dz + Iy, (div pa)

14+¢ Jq
1 T 1
+ (sp, — Ipns An)hw + §||5h — I}, pa|

2
hyw*

The weighted scalar product (-, )., is given by

(81, An)hw = /thTfh[sh - A\ dz.
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For the induced norm we have by an elementwise inverse estimate that

[snllnw < cllsnllLr(a)-

The use of this weighting is necessary due to the fact that approximations
sp ~ pp, are only bounded in L'(€;R?). The minimization of Dy, . is equiv-
alent to finding a saddle point for M}, . -, i.e., we have

min Dy . (pn) = min max My (Ph, Sh; An)-
PhEVH (Phsn) €V X LL(Th)e A €L (Th ) T T

We use the following splitting algorithm to approximate saddle points for
Mh,E,T-

Algorithm 4.3 (Splitting method II). Choose s), \) € L1(T;,)? and 7 > 0
and set k = 1.
(1) Compute the minimizer pﬁ e W, for

Ph > My e (pn, si AT,
(2) Compute the minimizer sk € LY(Tp)? for
sh > M (ph, sns A1)
(3) Compute the mazimizer \¥ € LY(T,)? for
Ap —%H)\h = AR + Mie o (DF 555 ).
(4) Stop the iteration if
Tlish = silnaw + 1A = A5l < dstop-

(5) Increase k — k + 1 and continue with (1).

The minimization problem in Step (1) is equivalent to a linear system of
equations, while the iterates of Steps (2) and (3) can be computed explicitly.

Remarks 4.4. (i) The minimization in Step (1) is a linearly constrained
quadratic minimization problem. Its well-posedness in the case of zeroth
or first order Raviart—Thomas elements follows from the coercivity of the
bilinear form

ans(Ph qn) =T /Q W, [T} py, - Thgp] dae
on the subspace of divergence-free vector fields in Vy, i.e., on
Ky = {qn € V}, : div g, = 0}.
It is shown in [BBF13] and Section 2.C that for Vi, = RT%(T) we have
Ky C L5(Th) N Wi (div; Q).
Hence, if £ = 0,1 then for p, € K}, we have H}Lph = pp and

o) =7 [ 4Tl do = mh
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where we used that ||vp|ln > ||vn|l for vn € LY(Ty), £ =0, 1.
(ii) Step (2) is equivalent to nodewise minimization problems, i.e., for every
T € Ty, and every z € Ny N'T the value x = s¥|7(z) is minimal for

X —

/

c
T 8|:E\1+6 +xz-c+ §|x|2,
with ¢ = h%()\’,j_llgr(z) — 710 pF|r(2)) and ¢ = hdr. The optimal vector
x € R? is zero if ¢ = 0 and a nonnegative multiple of —c/|c| otherwise. This
factor a = |s¥|(2)| is minimal for

/
2

T c
—»— — —a“.
o ale| + 5
For e =0 the minimizer is given by o = (1/¢') max{|c| — 1,0}. We use this
value to initialize the Newton scheme for the optimality equation

o — ||+ da=0.

To improve the convezity properties and hence the performance of the New-
ton iteration for this equation, we use the variable transformation = aof,
which results in the equation

9(8) = B~ lel + 87 =0

with a uniformly convex function g.
(11i) Step (3) is equivalent to the explicit equation

W (N, = XNy~ 1) = Thi(s), — T1p5).

As in the previous subsection the stopping criterion controls the residuals
in the optimality conditions and the constraint violation.

5. CONVERGENCE OF APPROXIMATIONS

5.A. Vanishing gap estimator. We show that if the estimators ny,(¢n, pr)
converge to zero as h — 0, then the bounded sequences (¢p,)n>0 C WH ()
and (pp)r>0 C W (div; ) accumulate at solutions of the primal and dual
problem, respectively. The following proposition guarantees that for vanish-
ing maximal mesh-size and gap estimator numerical approximations for the
primal problem accumulate at solutions. For statements on the convergence
of the dual variable we refer the reader to discussion below and the results
of [BPO7].

Proposition 5.1. Assume that the sequences (¢p)n>0 C W5H(Q) and
(Pr)n=0 C Wi (div; Q) are such that

nh(dn,pR) — 0
as h — 0. We then have that

K K D nf o D)
() i KO Do) = i) D)
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Moreover, every weak-x accumulation point ¢ € WH(Q) is a mazimizer
for K.

Proof. The estimator defines an upper bound for the primal dual gap of the
pair (¢, pp) and for the difference || f — fp||11(q). This implies that we have

lim K(¢p) > max K(¢),
h—0 peW

1,00(2)

i.e., (¢n)n>0 is an infimizing sequence for —K. The weak-* lower semiconti-
nuity of —K implies that every weak-* accumulation point solves the primal
problem. ([l

Remark 5.2. Interpreting the sequence (pp)n>0 as a bounded sequence in a
space of vectorial Radon measures, it follows that subsequences converge to
generalized solutions of the dual problem, cf. [BP07].

5.B. Consistency of regularizations. The definition of the primal-dual
gap estimator is based on the numerical solution of regularized primal and
dual formulations. We show that these are consistent regularizations under
moderate assumptions on the regularization parameters. The following two
results imply that the gap estimator tends to zero as h — 0.

Proposition 5.3 (Primal functional). Let (¢p)n~0 be a sequence of mai-
mizers ¢y, € X, C WH(Q) N LY(Q) for the functionals

E
Kie(on) = [ fudnda = SIVonlE = I, 0/ (Tn)
We then have that
g
0 < Kin(¢n) — Kne(dn) < §|Q\-

Proof. The statement is an immediate consequence of the fact that we have
[Vor|lpe o) < 1 for every h > 0. 0

To allow for the best possible convergence rate of the discrete costs we choose
-2 . . . . .
€ = h". The analysis for the regularized dual functional is more involved.

Proposition 5.4 (Dual functional). Assume that fr =11} f — f in L'(Q)
as h — 0. For every ¢ € W(div; Q) N W22 (Q;R") with —divg = f we
have

| Dhe(Irq) = D(q)| < e(h” + 1 +¢),
with some 0 > 1 or o = 2 if

HDZT\H’EIFQ’HEHLZ’(Q) <c

and where Dy, . is defined by

1 = .
Dh,s(ph) = 174-6 /QZ}L‘H}thllJFE dx + I{,fh}(dlvph).
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Proof. The properties of the generalized interpolant I imply that — div Ipq =
frn and that Irq-n = 0 on 9. To prove the asserted estimate we note that
with the abbreviations g, = Irpq and sp, = H}th we have

Dhellra) = D(@)| < | [ Talsnl ="+ dal
+ |H8h’1+5 — ‘Sh’HLl(Q) + HSh — qHLl(Q) + E”ShHLl(Q) =A+B+C+D.

We estimate the terms on the right-hand side using that the local projection
operator II! is stable in the sense that Isnllwerery < corllanllwerr for
¢ € {0,1}, r € [1,00|, and every T € Tp. Basic interpolation estimates
imply that, formally, the quadrature term A is bounded by

A < || DT Jsn| 7| o),

Rigorously, we have with r =1+ ¢ for € T that

[Isn(@)" = Talsul (@) = D @:(@)(Isn(2)" = lsn(@)]"),

2€NRNT

and the monotonicity estimate
oI — le" < 7[b]" b+ (b~ ¢)

yields that
A< ’I””Sh||2;1(Q)thshHL1(Q)'

To bound term B we note that by the mean value theorem we have for a > 0
that there exists 0 < &’ < € such that

la —a'?| < ea'™|Inal.

If @ > 1 then we use a!™¢ < a!*¢. Otherwise, if 0 < a < 1 then we set
s =1+ ¢’ and deduce that

la — a'*¥| < ea’|slna| = ee*™9slna| < ¢,

where we incorporated that |z|e” <1 for < 0. It thus follows that

B <e(1+In(1+ [|spll())) / |sp |1 da.
Q
An estimate for term C follows from interpolation estimates, i.e.,
C < |} Ipq — Irqllpi) + 1 rq — allir ) < ch?|lqllmrz)-
Incorporating H? stability of I implies the estimate. O

By choosing a regularized infimizing sequence we obtain convergence of the
discrete, regularized cost value to the exact one. For completeness we show
how convergence of equilibria can be proved. For this we assume that the
sequence of approximations of the dual problem accumulates at vector fields
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in WJ{,(div; Q) but this assumption can be avoided by considering generalized
minimizers, cf. [BP07]. Minimizers for Dy, . are characterized by the system

(T pnl " T p, i), — (un, div ) =0,
_(Uh,dinh) = (fhavh)-

and we have that the unique solutions (pp,up) obey the uniform bound
1Pallw @ivie) + lunll L) < ¢

which follows from the estimates discussed in Section 2.C, cf. [BP07] for
further details. As (h,e) — 0 we extract weakly-* convergent subsequences
(possibly after embedding the vector fields into a space of Radon measures)
with limit (p, u) € Wi (div; Q) x L>°(2). To show that this pair is a solution
for the continuous dual problem we first note that for every & € C§°(2; R%)
we have

(uh, div Ipf) — (u, div f)
This implies that with » = 1 4+ € we have

(un, divipy, — Ir€]) = (|Wppn| " *Wpn, L [pr — IF€)n
1 1
> ;(\H}J)hlra Dp — ;(\H}JFflra L)p.

As (h,7) — (0,1) we find, using Jensen’s inequality and weak lower semi-
continuity of the L! norm, that —divp = f and

(u, divlp — €]) > /Q gl da /Q €] da,

which characterizes a solution of the continuous dual problem. Note that
u € WH(Q) solves the primal problem, i.e., the multipliers uj, € Qy, for
the constraint — divp, = fj define nonconforming approximations for the
primal problem.

6. NUMERICAL EXPERIMENTS

We verify our results and test our adaptive refinement strategy in two ex-
periments. The densities f* are constructed with the help of the Gaussian
bell function g : R x R? — R defined by

|z — 2|2
9(@,2) = cagexp (= o),
where we always set 0 = 0.05. The first setting uses a convex domain and
four Gaussian bells.

Example 6.1 (Convex domain). Letd = 2 and Q = (—1/2,1/2)? and define
forx € Q

—_

f2(2) = Sg(z,72) + mglz, —22),

2 2
where z4 = (1/4,1/4) and z— = (—1/4,1/4).
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Less regular solutions are expected on nonconvex domains. Considering
this case is motivated by the connection of the Monge-Kantorovich problem
problem to the infinity Laplace problem.

Example 6.2 (Nonconvex domain). Let d = 2 and Q = (—1/2,1/2)?\
[—~1/8,1/8]%, and define for x €

fH(x) = glz, +2),
where z = (1/4,1/4).

We use the P1 finite element space X; = S*(7,) N L§(Ty) for discretizing
the primal problem and the first order Raviart—Thomas finite element space
Vi, = RT%(T) combined with elementwise affine functions Q;, = £!(7y,) for
the dual problem. Corresponding approximations f; € @ of the functions
f = ft—f onadaptively generated triangulations are displayed in Figure 1.
The functions are obtained by nodal interpolation and a correction of their
means, i.e., we always use

1 1

- +_ - —
@ T @™

The adapted triangulations 7}, are obtained from coarse initial triangulations
by refining elements 7' € My, in a minimal set M, C T, for which we have

> iir(pn én) Z% > 7w (pn, én)-

TeM,; T eTh

fn=

Further elements are refined to guarantee mesh conformity. The numerical
solutions p;, and ¢, defining the error indicators nr(pp, ¢n) are obtained
with Algorithms 4.1 and 4.3, respectively. The auxiliary variables s, and up,
needed therein are initialized via prolongations of corresponding functions on
coarser triangulations or with the trivial value zero. The involved parameters
are defined via the average mesh-size h = (#N}) /¢ and

e=h, 7=1/h, bep = h.
All linear systems of equations with a symmetric and positive definite ma-
trix were solved with a conjugate gradient methods and a preconditioning
obtained from Cholesky factorizations. Other linear systems, i.e., those
that correspond to saddle-point problems were solved with a direct method.
Mesh-refinement was always done using bisection of single elements.

Remark 6.3. We implemented computable approximations np of the in-
dicators nr. These are obtained from first replacing pp by its elementwise
projection H,llph onto elementwise affine vector fields, i.e.,

nr(¢n, pn) < / Wpn| — pn - Vo dz + [T pn — pall o or)-
T
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Noting that the mapping x + |} pp(z)|, © € T, is conver, we deduce the
upper bound

N1 (Pns pr) < / Tn|hpn| — Ty - Voy, dz + [T pn — pall o).
T

To control the L* norm on the right-hand side we note that it follows from (3)
and div py, = fr that on every T € T, we have

pn— Uy = ([(@ —z)fn] =10, [(z — z7) fa])-

d+k
Hence, we have

lpn — Thpnll ooy < IT1V2N(T = TI0) [(& = 22) f] 2y < R fall 2.

Omitting this data term motivates defining the approzimate estimator

nr(ph, ¢n) = / T[T pn| — Tk pp, - Vi, da.
T

FIGURE 1. Density functions f = f* — f~ in Examples 6.1
(left) and 6.2 (right) on adaptively generated triangulations.

6.A. Experimental convergence rates. To illustrate the benefits of adap-
tive mesh refinement we plotted in Figure 2 for sequences of uniformly and
adaptively refined triangulations the errors in the approximation of the pri-
mal cost defined by
O = Kpep — Kn(on),

where the reference value K.y is obtained from an extrapolation of approx-
imations on a sequence of uniformly refined triangulations. In the case of
the convex domain from Example 6.1 we observe quadratic experimental
rates of convergence for both uniform and adaptive mesh refinement. This
is surprising at first glance since the approximated exact potential ¢ is non-
smooth as can be anticipated from the plot of its approximation ¢; shown in
the left part of Figure 3. The transport flux is however supported in regions
in which ¢y, is smooth, cf. Figure 4. In the setting of Example 6.2 the ex-
perimental convergence rate for uniform mesh refinement is approximately
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3.102 ) 3.10-2
—¢ uniform refinement —¢ uniform refinement
—©— adaptive refinement —©— adaptive refinement
103} 1073}
b ch 7,7
h — chd/3 h — ch R
hschd/3° 7
/
h s ch? b b2 7
10-4 , 10-4 it any
1073 1072 3.1071 1073 1072 3.1071

FIGURE 2. Approximated primal cost errors Krer — Kp(dn)
in the convex (left) and nonconvex (right) settings from Ex-
amples 6.1 and 6.2. Adaptive mesh refinement leads to re-
duced errors and an improved experimental convergence rate
in the nonconvex setting.

-0.5

F1GURE 3. Approximate potentials ¢, on the initial trian-
gulations of convex (left) and nonconvex (right) domains in
Examples 6.1 and 6.2.

linear. The adaptive refinement strategy improves this experimental value
to the theoretically optimal quadratic rate.

In the experiments reported above we avoided having a good approximation
of an exact dual solution by working with a reference value for the primal
cost. It turned out that the approximation of the dual variable is more
difficult than approximating the primal variable accurately. To illustrate this
observation we limit the number of error sources and replace the Gaussian
bells in the densities f* of Examples 6.1 and 6.2 by hat functions with
respect to the initial triangulations centered at the same points. Due to
this choice the approximations of the primal cost are nearly exact. Figure 4
shows the transport flux in the modified versions of Examples 6.1 and 6.2.
Experimental convergence rates for the primal-dual gaps

5h = Dh,s(ph) - Kref
are illustrated in Figure 5. We observe that for the convex and the non-

convex domain uniform mesh refinement leads to suboptimal experimental
convergence rates. The convergence rates relate to the expected W4/ 3.20(0))
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FIGURE 4. Approximated transport flux on a convex (left)
and a nonconvex (right) domain. Nearly no transport occurs

through the center of the convex domain.

0.5

regularity of solutions for the infinity Laplace operator independently of con-
vexity properties of the domain. The experimental rates are improved to
the optimal quadratic rate by adaptive mesh refinement.

71072
¢ uniform refinement
-©— adaptive refinement L2
2 Z
1072} )
Ch4 /3 -
103}
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FIGURE 5. Primal-dual gap d, with extrapolated reference
value K. in the modified versions of Examples 6.1 and 6.2.
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6.B. Choice of parameters. We introduced regularizations of the primal
and dual problems defined by a parameter € > 0. The splitting algorithms
devised for the numerical solution of the primal and dual problems are well
defined for ¢ = 0 but their perfomance is expected to improve for a positive
parameter as solutions are then unique. Figure 6 displays the numbers of
iterations needed to satisfy the stopping criteria on triangulations obtained
from 8, 9, 10, and 11 uniform refinements of the initial triangulation. The
numbers show that regularization does not affect the iteration numbers in
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T T [T | B T | T[T ||| T
1 86 | 72 | 136 | 227 | 356 1 [[81]157[312]618 ] 1230
1/h || 82 | 51| 74 | 176 |246 1/h || 17| 31 | 41 | 94 | 212

1/R° | 1068 | 158 | 342 | 1458 | —  1/A° | 13| 175 | 346 | 552 | 1142

TABLE 1. Iteration numbers for different step sizes in the
primal (left) and dual (right) splitting algorithms on uniform
triangulations of a nonconvex domain with different mesh-
sizes.

case of the primal problem while these are substantially reduced in case of
the dual problem.

6261 6301

2 72 6145
80001 =3 e=nh 6000} == e=h
3 e=0 3 e=0
4236
4000 4000 |-
2393 2037 2432
2000 2000 1542
1157
775 828
284 315 I_I |_| 207 294 594 I_I
0 | 0l—m.] |_|
8 9 10 11 8 9 10 11

FIGURE 6. Iteration numbers for the primal (left) and dual
(right) splitting algorithms in the case of nonconvex domain
and uniformly refined triangulations with mesh-size h ~ 277,
7 =8,9,10,11. White bars refer to unregularized function-
als, i.e., ¢ = 0, while gray bars correspond to regularized

. . 2
functions with e = h".

Although the primal and dual splitting algorithms are unconditionally con-
vergent in terms of the step size 7, the numbers of iteration depend sensi-
tively on this quantity. Our choices are motivated by the stability estimate
for the iterations which involve the upper bounds

X = XRIP + 72l — P31

i.e., the squared distances of starting values to a solution. Assuming that
within a multilevel scheme our starting values (A}, pg) approximate the pair
(As A?) comparable to the optimal approximation rates O(h*), we choose
7 = h™*. The iteration numbers shown in Table 1 reveal that for the primal
problem a step size in the range [1,1/h] and for the dual problem in the range
[1/h, 1/52] lead to the best results. On the triangulations 7;, j > 1, good
starting values are available via prolongation from coarser triangulations.

To further illustrate the importance of a good choice of the step size T we
displayed in Figure 7 the decay of the residuals, i.e., the quantities that



24 SOREN BARTELS AND PATRICK SCHON

serve as stopping criteria in Step (4) of Algorithms 4.1 and 4.3 on a fixed
triangulation using different step sizes. We observe that the best convergence
behavior is obtained for 7 = 1/h. A similar conclusion can be drawn from the
plots in Figure 8 where we displayed the primal and dual cost functionals for
the iterates of the algorithms. For 7 = 1/h the value max I(¢) = min D(p) ~
0.772 is attained most rapidly.

100 102&
el m"***ﬂ***‘f 1

10! a =1
10! B r=1 g
© r=1/h
* r=1/h° 100
102
107t
"'Ooo.o. 00000
10~3 . . 102
0 50 100 0 50 100
FiGure 7. Convergence of the discrete residual for the pri-
mal (left) and dual (right) splitting algorithms on a fixed
triangulation resulting from 12 uniform refinements and dif-
ferent step sizes.
0.81 1.1 [
0.79 Lot R
*': ‘| B r=1
0.77 4 [ oc0®ec00eec00ee0000000- A 'I © r—1/h
09 1% * 7= 1R
1
0.75
W 0.8 o8
0.73
0 50 100 0 50 100

FIGuRE 8. Convergence of the primal (left) and dual (right)
cost functionals during the iteration of the primal and dual
splitting algorithms.

APPENDIX A. CONVERGENCE OF THE SPLITTING METHOD

Given convex, proper, and lower-semicontinuous functionals F' : ¥ — R U
{+o0}, G: X = RU {400}, and a bounded linear operator B : X — Y we
consider the minimization problem

u1é1§( F(Bu) + G(u).
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Upon introducing p = Bu and choosing 7 > 0 we obtain the equivalent,
consistently stabilized saddle-point problem defined by

inf  sup F(p) + G(u) + (\, Bu— p)y + = || Bu — p||% = L, (u, p; \).
(u,p)EX XY NcY 2

Here we assume that Y is a Hilbert space and let (-, )y be an inner product
on Y with associated norm || - ||y. Possible strong convexity of F' or G is
characterized by nonnegative functionals pr : Y XY = Rand gog : X x X —
R satisfying

(r,q—p)y + F(p) + or(g,p) < F(qg),
(w,v —u) + G(u) + og(v,u) < G(v),

for all p,g,r € Y and uw,v € X and w € X’ such that r € 0F(p) and
w € 0G(u).

Lemma 1.1 (Optimality conditions). A triple (u,p, ) is a saddle point for
L if and only if Bu=p and

—(\,B(v— u))y + G(u) + o (v, u)
(A a—p)y + F(p) + or(g;p)
for all (v,q) € X x Y.

IN

G(v),
F(q),

IN

Proof. The variational inequalities characterize stationarity with respect to
u and p, respectively, i.e., that, e.g., 0 € 9, L, (u, p; A). O

The arbitrary nonnegative parameter 7 > 0 is assumed to be positive in the
following iterative algorithm. Typical choices are 7 > 1 as the iteration is
unconditionally convergent.

Algorithm 1.2 (Splitting algorithm). Choose (p°,A\°) € Y x Y and 7 > 0,
set k= 1.
(1) Compute the minimizer uF € X for

w— Lo (u, p" AR,
(2) Compute the minimizer p* € Y for
p > Lo (uF, p; A7),

(3) Compute the mazimizer \F for
-1
A oA = AR+ Lo, P8,

i.e., update \¥ = M\=1 4 7(BuF — pF).
(4) Stop if

X = Xy + 715 = 0¥y < dstop-
(5) Set k — k + 1 and continue with (1).
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Note that the order of minimization in v and p can be exchanged. In this
case the contribution 7|p* — p*~!||y in the stopping criterion has to be
replaced by 7||u* —u*~!||x as this difference then occurs as a residual in the
optimality equation for the minimization with respect to the p variable. The
quantity \¥ — M*~1 = 7(BuF — p¥) measures the violation of the constraint.
To guarantee termination of the iteration, the minimization should first be
done in a variable in which no coercivity is available, cf. Theorem 1.4 below.

Lemma 1.3 (Decoupled optimality conditions). The well defined iterates
(u¥, p*, )\k)k:0717,,. satisfy the variational inequalities
—(N 47" = "), Blu —uF))y + G(F) + o (v,4F) < G(v),
(X, q—p")y + FOOF) + or(q,0") < F(q),

N \FT = T(Buk — pk),
for all (v,q) € X x Y, i.e., the triple (u*,p* \F) is a saddle point for L, if
Ne — Xe=1 =0 and 7(pF — p*~1) = 0.

Proof. The variational inequalities characterize stationarity of iterates. [

In what follows, we use for a sequence (ak)kzoylp_ the backward difference
quotient
dya* = (ak — ak_l)/T,
and note that we have the discrete product rule
2daf - aF = dy|a®|? + 7|dpa® .

With this, the updating step in Algorithm 1.2 can be written as d;\* =
BuF —p*. For ease of presentation we introduce the symmetrized coercivity
functionals

or(p,q) = or(p,q) + or(q;p),
/Q\G(uv /U) = QG(uv /U) + QG(Uv u)
We assume that these are nonnegative functionals.
Theorem 1.4 (Convergence). Let (u,p, \) be a saddle point for L. For the

iterates (uk,pk,)\k)kzg,17_,, of Algorithm 1.2 and corresponding errors 6% =
A—\F, 5]’; =p—pF, and 6F = u —u”, and every K > 0 we have that

1
5 (19518 + 721651

K
~ ~ ~ — T
+ 7> { oot ) + or () + 2r (8 ) + (13513 + 720k |
k=1

1 —
< 5 (1303 + 721615 ).

In particular, —dtélj = d )\ = BuF — pF — 0 and —d,6p* = dipF — 0 as
k — oo so that Algorithm 1.2 terminates.
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Proof. We choose (v, q) = (u*, p*) in the optimality conditions for the saddle
point and (v,q) = (u,p) in the optimality conditions for the iterates, and
add corresponding equations to verify that

(A= MNT=7(" = p* 1), Blu" —u])y, + 2a(u*,u) <0,
(A= X0 =)y +2or(",p) <0.
Adding and using Bu* — p* = d,\F = —dt5’>f and Bu = p we find that
06(u*,u) + or (0", p) < —7(* — "1 Bub —u))y + (A = A, Bub — pb)y
= 72(dp®, BoY)y — (6§, dio%)y.
This implies that
() LIS+ TIdeabl} + 2a (b u) +2r G, p) < 7 (di, BSY),
We choose ¢ = p*~! and ¢ = p* in the variational inequalities that charac-
terize p* and pF~1, respectively, to verify that
(AF, =7dp®), + FOF) = FG* ) + or (0", 0" 1) <0,
(N rdp®,), + FOF) = F(h) + or ("1, 0%) < 0.
Adding these inequalities and using d;\* = Bu¥ — p* leads to
—7%(Buf — p*, dp"), + 0r (0", p*7") < 0.

Inserting Bu = p and using d;p* = —dté}’; implies that

dy T . _
6) PRI + LI+ e 0 ) < (B, du®),.
Adding (4) and (5) and summing over k = 1,..., K proves the theorem. [

Convergence of the iterates requires uniqueness of the corresponding limiting
objects. Otherwise, only convergence of subsequences can be established.

Remarks 1.5. (i) For large step sizes T the convergence of (u¥F) and (p*)
may be slow whereas the consistency error BuF — pF converges rapidly.

(ii) Upper and lower estimates for the cost functional follow from choos-
ing (v,q) = (uF,p¥) in the optimality conditions and (v,q) = (u,p) in the
decoupled optimality conditions. In particular, we find that

¥ = [F(0") + GWh)] = [F(p) + G(u)] > —(\, Bu* — p*)y > —HAHY&StOp,

T

and
5f +or(p,p") < (W + 700" =" 1), Blu— b)), — (W, p—p")y

B 5
< 7lp* = Iy (Ilp — p¥lly + [Ip" — Bu¥|ly) + IW"Hy%-

This indicates that dsiop/T has to be sufficiently small to guarantee conver-
gence of approrimating costs.
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