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On the Non-Polyhedricity of Sets with
Upper and Lower Bounds in Dual Spaces∗

Constantin Christof† Gerd Wachsmuth‡

August 14, 2017

We demonstrate that the set L∞(X, [−1, 1]) of all measurable functions
over a Borel measure space (X,B, µ) with values in the unit interval is typ-
ically non-polyhedric when interpreted as a subset of a dual space. Our
findings contrast the classical result that subsets of Dirichlet spaces with
pointwise upper and lower bounds are polyhedric. In particular, additional
structural assumptions are unavoidable when the concept of polyhedricity is
used to study the differentiability properties of solution maps to variational
inequalities of the second kind in, e.g., the spaces H1/2(∂Ω) or H1

0 (Ω).

Keywords: Polyhedricity, Frictional Contact Problems, Variational Inequalities of the
Second Kind, Directional Differentiability, Sensitivity Analysis
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1 Introduction
As it is well known, the concept of polyhedricity is of major importance for the study
of optimization problems and variational inequalities. It corresponds to a notion of
“uncurvedness” in Banach spaces and, as such, provides a sufficient criterion for the
directional differentiability of metric projections and the validity of no-gap second-order
optimality conditions. We refer to, e.g., [Haraux, 1977; Mignot, 1976; Bonnans and
Shapiro, 2000; Wachsmuth, 2016; Christof and Wachsmuth, 2017] for details on these
topics. The result that is most commonly used to check the condition of polyhedricity is
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Mignot’s classical theorem on the polyhedricity of sets with upper and lower bounds in
Dirichlet spaces, cf. [Mignot, 1976, Théorème 3.2] and also the more recent contribution
[Wachsmuth, 2016]. This theorem yields that, if V ⊂ L2(X,µ) is a Dirichlet space over
some Borel measure space (X,B, µ), then a set of the form

{v ∈ V | ϕ ≤ v ≤ ψ µ-a.e. in X}

is always polyhedric provided the bounds ϕ and ψ are measurable functions. Typical
examples of sets that fall into the setting of Mignot are, e.g.,{

v ∈ H1(Ω) | −1 ≤ v ≤ 1 Ld-a.e. in Ω
}
,{

v ∈ H1/2(∂Ω) | −1 ≤ v ≤ 1 Sd−1-a.e. in ∂Ω
}
,

where Ld and Sd−1 denote the Lebesgue and the surface measure, respectively, and
Ω ⊂ Rd is a domain whose boundary is Lipschitz.
The aim of this paper is to prove that a result analogous to Mignot’s theorem does not

hold for sets with upper and lower bounds in the dual V ? of commonly used Dirichlet
spaces V . To be more precise, in what follows, we demonstrate that the set

L∞(X, [−1, 1]) := {v ∈ L∞(X,µ) | −1 ≤ v ≤ 1 µ-a.e. in X} (1)

is typically non-polyhedric in the dual V ? of a space V with V ↪→ L1(X,µ) which
is Dirichlet or continuously embedded into Cb(X) and which satisfies mild additional
assumptions.
Note that sets of the form (1) arise naturally in the study of elliptic variational in-

equalities of the second kind, see, e.g, [Sokołowski, 1988; Sokołowski and Zolésio, 1988;
1992]. They appear when a variational inequality of the second kind involving an L1-
norm is transformed into a variational inequality of the first kind by dualization and are
thus of relevance for questions of sensitivity analysis, cf. Section 2.
Before we begin with our analysis, we give a short overview of the structure and the

contents of this paper:
In Section 2, we motivate in more detail why sets of the form (1) are important for

the sensitivity analysis of elliptic variational inequalities of the second kind. The main
result of this section, Theorem 2.3, demonstrates that the differentiability properties of
the solution operator to a variational inequality of the second kind involving a proper,
convex, lower semicontinuous and positively homogeneous functional j (see (2) for the
precise structure) depend largely on the curvature properties of the subdifferential ∂j(0).
This yields in particular that the polyhedricity of sets of the form (1) (in dual space)
constitutes a sufficient criterion for the differential stability of variational inequalities of
the second kind involving an L1-norm, cf. the examples at the end of Section 2.
In Section 3, we demonstrate that sets of the form (1) are indeed typically non-

polyhedric when considered as subsets of the dual V ? of a space V that is Dirichlet or
continuously embedded into the bounded continuous functions Cb(X).
Lastly, in Section 4, we summarize and interpret our findings. Here, we also address

the consequences that our results have for the study of, e.g, contact problems with
prescribed friction.
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2 Motivation
To motivate our analysis, we consider an elliptic variational inequality of the second
kind, i.e., a problem of the form

Find y ∈ V : 〈Ay − f, v − y〉+ j(v)− j(y) ≥ 0 ∀v ∈ V. (2)

Our assumptions on the quantities in (2) are as follows:

(i) V is a real Hilbert space with dual V ? and dual pairing 〈·, ·〉,

(ii) A : V → V ? is a linear, bounded and coercive mapping, i.e.,

∃c, C > 0 : c ‖v‖2V ≤ 〈Av, v〉 ≤ C ‖v‖2V ∀v ∈ V,

(iii) f ∈ V ? is a given datum,

(iv) j : V → (−∞,∞] is a proper, convex and lower semicontinuous functional that is
positively homogeneous of degree one, i.e., j(αv) = αj(v) for all v ∈ V , α > 0.

Note that we could also work with a Banach space V in the above. This, however, would
just pretend more generality. It is well known that the existence of a linear, bounded and
coercive mapping implies that a Banach space is isomorphic to a Hilbert space. Thus,
we restrict our attention w.l.o.g. to the Hilbert space setting.
From standard results in convex analysis and from the theory of elliptic variational

inequalities, we obtain the following result concerning problem (2).

Proposition 2.1. Problem (2) admits a unique solution y ∈ V for all f ∈ V ?. This
solution satisfies y = A−1(f − q), where q ∈ V ? is the unique solution to the elliptic
variational inequality

Find q ∈ ∂j(0) : 〈p− q, A−1(q − f)〉 ≥ 0 ∀p ∈ ∂j(0). (3)

Proof. The operator A−1 : V ? → V is trivially linear, bounded and coercive, and the
subdifferential ∂j(0) is non-empty, closed and convex. Thus, (3) is a V ?-elliptic varia-
tional inequality of the first kind. The classical result [Kinderlehrer and Stampacchia,
1980, Theorem II.2.1] implies that (3) possesses a unique solution.
Hence, it suffices to show that y solves (2) if and only if q := f −Ay solves (3). Now

we have the equivalencies

y solves (2) ⇔ q ∈ ∂j(y) (4)
⇔ q ∈ ∂j(0) and 〈q, y〉 = j(y) (5)
⇔ q ∈ ∂j(0) and 〈q − p, y〉 ≥ 0 ∀p ∈ ∂j(0) (6)
⇔ q solves (3).

The equivalence between (4) and (5) follows from the positive homogeneity of j. Further,
“(6) ⇒ (5)” can be seen as follows. Using again the positive homogeneity of j, we have

j(y) = sup
p∈∂j(0)

〈p, y〉,
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see [Bauschke and Combettes, 2011, Proposition 16.18]. This means that (6) implies
j(y) = 〈q, y〉 and (5) follows. The remaining implications above are obvious and this
finishes the proof.

Note that the above proof shows that the mapping f 7→ y is Lipschitz continuous as
a function from V ? to V .
The identity y = A−1(f−q) in Proposition 2.1 implies that, if we are interested in the

differentiability properties of the solution map S : V ? → V , f 7→ y, associated with (2),
then we may equivalently study the differentiability properties of the solution operator
T : V ? → V ?, f 7→ q, associated with (3). Note that the latter is seemingly easier
since (3) is a variational inequality of the first kind and since differentiability results
for variational inequalities of the first kind are well known, cf. [Mignot, 1976; Haraux,
1977]. These classical results, however, are only applicable if the admissible set of the
problem at hand satisfies the condition of polyhedricity, cf. [Bonnans and Shapiro, 2000,
Definition 3.51].

Definition 2.2. Suppose that K is a closed, convex and non-empty subset of a Banach
space W . Then K is said to be polyhedric at a point w ∈ K w.r.t. η ∈ NK(w) if

TK(w) ∩ η⊥ = RK(w) ∩ η⊥.

Here,

RK(w) := R+ (K − w) , TK(w) := RK(w), and NK(w) := TK(w)◦

are the radial, the tangent and the normal cone to K at w, respectively. By η⊥ we
denote the kernel of the functional η ∈ W ? and C◦ denotes the polar cone of a given
cone C ⊂ W . The set K is called polyhedric if it is polyhedric at every point w ∈ K
w.r.t. all η ∈ NK(w).

Under the assumption of polyhedricity, it is straightforward to obtain the following
extension of [Hintermüller and Surowiec, 2017, Theorem 4.2], see also [Sokołowski, 1988;
Sokołowski and Zolésio, 1988; 1992].

Theorem 2.3. Let f ∈ V ? be given. We denote by y := S(f) the solution to (2) and by
q := T (f) the solution to (3). Suppose that the set ∂j(0) ⊂ V ? is polyhedric at q w.r.t.
y ∈ V ∼= V ??. Then, the solution operator S : V ? → V associated with (2) is Hadamard
directionally differentiable in f in all directions g ∈ V ? and the directional derivative
δ := S′(f ; g) in f in a direction g is uniquely characterized by the variational inequality

Find δ ∈
(
T∂j(0)(q) ∩ y⊥

)◦ : 〈Aδ − g, v − δ〉 ≥ 0 ∀v ∈
(
T∂j(0)(q) ∩ y⊥

)◦
. (7)

Proof. Since ∂j(0) is polyhedric at q w.r.t. y = A−1(f − q), we may employ the classical
results of Mignot and Haraux, see [Mignot, 1976, Théorème 2.1] and [Haraux, 1977,
Theorem 2], to deduce that the map T : V ? → V ? is directionally differentiable in f in
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all directions g ∈ V ?, and that the directional derivative η := T ′(f ; g) in f in a direction
g is uniquely characterized by the variational inequality

Find η ∈ T∂j(0)(q) ∩ y⊥ : 〈z − η,A−1(η − g)〉 ≥ 0 ∀z ∈ T∂j(0)(q) ∩ y⊥. (8)

From the relation between the solutions to (2) and (3), it is evident that the map
S : V ? → V is directionally differentiable in f in all directions g ∈ V ? with S′(f ; g) =
A−1(g − T ′(f ; g)). Next, we check (7). To this end, fix a direction g ∈ V ? and write
δ := S′(f ; g), η := T ′(f ; g). Then, (8) and the identity δ = A−1(g − η) imply

〈z − η, δ〉 ≤ 0 ∀z ∈ T∂j(0)(q) ∩ y⊥.

Hence,
δ ∈

(
T∂j(0)(q) ∩ y⊥

)◦ and 〈η, δ〉 = 0.

For all v ∈
(
T∂j(0)(q) ∩ y⊥

)◦, we obtain on the other hand

〈g −Aδ, v − δ〉 = 〈η, v − δ〉 = 〈η, v〉 ≤ 0.

Combining the above yields (7). Finally, the Hadamard directional differentiability of
S follows from [Bonnans and Shapiro, 2000, Proposition 2.49] and the global Lipschitz
continuity of S.

Theorem 2.3 illustrates that it makes sense to study the polyhedricity of the set
∂j(0). In applications, the functional j often takes the form j(v) = ‖Gv‖L1(X,µ), where
G : V → L1(X,µ) is a bounded linear mapping and (X,Σ, µ) is a σ-finite measure space,
cf., e.g., [Sokołowski, 1988]. For such a function j, the chain rule for subdifferentials, see
[Ekeland and Temam, 1976, Proposition 5.7], implies

∂j(0) = G? ∂‖·‖L1(X,µ)(0), (9)

where
∂‖·‖L1(X,µ)(0) = {v ∈ L∞(X,µ) | −1 ≤ v ≤ 1 µ-a.e. in X} =: M.

In particular, the polyhedricity condition in Theorem 2.3 becomes

TG?M (q) ∩ y⊥ = RG?M (q) ∩ y⊥,

so that we indeed end up with the same assumption as in [Hintermüller and Surowiec,
2017, Section 4]. To get an intuition for the structure of the set in (9), let us consider
two tangible examples.
First, let Ω ⊂ Rd be a bounded, open set. Set V := H1

0 (Ω), X := Ω and µ := Ld, and
suppose that G is the injection of H1

0 (Ω) into L1(Ω). Then,

∂j(0) = {v ∈ L∞(Ω) | −1 ≤ v ≤ 1 Ld-a.e. in Ω} ⊂ H−1(Ω)

and we arrive at a set that has precisely the form (1).
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For the second example, assume that Ω ⊂ Rd is a bounded domain with a Lipschitz
boundary and set V := H1(Ω), X := ∂Ω and µ := Sd−1, where Sd−1 is the boundary
measure on ∂Ω. Consider the function G : H1(Ω) → L1(∂Ω), v 7→ tr(v), where tr
denotes the trace operator tr : H1(Ω)→ H1/2(∂Ω). Then,

∂j(0) = {v ∈ L∞(∂Ω) | −1 ≤ v ≤ 1 Sd−1-a.e. on ∂Ω} ⊂ H1(Ω)?.

Via the trace operator, we may identify the set H−1/2(∂Ω) with a closed subspace of
H1(Ω)? (namely, tr?H−1/2(∂Ω)). Further, we have the following result.

Lemma 2.4. Let W be a Banach space and let U ⊂W be a closed subspace of W . Then,
a closed, convex and non-empty set K ⊂ U is polyhedric as a subset of the Banach space
W if and only if K is polyhedric as a subset of the Banach space U .

Proof. Since U and W are equipped with the same norm, the tangent cones to K in U
and W coincide. According to [Wachsmuth, 2016, Lemma 4.1], to establish the claim of
the lemma, it suffices to show that the statements

TK(w) ∩ λ⊥ = RK(w) ∩ λ⊥ ∀λ ∈ U? (10)

and
TK(w) ∩ η⊥ = RK(w) ∩ η⊥ ∀η ∈W ? (11)

are equivalent for all w ∈ K. We first prove “(10) ⇒ (11)”. Suppose that an η ∈ W ? is
given. Then, λ := η|U is in U?, and it holds TK(w),RK(w) ⊂ U . Consequently,

TK(w) ∩ η⊥ = TK(w) ∩ λ⊥ = RK(w) ∩ λ⊥ = RK(w) ∩ η⊥.

This proves (11). To obtain “(11) ⇒ (10)”, we can proceed along exactly the same lines
by using the theorem of Hahn-Banach to extend λ ∈ U? to a functional η ∈W ?.

The above lemma shows that it does not make any difference whether we discuss the
polyhedricity of the set L∞(∂Ω, [−1, 1]) in the space H1(Ω)? or in its closed subspace
tr?H−1/2(∂Ω) ⊂ H1(Ω)?. Since the spaces

(tr?H−1/2(∂Ω), ‖ · ‖H1(Ω)?) and (H−1/2(∂Ω), ‖ · ‖H−1/2(∂Ω))

are isomorphic, cf. the inverse trace theorem, we may simplify the situation further and
confine ourselves to studying the set L∞(∂Ω, [−1, 1]) as a subset of H−1/2(∂Ω). This is
again the setting in (1). Note that the situation that we have considered here is exactly
that studied in [Sokołowski and Zolésio, 1992, Section 4.5].
The above examples demonstrate that, if we want to apply Theorem 2.3 to a variational

inequality of the second kind involving an L1(X,µ)-norm, then we typically have to check
the condition of polyhedricity for a set of the form (1) in the dual of the underlying space
V . Compare with [Sokołowski, 1988; Sokołowski and Zolésio, 1988; 1992; Hintermüller
and Surowiec, 2017; De los Reyes and Meyer, 2016] in this context. The problem is
that a set of the form (1) is typically not polyhedric when considered as a subset of a
dual space. This unfortunate and quite counterintuitive fact is proved in the following
section.
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3 Sets with bounds in dual spaces
Let (X,Σ, µ) be a σ-finite measure space and suppose that V is a Banach space which
embeds densely into L1(X,µ). We are interested in the non-polyhedricity of the set

M := {v ∈ L∞(X,µ) : −1 ≤ v ≤ 1 µ-a.e. in X}

as a subset of the dual space V ?. Note that M is trivially convex, non-empty and closed
in V ? (since we may again identify M with a subdifferential, cf. Section 2).
In order to check that M is not polyhedric, it suffices to find a q ∈ M and a y ∈ V

such that y ∈ NM (q) ⊂ V ?? and

∃ν ∈ TM (q) ∩ y⊥ with ν 6∈ RM (q) ∩ y⊥. (12)

To this end, we suppose that a tuple (q, y) ∈ M × V is given such that y ∈ NM (q) and
such that there exists an O ∈ Σ with µ(O ∩ {y = 0}) = 0 and µ(O) > 0. From the
definition ofM and y ∈ NM (q), we obtain that it holds q = sign(y) µ-a.e. in O. Now, for
any η ∈ RM (q) with η χO 6= 0 in L∞(X,µ) (where χO : X → {0, 1} is the characteristic
function of the set O) we have

〈η, y〉 =
∫
X
η y dµ = −

∫
X
|η| |y| dµ ≤ −

∫
O
|η| |y| dµ < 0.

This shows that, to prove the non-polyhedricity of the set M , it is enough to construct
a ν ∈ TM (q) ∩ y⊥ with the property that for each {νn} ⊂ L∞(X,µ) with νn → ν in V ?

we have νn χO 6= 0 for n large enough. Indeed, for such a ν, any sequence {νn} ⊂ RM (q)
with νn → ν in V ? satisfies 〈νn, y〉 < 0 for n large enough so that νn 6∈ RM (q) ∩ y⊥.
In the following two sections, we demonstrate how a ν with the above properties can

be constructed if V is a Dirichlet space or if V embeds into the space Cb(X).

3.1 Dirichlet spaces
In this section, we study the non-polyhedricity of the set (1) in the dual V ? of a Dirichlet
space V . For convenience, we begin by briefly recalling the assumptions typically made
in the Dirichlet space setting, see [Fukushima et al., 2011] for more details.
In what follows, we assume that X is a locally compact and separable metric space.

We denote the Borel σ-algebra of X with B and assume that µ : B → [0,∞] is a Borel
measure such that µ(O) > 0 holds for all non-empty open sets O ⊂ X and such that
µ(K) <∞ holds for all compact sets K ⊂ X. Note that the measure µ is automatically
regular since X is σ-compact, cf. [Rudin, 1987, Theorem 2.18].
Now, a subspace V ⊂ L2(X,µ) is called a Dirichlet space if there exists a symmetric,

bilinear form E : V × V → R such that

• V is dense in L2(X,µ) and E(u, u) ≥ 0 for all u ∈ V ,

• V is a Hilbert space when endowed with the product E1(·, ·) = E(·, ·) + (·, ·)L2 ,

• for all u ∈ V it holds v := min(1,max(0, u)) ∈ V with E(v, v) ≤ E(u, u).
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A Dirichlet space V is said to be regular if

• V ∩ Cc(X) is dense in V w.r.t. the norm induced by E1,

• V ∩ Cc(X) is dense in Cc(X) w.r.t. the supremum norm.

Recall that

Cc(X) := {ψ ∈ C(X) | supp(ψ) is compact},
C0(X) := {ψ ∈ C(X) | ∀ε > 0 : ∃ compact K ⊂ X : |ψ| ≤ ε on X \K}.

Note that Cc(X) can be replaced by C0(X) in the definition of a regular Dirichlet space
since C0(X) is the completion of Cc(X) in the supremum norm.
As an important example, we mention that, for an open, bounded set Ω ⊂ Rd, the

Sobolev space V = H1
0 (Ω) is a regular Dirichlet space with E(u, v) =

∫
Ω∇u · ∇v dx.

However, H2
0 (Ω) is not a Dirichlet space since min(1,max(0, u)) is typically not an

element of H2
0 (Ω) for a given u ∈ H2

0 (Ω).
Let us recall some details concerning capacity theory in Dirichlet spaces, see [Fukushima

et al., 2011, Chapter 2]. For an arbitrary set A ⊂ X, we define the capacity of A by

cap(A) := inf
{
E1(u, u)

∣∣ u ≥ 1 µ-a.e. on an open neighborhood of A
}
.

We say that a pointwise property holds quasi-everywhere (q.e.) if it holds up to a set of
capacity zero. A function u : X → R is called quasi-continuous if for every ε > 0 there
is an open set G ⊂ X with cap(G) < ε and u|X\G ∈ C(X \G). Note that every v ∈ V
possesses a quasi-continuous representative which is unique up to sets of capacity zero,
see [Fukushima et al., 2011, Theorem 2.1.3]. In the sequel, we will always work with the
quasi-continuous representatives of the involved functions. We begin our analysis with
the following result.

Theorem 3.1. Let V be a regular Dirichlet space which embeds densely into L1(X,µ).
Assume that a tuple (q, y) ∈ M × V is given such that y ∈ NM (q) ⊂ V ?? ∼= V and such
that there exists an open set O ⊂ X with µ(O∩{y = 0}) = 0 and cap(O∩{y = 0}) > 0.
Then, M ⊂ V ? is not polyhedric in q w.r.t. y.

Proof. To establish the claim, it suffices to construct a ν with the properties in (12).
Since O ∩ {y = 0} ∈ B, Choquet’s capacity theorem yields that there exists a compact
set K ⊂ O ∩ {y = 0} with positive capacity, see [Fukushima et al., 2011, (2.1.6)].
In what follows, our aim is to construct a non-zero measure in V ? which lives on the

set K. To this end, we define K := {v ∈ V | v ≥ 1 q.e. on K} and note that the element
w in K with the smallest E1-norm satisfies cap(K) = E1(w,w), see [Fukushima et al.,
2011, Theorem 2.1.5]. Define η := E1(w, ·) ∈ V ? \ {0}. Then, it holds

〈η, v − w〉V ≥ 0 ∀v ∈ K.

The above implies that η is a positive Radon measure with supp(η) ⊂ K, see [Fukushima
et al., 2011, Lemma 2.2.6]. By invoking [Fukushima et al., 2011, Lemma 2.2.2], we find
that there exists a sequence {ηn} ∈ L2(X,µ) with ηn ⇀ η in V ? and ηn ≥ 0 µ-a.e. Write

η1
n := χ{y>0} ηn, η2

n := χ{y<0} ηn.
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Then, for every v ∈ V , we have

〈ηin, v〉V = (ηin, v)L2 ≤ (ηin, |v|)L2 ≤ (ηn, |v|)L2 ≤ ‖ηn‖V ? ‖v‖V , i = 1, 2.

Hence, the sequences {ηin}, i = 1, 2, are bounded in V ?, and we may assume w.l.o.g. that
ηin ⇀ ηi holds for some ηi ∈ V ?. Since η1 + η2 = η, at least one ηi has to be non-zero.
We assume w.l.o.g. that this is the case for η1. Since η1, η2 ≥ 0, we infer 0 ≤ η1 ≤ η. In
particular, supp(η1) ⊂ supp(η) ⊂ K.
Consider now again the sequence {η1

n} with η1
n ⇀ η1 in V ?. Since η1

n ∈ L2(X,µ), we
can choose Mn > 0 such that ‖max(η1

n −Mn, 0)‖L2 ≤ 1
n . The latter yields

(min(η1
n,Mn), v)L2 = (η1

n, v)L2 − (max(η1
n −Mn, 0), v)L2 →

〈
η1, v

〉
∀v ∈ V.

Hence, L∞(X,µ) 3 min(η1
n,Mn) ⇀ η1 as n → ∞. Since q = 1 holds µ-a.e. on {y > 0}

and since η1
n = χ{y>0} ηn, the functions −min(η1

n,Mn) belong to RM (q). From Mazur’s
lemma, it now follows straightforwardly that −η1 ∈ TM (q). Define ν := −η1. Then, by
[Fukushima et al., 2011, Theorem 2.2.2], we may write the dual pairing between ν and
y as an integral and infer

〈ν, y〉 =
∫
X
y dν =

∫
K
y dν = 0,

where we used that supp(ν) ⊂ K and y = 0 q.e. on K. This shows ν ∈ TM (q) ∩ y⊥.
Finally, let {νn} ⊂ L∞(X,µ) be an arbitrary sequence with νn → ν in V ?. To conclude

the proof of the non-polyhedricity, we have to show that νn χO 6= 0 holds for all large
enough n, cf. the discussion at the beginning of this section. From Urysohn’s lemma, we
obtain that there exists a ϕ̂ ∈ C0(X) with ϕ̂ = 1 on K and ϕ̂ = 0 on X \O. Since V is
a regular Dirichlet space, we may find a ϕ̃ ∈ C0(X) ∩ V with ‖ϕ̂ − ϕ̃‖L∞ ≤ 1/3. Now,
ϕ := min(1, 3 max(ϕ̃− 1/3, 0)) ∈ C0(X) ∩ V satisfies ϕ = 1 on K and ϕ = 0 on X \O.
This implies ∫

O
νn ϕ dµ = (νn, ϕ)L2 → 〈ν, ϕ〉 = ν(X) 6= 0.

Hence, χO νn 6= 0 will hold for n large enough and the proof is complete.

As a corollary of Theorem 3.1, we obtain the following result.

Theorem 3.2. Let V be a regular Dirichlet space which embeds densely into L1(X,µ).
Suppose that for every compact set K ⊂ X there exist a function y ∈ V and an open set
O ⊂ X with K = O ∩ {y = 0} up to a set of zero capacity. Assume further that there is
a set A ∈ B with µ(A) = 0 and cap(A) > 0. Then, M is not polyhedric.

Proof. We have to construct a tuple (q, y) ∈ M × V such that y ∈ NM (q) ⊂ V ?? ∼= V
and such that M is not polyhedric in q w.r.t. y. By Choquet’s theorem, there is a
compact set K ⊂ A with non-zero capacity and measure zero. Let y ∈ V and an open
set O ⊂ X be given such that K = O ∩ {y = 0} up to a set of zero capacity. We set
q := sign(y) ∈ M . Then, it trivially holds y ∈ NM (q), and we may apply Theorem 3.1
to obtain that M is not polyhedric in q w.r.t. y. This completes the proof.
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We would like to point out that the assumption “For every compact set K ⊂ X there
exist a function y ∈ V and an open set O ⊂ X with K = O ∩ {y = 0} up to a set of
zero capacity” appearing in Theorem 3.2 is not restrictive at all. This condition is, e.g.,
satisfied when the Lipschitz functions belong to V (in this case y can be constructed
with the distance function) or if X = Ω ⊂ Rd is an open set and C∞c (Ω) ⊂ V , see
[Christof et al., 2017, Lemma A.1]. Similarly, the existence of a set with zero measure
but non-zero capacity is ensured in many Dirichlet spaces, cf. [Adams and Hedberg,
1996, Theorem 5.5.1]. Some tangible examples can be found in the following corollary.

Corollary 3.3. Let Ω ⊂ Rd be a bounded domain with a Lipschitz boundary. Then, the
following holds true:

(i) The set {v ∈ L∞(Ω) | −1 ≤ v ≤ 1 Ld-a.e. in Ω} is non-polyhedric in the dual
space H−s(Ω) of the space Hs

0(Ω) := cl‖·‖Hs (C∞c (Ω)) for all s ∈ (0, 1].

(ii) The set {v ∈ L∞(∂Ω) | −1 ≤ v ≤ 1 Sd−1-a.e. on ∂Ω} is non-polyhedric in the dual
space H−1/2(∂Ω) of the space H1/2(∂Ω).

Proof. It is well known that the spaces Hs
0(Ω), s ∈ (0, 1], and H1/2(∂Ω) are regular

Dirichlet spaces, cf. [Musina and Nazarov, 2017] and also [Christof and Müller, 2017,
Remark 3.2(c)]. The existence of sets with zero measure but non-zero capacity in these
spaces follows, e.g., from [Adams and Hedberg, 1996, Theorem 5.5.1] (for H1/2(∂Ω), we
can use a rectification argument here). Lastly, given a compact set K, we can construct
a tuple (y,O) as in Theorem 3.2 by multiplying the distance function dist(·,K) with an
appropriate cut-off function. The claim now follows immediately from Theorem 3.2.

3.2 Spaces embedding into the continuous functions
In this section, we prove a result analogous to Theorem 3.1 in the case that V embeds
into the space Cb(X) of bounded continuous functions. We assume, for simplicity, that
X, B and µ have the same properties as in Section 3.1.

Theorem 3.4. Assume that V is a reflexive Banach space that embeds densely into
L1(X,µ) and continuously into Cb(X). Suppose that a tuple (q, y) ∈ M × V is given
such that y ∈ NM (q) ⊂ V ?? ∼= V and such that there exists an open set O ⊂ X with
µ(O ∩ {y = 0}) = 0 and O ∩ {y = 0} 6= ∅. Further, suppose that for every x ∈ O there
is a function ϕ ∈ V with ϕ(x) = 1 and ϕ = 0 on Ω \O. Then, M is not polyhedric in q
w.r.t. y.

We, of course, use the continuous representatives of the functions y and ϕ in the above
to sensibly define the set O ∩ {y = 0} and the pointwise evaluation of ϕ.

Proof. Fix a point x ∈ O ∩ {y = 0} and define

η1
n := µ(B1/n(x))−1 χ{y>0}∩B1/n(x), η2

n := µ(B1/n(x))−1 χ{y<0}∩B1/n(x),

where B1/n(x) is the ball around x with radius 1/n. Then, η1
n + η2

n converge weakly to
the Dirac measure at x in V ? and (along a subsequence), one of the sequences {η1

n},
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{η2
n} converges weakly to a positive multiple of the Dirac measure at x. Mazur’s lemma

implies that the weak limits of {−η1
n} and {η2

n} belong to TM (q). Now, we can continue
as in the proof of Theorem 3.1. In particular, we can utilize the function ϕ, given by
the assertion of the theorem, in the last step of the proof.

Obviously, many function spaces possess elements y whose zero level sets are non-
empty and (locally) of measure zero. Similarly, functions ϕ with the properties in Theo-
rem 3.4 can easily be found in many situations. We do not go into details here but only
give the following exemplary result.

Corollary 3.5. Let Ω ⊂ Rd be a bounded domain with a Lipschitz boundary. Then, the
set {v ∈ L∞(Ω) | −1 ≤ v ≤ 1 Ld-a.e. in Ω} is non-polyhedric in the dual of the space
W s,p(Ω) for all 0 < s ≤ 1 and all 1 < p <∞ with sp > d.

Proof. From the Sobolev embeddings for fractional Sobolev spaces, cf. [Nezza et al.,
2012, Theorem 8.2], it follows that W s,p(Ω) embeds continuously into the space C(Ω)
and densely into L1(Ω) for all 0 < s ≤ 1 and all 1 < p < ∞ with sp > d. Further,
functions y and ϕ with the properties in Theorem 3.4 are easily constructed (note that
we may again set q := sign(y)). Thus, the claim follows immediately.

Finally, we briefly mention that the reflexivity assumption in Theorem 3.4 is crucial. In
particular, in the settingM(X) := C0(X)? the spaceM(X) is a Banach lattice and we
can apply [Wachsmuth, 2016, Theorem 4.18] to obtain the polyhedricity of M ⊂M(X),
see also [Wachsmuth, 2016, Example 4.21(7)].

4 Conclusion
We conclude our analysis with two remarks on the results in Sections 3.1 and 3.2.
First, we would like to point out that the non-polyhedricity of the set {v ∈ L∞(∂Ω) |
−1 ≤ v ≤ 1 Sd−1-a.e. in ∂Ω} as a subset of H−1/2(∂Ω) in Corollary 3.3 implies that
the assumptions on the regularity of the contact set typically made in the sensitivity
analysis of frictional contact problems, cf. [Sokołowski and Zolésio, 1992, Lemma 4.24],
cannot be dropped. Additional assumptions on the solution or the involved sets are
unavoidable when an approach analogous to that in Section 2 is used to study the
directional differentiability of the solution operator to a H1- or H1/2-elliptic variational
inequality of the second kind that involves a term of the form ‖v‖L1(∂Ω) (since, as we
have seen, there are points where the condition of polyhedricity is violated). The same
applies to H1-elliptic variational inequalities involving a term of the form ‖v‖L1(Ω) and
the assumptions/the approach in [De los Reyes and Meyer, 2016].
Second, it should be noted that the non-polyhedricity of the set (1) in dual space

cannot be overcome by resorting, e.g., to the concept of extended polyhedricity. As a
matter of fact, the set (1) typically possesses positive curvature in the dual spaces. In
the space H−1(Ω), this can be seen, e.g., in the results of [Christof and Meyer, 2016].
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