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1 Introduction

We consider the optimal control problem

minimize J(y,u)
wrt.  (y,u,\) € HY(Q) x L*(Q) x H ()
such that (y,\) € K, (1.1)
—Ay+A=u+f,
U € Uyq.-
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Here, 2 C R? is open and bounded, J : H} () x L2(2) — R is assumed to be continuously
Fréchet differentiable, f € H~1(Q) := H}(Q)*, and U,q C L?(R) is assumed to be closed
and convex. Moreover, the non-convez set K is given by

K= {(v,p) € Hy(Q) x HH () [ v = 0,10 < 0, (11, 0) 10y 11 () = 0 (1.2)

Here, v > 0 is to be understood in a pointwise a.e. sense and yu < 0 for u € H=1(€) is
defined via duality, i.e., (u, w>H*1(Q)><H3(Q) <0 for all w € H} () with w > 0. Note that
the state equation

find (y,A\) e Kwith —Ay+A=u+f

in (1.1) is the obstacle problem.

The task of providing necessary optimality conditions, i.e., conditions which are satisfied
for all local minimizers of (1.1), received great interest in the last forty years, we
refer exemplarily to [Mignot, 1976; Barbu, 1984; Jarusek, Outrata, 2007; Hintermiiller,
Kopacka, 2009; Hintermiiller, Surowiec, 2011; Outrata, Jarusek, Stara, 2011; Schiela,
D. Wachsmuth, 2013; Hintermiiller, Mordukhovich, Surowiec, 2014; G. Wachsmuth, 2014;
2016a; b].

In these references, many optimality systems were introduced and all these systems can
be written in the form

Jy(y,u) +v—Ap =0, we Ny, (a), (1.3a)
Ju(§, ) + pp—p =0, (v,—p) € NE(@N). (1.3b)

Here, J,, and .J,, denote the partial derivatives of J, and Ny, (@) is the usual normal cone
of the convex set U,q. Moreover, Nﬂi(?j,ﬁ) C H7Y(Q) x H}(Q) is a certain admissible
set of multipliers and this set can be understood as a generalized normal cone to the
non-convex set K. In the current contribution, we will provide a systematic comparison of
many common optimality systems. Since all these systems only differ in the replacement
for Nﬂi(g, A) in (1.3), it is enough to compare these replacements and this is the focus
of our paper. We mention that many of the provided comparisons are novel results, in
particular, we refer to Theorems 5.1 to 5.7.

Let us give a brief outline of this paper. In Section 2 we introduce some notation from
convex analysis and variational calculus. Next, we give an introduction to capacity
theory in Section 3, where we collect useful results of capacity theory, introduce the
fine support of a functional ¢ € H~(£2) and give a first application of these results in
Section 3.3. In order to provide more context for stationarity systems of the obstacle
problem, we briefly discuss stationarity systems in the finite dimensional setting and
in general reflexive Banach spaces in Section 4. In Section 5 we address the different
optimality systems of the obstacle problem. We discuss weak stationarity, C- and M-
stationarity, and strong stationarity in Sections 5.1 to 5.3 and 5.6. In Sections 5.4 and 5.5
we compare the limiting normal cone with weak and M-stationarity. Next, we give a
counterexample to stationarity systems that use pointwise almost-everywhere conditions
instead of pointwise quasi-everywhere conditions. Finally, in Section 5.8 we summarize
the results by comparing the stationarity systems and their corresponding cones.
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2 Notation and preliminaries

We fix some notation. Throughout the paper, @ C R? is assumed to be open and
bounded.

We define K to be the set of non-negative functions in H} (), i.e.,

K :=HNQ)y = {ve H}(Q)|v>0a.e. in Q}.

The non-positive and non-negative functionals in H~1(£2) are defined via duality, i.e.,

HY(Q)- = K= {pne H Q) | {1,0) g1(q)xmi(e) < 0 Vv € K},
H YY), = -H1Y(Q)_.

‘We mention that we use
2 L 2
1Yl () = /QIVy! dz

as a norm in HE(Q) and the norm in H~1(Q) is defined via duality. For a function
v € LY(Q), we use v := max(v,0) and v~ := max(—v,0), i.e., v = v —v~. Recall
that v, 0™ € H}(Q) for all v € HE(Q), see, e.g., [Kinderlehrer, Stampacchia, 1980,
Theorem I1.A.1].

Concepts of convex analysis The radial cone and the tangent cone (in the sense of
convex analysis) to K at v € K are defined via

Ri(v) = U MK =) and Tr(v) := Rk (v),
A>0

respectively. Recall that the set K is polyhedric, i.e.,
Ti(v) N pt = R (v) N pt

holds for all v € K and u € Tk (v)°, see [Mignot, 1976, Théoréme 3.2]. Note that v € K,
i€ Ti(v)° is equivalent to (v, u) € K, i.e., K is the graph of the normal cone mapping
of K. Associated to (v, u) € K, we define the critical cone

ICK(U7M) = TK('U) N MJ‘ — {'LU S TK('U) ‘ </“L?w>H*1(Q)><H01(Q) = O}

Concepts of variational calculus We mention two basic concepts of variational
calculus. First, we recall that the Fréchet normal cone N¢(Z) of a subset C' C X of a
Banach space X is defined via

Ne(z) = {77 € X* | limsup oz =) < O}.

z—Z,xeC ||$ - :Z‘HX
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If the Banach space X is reflexive, the limiting normal cone (or Mordukhovich normal
cone) to a closed set C' C X at a point £ € C' can be defined via

NE™(#) i= {n € X* | Han}nen C C,{iimtnen C X* 1 11y € No(@n), @ — &m0 = 1},

see [Mordukhovich, 2006, Definition 1.1, Theorem 2.35]. In the same setting, the Clarke
normal cone can be defined as

NEP™,e(z) := conv NE™ (),

see [Mordukhovich, 2006, p. 17, Theorem 3.57], where conv(-) denotes the closed convex
hull. We note that in the case that C' is a closed convex subset of X we have the equality
of the aforementioned normal cones, i.e. No(Z) = Nim(z) = NGake(z) = To(Z)° and
this cone will be denoted by N¢ (7).

Now, we are going to apply these definitions to the non-convex set K. Due to the
polyhedricity of K C H}(Q), we have

—

Ne(y, A) = Kr (y, ) x K (y, A), (2.1)

cf. [Franke, Mehlitz, Pilecka, 2016, Lemma 4.1] and [G. Wachsmuth, 2015, Lemma 5.2].
Hence, the limiting normal cone of K can be written as

El{yn}neNa {)\n}neNv {Vn}n€N7 {wn}nEN :
(yTH )\n) € K? yn — y7 /\n — )\7
Up € ,CK(y7'h )\n)oa Wy € ICK(yna )\n)y

Vp — VU, Wy — W

NE™(y.A) = § (v,w) € H () x Hy(Q)

3 Introduction to capacity theory

In this section, we recall some facts about capacity theory, which will be needed in the
sequel. We do not claim that any of these results is original, and for the convenience of
the reader we give some simple and enlightening proofs.

3.1 Definition and basic properties

We start with the definition of the capacity of an arbitrary subset of €, see, e.g., [Attouch,
Buttazzo, Michaille, 2006, Section 5.8.2], [Bonnans, Shapiro, 2000, Definition 6.47],
[Delfour, Zolésio, 2001, Section 8.6.1], and [Fukushima, Oshima, Takeda, 2011, Section 2].

Definition 3.1. The capacity (w.r.t. H}(Q)) of a set O C Q is defined as

cap(0) := inf{HvH%{Ol(Q) | ve Hy(2) and v > 1 a.e. in a neighborhood of O}.
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We remark that the infimum over an empty set is co, e.g., cap(Q2) = oo.

Similar to the expression that a property holds almost everywhere, we say that a property
P (depending on z € Q) holds quasi-everywhere (q.e.) on a subset S C €, if and only if
cap({z € S| P(z) does not hold}) = 0.

The notion of “quasi-everywhere” is more restrictive than “almost everywhere”. In
particular, for d > 2 it can be shown that sets of Hausdorff dimension smaller than d — 2
have capacity zero and, conversely, sets with capacity zero have a Hausdorff dimension
of at most d — 2, cf., e.g., [Heinonen, Kilpeldinen, Martio, 1993, Theorems 2.26, 2.27],
[Ziemer, 1989, Theorem 2.6.16], [Adams, Hedberg, 1996, Theorem 5.1.9]. In dimension
d =1, cap(A) =0 if and only if A = 0.

We collect some basic properties of capacities in the following lemma.

Lemma 3.2. (a) cap(#) = 0 and cap(A) < cap(B) if A C B.

(b) meas(A) < C cap(A) for every measurable set A C 2 and a constant C' > 0, where
meas(-) denotes the Lebesgue measure. Moreover, sets of zero capacity are Lebesgue
measurable and have Lebesgue measure zero.

(¢) A compact subset K C  has finite capacity.
(d) cap(Upen Ak) < D pen cap(Ayg) for all families (Ag)reny with Ay C Q.

Proof. Part (a) is obviously true. For part (b), consider functions v € H} () with v > 1
a.e. on an open neighborhood of A. Using Poincaré’s inequality, we have

meas(A) < [|v]72q) < C Hv’ﬁ{é(ﬂ)

and taking the infimum over all these functions v yields the result. If the set A has zero
capacity, it is contained in a sequence of open sets with arbitrarily small capacity. Since
their measure also has to be arbitrarily small, A is contained in a set of measure zero.
Thus, it is measurable and meas(A) = 0.

For (c) it suffices to find a function in v € H}(Q) such that v > 1 a.e. on an open
neighborhood of K. However, it is well known that such a function exists even in C2°(€2).

A proof of part (d) can be found in [Heinonen, Kilpeldinen, Martio, 1993, Theorem 2.2].

We continue with the definition of quasi-open sets and quasi-continuous functions, which
are important concepts of capacity theory.

Definition 3.3. A set O C Q is called quasi-open if for all € > 0 there exists an open set
G. C ), such that cap(G;) < € and O U G¢ is open. A set F' C € is called quasi-closed if
Q\ F is quasi-open.

A function v : Q — R is called quasi-continuous if for all € > 0, there exists an open set
Ge C ), such that cap(G¢) < € and v is continuous on Q2 \ G..
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An important application of the concept of a quasi-continuous function is that for every
function v € H{ () there exists a quasi-continuous representative @ such that v = @ a.e.,
see, e.g. [Bonnans, Shapiro, 2000, Lemma 6.50]. The quasi-continuous representative is
uniquely determined up to sets of zero capacity. Due to this result we will always refer
to the quasi-continuous representative when we speak about a function v € H&(Q) This
allows us to state more properties that relate to capacity theory and functions in HE ().

Lemma 3.4. (a) A function v :  — R is quasi-continuous if and only if the preimages
of open subsets of R are quasi-open.

(b) For a quasi-continuous function v and a quasi-open set O C 2, we have

v>0qge.onO < wv>0ae onO

(c) Every sequence which converges in H{ (£2) possesses a pointwise quasi-everywhere
convergent subsequence.

(d) For every subset A C €2 we have the identity
cap(A) = inf{HvH%{é(Q) |ve HY(Q) and v > 1 q.e. on A}

and in case cap(A) < oo, this infimum is attained by a non-negative function v
with v = 1 q.e. on A.

(e) For all open subsets €1 C €, we have the characterization

u€ H}(Q) & we€ HH Q) and u=0qe onQ\Q.

Proof. For part (a) we refer to [Kilpeldinen, Maly, 1992, Theorem 1.4].

The implication “=" in (b) follows directly from Lemma 3.2 (b). The other direction can
be found in [Fukushima, Oshima, Takeda, 2011, Lemma 2.1.5], see also [G. Wachsmuth,
2014, Lemma 2.3].

For a proof of part (c) we refer to [Bonnans, Shapiro, 2000, Lemma 6.52].

For the proof of part (d) we will write cap;(A) as an abbreviation of the right-hand side.
First, let v € H () be given such that v > 1 a.e. on an open neighborhood of A. By
part (b) we have v > 1 g.e. on an open neighborhood of A. Taking the infimum yields
capy (A) < cap(A).

For the other inequality, let € > 0 and v, € H&(Q)J’_ be given such that v. > 1 q.e. on
A and ”%H%’é(ﬁ) < cap;(A) +¢e. Then {z € Q| v-(x) > 1 — ¢} is quasi-open by part
(a). Let Ac :== {z € Q| ve(z) > 1 — e} UG: be an open set where G, is open with
cap(Ge) < e. Hence, there exists w. € H}(Q)4 with HwEH%Ié(Q) < 2¢ and w, > 1 a.e. on
G¢. Then it follows that ﬁvg + we > 1 a.e. on A, which is an open neighborhood of
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A. Then, taking the limit &€ — 0, the result follows from

2 1/2 2
A
(capy(A4) +¢) +V2e| — cap;(A).

U,
cap(4) < || = + .

Hé(Q)_{ l—e¢

Since the set V := {v € H}(2) | v > 1 q.e. on A} is closed by part (c), it is clear that
the infimum is attained by the norm-minimal element v in V and it is non-negative by
[Kinderlehrer, Stampacchia, 1980, Theorem II.A.1]. Similarly, min(v,1) € V implies
v=1q.e. on A.

Finally, (e) follows from [Heinonen, Kilpeldinen, Martio, 1993, Theorem 4.5].

An important application of capacity theory is that we are able to describe functionals
€€ H Q)+ = FK° as measures.

Lemma 3.5. Let £ € H1(Q), be given. We can identify ¢ with a regular Borel measure
on €2 with the following properties:

(a) The measure £ does not charge sets of capacity zero, i.e., if A C Q is a Borel set
with cap(A) = 0, then {(A) = 0.

(b) If v € H}(Q), then v is &-integrable and we have
(€ U>H*1(Q)><Hé(§2) = /Q’U dg.

(c) For a Borel subset A C 2 we have £(A) < cap(A)% €1l -1 (2)-
(d) The measure ¢ is locally finite, i.e., £(K) < oo for all compact sets K C Q.

Proof. For representation of { as a regular Borel measure see [Bonnans, Shapiro, 2000, p.
564]. Parts (a) and (b) can be found in [Bonnans, Shapiro, 2000, Lemmas 6.55, 6.56].
For (b), it is crucial that v is interpreted as a quasi-continuous function.

For part (c), assume w.l.o.g. cap(4) < oo. According to Lemma 3.4 (d), there exists
v e HHQ) with v > 1 q.e. on A, v >0 q.e. and cap(4) = ||v]|12qé(9). Together with part
(a) this implies v > x4 &-a.e. Then by part (b) have

1
€A < [ vde = (& ey < [0l 1€ m- = ap(A)} €]5-10)-

Part (d) follows from the combination of part (c) and Lemma 3.2 (c).

An important consequence of Lemma 3.5 (a) is that properties holding q.e. are also valid
&-a.e., and this was already used in the proof of Lemma 3.5 (c).

Of course the results of the previous lemma can also be applied to functionals ¢ € H~()_
with the obvious changes.
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3.2 The fine support

Consider a functional (which is a Borel measure by Lemma 3.5) ¢ € H~1(Q)+. In this
section we want to generalize the notion of the support of the measure £ in a way which
is more useful for our setting. The resulting set will be called the fine support, denoted
by f-supp(£). In the context of Dirichlet spaces, this is known as quasi-support, see
[Fukushima, Oshima, Takeda, 2011, Section 4.6].

The fine support is usually defined as the complement of the largest finely-open set O
with £(0) = 0, see [G. Wachsmuth, 2014, Appendix A] for details. This approach uses,
among other things, the concept of the fine topology on 2. In this section however we
will present an alternative approach for deriving the fine support of £, which does not
use the fine topology but only the concepts of capacity theory that we discussed so far.

Lemma 3.6. Let £ € H1(2), be a measure. Then there exists a largest (up to a set
of capacity zero) quasi-closed set A C € such that

E{v#0}))=0 < wv=0qeonA (3.1)

holds for all v € H().

Proof. It can be shown that the set of all v that satisfy the left-hand side of (3.1) is a
closed lattice ideal in H}(€2). By [Stollmann, 1993, Theorem 1] there exists a set A, such
that (3.1) is satisfied for all v € H}(£2). By the proof of [Stollmann, 1993, Theorem 1] it
can be seen that A can be chosen such that A = {f =0} for a function f € H}(Q).

It remains to show that {f = 0} is the largest quasi-closed set A with that property. Let
A be another quasi-closed set that satisfies (3.1). Since {({f # 0}) = 0 it should hold
that f =0 q.e. on A, i.e. A C {f =0} up to a set of capacity zero.

We note that the proof of [Stollmann, 1993, Theorem 1] does not use the fine topology.

Clearly, the set A from Lemma 3.6 is unique up to a set of capacity zero. We define
the fine support of a functional £ € H~1(Q) as f-supp(¢) := A where A is the largest
quasi-closed set A C €2 that satisfies (3.1). For a functional ¢ € H~1(2)_ we define the
fine support as f-supp(&) := f-supp(—¢).

We will argue that our definition of the fine support coincides with the one given in
[G. Wachsmuth, 2014, Appendix A]. This will be done with the help of the following
lemma, which follows from [Kilpeldinen, Maly, 1992, Theorem 1.5].

Lemma 3.7. For every quasi-open set O C Q there exists a function v € Hg () such
that O = {f > 0} up to zero capacity.

Note that the proof of [Kilpeldinen, Maly, 1992, Theorem 1.5] uses the fine topology on
R? and its quasi-Lindelof property. A different proof of Lemma 3.7 based on probabilistic
arguments can be found in [Fukushima, Oshima, Takeda, 2011, Lemma 4.6.1].
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With the help of Lemma 3.7 we can provide further properties of of the fine support.

Lemma 3.8. Let £ € H 1(Q), be given.

(a) For every quasi-open set O C 2 the equivalence
€0)=0 <« cap(Onfsupp(&)) =0 (3.2)

holds, i.e., £ charges O if and only if O intersects the fine support of .

(b) Every quasi-closed set A that satisfies (3.1) is equal to f-supp(§) up to a set of
capacity zero.

Proof. For part (a) let O C Q be a quasi-open set. By Lemma 3.7, there is v € H}(Q) 4
with O = {v > 0}. In particular, v > 0 £-a.e. on O. Using (3.1), this yields the chain of
equivalencies

£0)=0 & &{v#0}))=0 <« wv=0q.e. on fsupp(&)
< cap({v #0}Nfsupp(§)) =0 < cap(ONf-supp(§)) = 0.
For part (b) let f,g € H(Q)4 be such that A = {f =0} and f-supp(¢) = {g = 0}. Then

it follows from (3.1) that f =0 q.e. on {g = 0} and vice versa, thus {f =0} = {g = 0}
up to a set of capacity zero.

Note that the proof of Lemma 3.8 (a) even reveals that the satisfaction of (3.1) for all
v € H} () is equivalent to the satisfaction of (3.2) (with f-supp(€) replaced by A) for all
quasi-open O C Q. Hence, (3.2) is also a characterization of the fine support.

It can be shown that the fine support as defined in [G. Wachsmuth, 2014, Appendix A] is
quasi-closed (this follows from the fact that finely open sets are quasi-open). Therefore,
by using Lemma 3.8 (b) this definition of the fine support coincides with our definition
given by Lemma 3.6.

The following lemma will prove to be useful later.

Lemma 3.9. (a) Let O C F C Q be given such that O is quasi-open and F is
quasi-closed. Then, O C f-supp(yo) C F.

(b) Let v € H} ()1 be given. Then, N2, f-supp(x{v<1/ny) = {v = 0}.

Proof. (a): The set U := Q \ f-supp(xo) is quasi-open and does not intersect f-supp(xo).
Hence, Lemma 3.8 (a) implies 0 = xo(U) = meas(U N O). Since U N O is quasi-open,
this implies that cap(U N O) = 0, see [Fukushima, Oshima, Takeda, 1994, Lemma 2.1.7]
and [G. Wachsmuth, 2016a, Lemma 2.1]. Hence, O C f-supp(xo) up to capacity zero.

Similarly, Q\ F' is quasi-open and ON(Q\ F) = 0. Hence, xo(\F) = 0 and Lemma 3.8 (a)
implies cap(f-supp(xo) \ F') = 0. Hence, f-supp(xo) C F up to capacity zero.
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(b): From (a) we infer {v < 1/n} C f-supp(x{v<i/n}) C {v < 1/n}. This implies the
claim.

Finally, we provide a further auxiliary lemma which shows that each Borel set of non-zero
capacity contains the fine support of a non-zero functional.

Lemma 3.10. Let A C Q be a Borel set with 0 < cap(A4) < co. Then, for all ¢ € (0,1),
there is a v € H~1(Q), with

v(A) > ¢ cap(A) 2 ||v]| -1
and f-supp(v) C A up to a set of capacity zero. If A is compact, we obtain additionally

v(A) = cap(4)2 [|v] g-1(q).

In the compact case, one can choose the so-called capacitary measure and the Borel case
follows with an exhaustion of compact sets from Choquet’s theorem. For convenience,
we provide the proof, see also [Fukushima, Oshima, Takeda, 1994, Theorem 2.2.3].

Proof. Let M C Q be compact. We define the closed and convex set M = {v € H}() |
v >1 q.e. on M} and consider the minimization problem

1
minimize — HUHH1 (@) Wt v € M.

From Lemma 3.4 (d) it follows that this problem has a non-negative solution vy; € M
with vpy = 1 q.e. on M and the solution is characterized by

vy = —Auvyy € —NM(UM).
Since vy +v € M for all v € H}(Q)4, we find
(vm, v) = (vur, (v +v) — o) >0,

i.e., vy € H1(Q)4. Next, we check that the fine support of vy is contained in M. The
set 2\ M is open, hence, there is a non-negative o € H}(2) with ¢ > 0 q.e. in Q\ M,
see Lemma 3.7. From vy £0 € M, we infer [,0dvy = 0, hence, vy ({0 # 0}) = 0.
By the definition (3.1) of the fine support, this implies © = 0 q.e. on f-supp(vys), hence,
f-supp(var) C M up to a set of capacity zero.

Now, we use Riesz’s representation theorem and Lemma 3.4 (d) to obtain

cap(M) —HUMHHI(Q = lvalli-10y = (var, var) - L(Q)x H} ()

—/UMdl/M / vy dvy = / dvyr = vy (M).

10
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Now, let a Borel set A C Q with 0 < cap(A4) < oo be given. From the famous capacity
theorem of Choquet, see, e.g., [Heinonen, Kilpeldinen, Martio, 1993, Theorem 2.5] or
[Fukushima, Oshima, Takeda, 2011, Theorem A.1.1], we obtain that A is capacitable.
Hence, there exists a compact set M C A with cap(M) > ¢? cap(A). By applying the
first part of the proof to M, we obtain vy, € H=1(Q), f-supp(vays) C M C A (up to a
polar set) and

var(A) = var (M) = cap(M)'? |var|l 510y = ¢ cap(A)'? valli-10)-

3.3 Tangent and normal cones in H}(Q)

With the help of capacity and the fine support, it is possible to give descriptions for
the normal, tangent, and critical cone of K. Those descriptions give us a pointwise q.e.
conditions for functions that are in these cones. With this formulation they will be useful
later.

Lemma 3.11. Let v € K = H}(Q) be given.

(a) Then the normal cone at v is given by

Nic(v) := Tk (v)° = K° N &
={¢e H Q) [¢{v>0}) =0}
={¢€ H(Q)_|v=0q.e. on f-supp(¢)}.

(b) The tangent cone at v can be written as

Ti(v) = {w € H}(Q) | w > 0q.e. on {v=0}}. (3.3)

(c) For a functional u € Nk (v) the critical cone at (v, u) can be expressed as

Ki (v, 1) = {w € H{(Q) |w>0q.e on{v="0}w=0q.e on f-supp(u)}. (3.4)

Proof. For £ € K° and v € H}(Q) with v > 0 q.e. on f-supp(¢) the equivalences
<§,U)H71(Q)XH3(Q) =0 & {{v#0})=0 < wv=0q.e on fsupp(§) (3.5)
can be shown with the help of Lemma 3.5 (b) and Lemma 3.6. With this information,

the result for the normal cone can be seen directly.

For proving the expression of the tangent cone, we denote by T ‘the right-hand side
of (3.3). Using Lemma 3.4 (b) it is easy to see that Rx(v) C 7. Now let w € T
and £ € Nk (v) be given. From the respective definitions it follows that w > 0 q.e. on

11
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f-supp(€). Therefore, (¢, w) = [vd§ < 0. Since w € T and & € Nk (v) are arbitrary we
have R (v) € T C N (v)°. Taking the closure of all sets and using the bipolar theorem
yields the result.

The expression for the critical cone follows from part (b) and (3.5).

4 Stationarity systems for general MPCCs

In this section, we give a brief overview on optimality systems for general classes of
MPCCs. First, we review the classical finite-dimensional case in Section 4.1 and address
the case of abstract MPCCs in reflexive Banach spaces afterwards in Section 4.2.

4.1 Stationarity systems for finite-dimensional MPCCs

We consider the problem

minimize f(x),
wrt. xR,
s.t. h(x) =0,
G(z) >0, H(z) <0, G(z)"H(z) = 0.

(4.1)

v

Here, f : R® - R, h : R® —» R*¥ G,H : R® — R™ are assumed to be continuously
differentiable and n,m > 1, £ > 0. For simplicity, we did not include any additional
inequality constraints. They can, however, be added in a straightforward way. Typically,
one formulates an MPCC with H(z) > 0, but in order to increase the similarity with (1.1),
we used H(z) < 0. This will have an impact on the sign conditions of the multipliers
associated with this constraint in the stationarity systems below.

It can be easily checked that the constraint qualification of Mangasarian-Fromovitz is
violated in all feasible points of (4.1). However, under some conditions, the Guignard
constraint qualification is satisfied, see [Flegel, Kanzow, 2005b]. Therefore, several
constraint qualifications tailored to MPCCs have been introduced, we refer exemplarily to
[Luo, Pang, Ralph, 1996; Pang, Fukushima, 1999; Scheel, Scholtes, 2000; Flegel, Kanzow,
2005a; b; Hoheisel, Kanzow, Schwartz, 2013].

Due to this violation of standard constraint qualifications, the classical Karush-Kuhn-
Tucker conditions fail to be satisfied for some problems of type (4.1). Moreover, since the
Mangasarian-Fromovitz condition is inevitably violated, the set of standard Lagrange
multipliers for (4.1) is always unbounded (or empty). This is caused by some redundancy
in the Karush-Kuhn-Tucker system.

In order to formulate stationarity systems for (4.1), we introduce the so-called MPCC-
Lagrangian £ : R™ x R¥ x R™ x R™ — R,

Lz, p,v,p) = f(2) + (h(2), e + (G(2), v)pm + (H(2), p)gem-

12
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Note that this MPCC-Lagrangian does not include a multiplier for the complementarity
constraint G(z)" H(z) = 0. This may help to get rid of the redundancy in the stationarity
system. Given a feasible point € R" of (4.1), we define the index sets (suppressing the
dependence on )

I'Y={ie{1,...,m}| Giz) > 0},
I :={ic{1,....,m}| Hy(z) <0},
1= {ic{1,...,m}| Gi(z) = H;y(Z) = 0}.

Note that these index sets form a partition of {1,...,m}.

A feasible point z of (4.1) is said to be weakly stationary, if and only if there exist
multipliers € R*, v, p € R™ such that

0=V, L(Z, p,v,p) = f'(2) + P (@) ' n+G'(@) v+ H(T) p, (4.2a)
vi=0 YielI™  p=0 Viel™ (4.2b)

is satisfied. This is the weakest stationarity system associated with (4.1) and it is satisfied
under rather weak conditions on the regularity of (4.1), see [Scheel, Scholtes, 2000,
Section 2.2].

Stronger optimality conditions contain additional conditions for v, p on the bi-active set
I, The system of C(larke)-stationarity requires that, in addition to (4.2), one has

vipi <0 VieI%. (4.3)

We emphasize that, since we do not have any sign conditions on the multipliers v, p on
1% that (4.3) is significantly stronger than

Z Vi P = ZV,‘ Pi < 0. (4.4)
i=1

1€190

Typically, the system of C-stationarity (4.2)—(4.3) can be obtained via a regularization of
the complementarity constraint in (4.1), see [Scholtes, 2001; Hoheisel, Kanzow, Schwartz,
2013].

A stronger optimality system is the so-called M(ordukhovich)-stationarity, in which
vipi =0or (v; <0 and p; > 0) Vi e 19, (4.5)

is required in addition to (4.2). In comparison to (4.3), the case v; > 0, p; < 0 is ruled
out. These conditions (4.2), (4.5) of M-stationarity can be obtained via techniques of
variational analysis, in particular by using the limiting normal cone, see [Outrata, 1999],
or by a direct proof, see [Flegel, Kanzow, 2006].

This formulation for M-stationarity can, however, not be transferred to our problem
(1.1). Therefore, we give an alternative description, see [G. Wachsmuth, 2016b]: there is

13



Stationarity systems for control of obstacle problem Harder, Wachsmuth

a disjoint decomposition of the biactive set 10 = JHoy ooy T 0= such that

v; =0 forie ITOUTHO, (4.6a)
pi =0 forie "~ U, (4.6b)
v; <0,p; >0 forie 700 (4.6¢)

are satisfied. It is easy to see that the existence of a disjoint decomposition 190 =
IT0U 19 U [0~ satisfying (4.6) is equivalent to the conditions (4.2b), (4.5) from the
system of M-stationarity. Moreover, it is possible to transfer this definition to our problem
(1.1), see Section 5.3 below.

Finally, the strongest optimality system is called strong stationarity and this system
additionally contains
vi<Oand p; >0  VieI%. (4.7)

It is easy to verify that the conditions (4.2), (4.7) are equivalent to & being a (classical)
Karush-Kuhn-Tucker point of (4.1) itself. Such a system is satisfied only under quite
restrictive assumptions, see [Scheel, Scholtes, 2000; Flegel, Kanzow, 2005b].

For a more detailed account of this finite-dimensional situation, we refer to [Luo, Pang,
Ralph, 1996; Scheel, Scholtes, 2000; Hoheisel, Kanzow, Schwartz, 2013] and the references
therein.

4.2 Stationarity systems for abstract MPCCs in reflexive Banach
spaces

Next, we discuss the problem

minimize f(x),

(4.8)
st. g(z)eC, G(x) e K, H(z) € K°, (G(z), H(z)) =0,

which is posed in Banach spaces. More precisely, f : X — R is Fréchet differentiable,
g: X—=>Y, G: X —Zand H: X — Z* are continuously Fréchet differentiable, X,Y, Z
are (real) Banach spaces and Z is assumed to be reflexive. Moreover, C' C Y is a closed,
convex set and K C Z is a closed, convex cone.

Due to the reflexivity of Z, the problem (4.8) is symmetric w.r.t. G and H.

A straightforward computation shows that the Robinson-Zowe-Kurcyusz constraint
qualification cannot be satisfied at any feasible point, see [Mehlitz, G. Wachsmuth,
2016b, Lemma 3.1]. This is similar to the violation of Mangasarian-Fromovitz constraint
qualification for (4.1). Hence, the Karush-Kuhn-Tucker conditions may fail to be necessary
for optimality. Therefore, the aim of this section is to provide alternative stationarity
concepts for (4.8).

Stationarity systems for (4.8) have been proposed in [G. Wachsmuth, 2015; Mehlitz,
G. Wachsmuth, 2016b; Mehlitz, 2017; G. Wachsmuth, 2017]. In [G. Wachsmuth, 2015] it
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was suggested to use the so-called local decomposition approach, which is well known
for the finite-dimensional problem (4.1), see [Luo, Pang, Ralph, 1996; Pang, Fukushima,
1999; Scheel, Scholtes, 2000; Flegel, Kanzow, 2005a; b]. This leads to the following
stationarity concepts. A feasible point Z of (4.8) is called weakly stationary if there exist
Lagrange multipliers p € Y*, v € Z* and p € Z, such that

0=f"(2)+¢ @) n+G@)v+H (@) ), (4.9a)
€ Te(g(x))°, (4.9b)
ved(K®—K°NG(z)Y) NnG(z)h, (4.9¢)
pec(K—-KnH@)™)nH@)": (4.9d)

The point Z is called strongly stationary, if the above multipliers satisfy additionally

v € Tie(H(2)) N G(Z)" = Kko(H(2), G(T)), (4.10a)
p€Tx(G@)NH@)" =Kk(G(z),H(z)). (4.10b)

We refer to [Mehlitz, G. Wachsmuth, 2016b, Definition 3.3] and [G. Wachsmuth, 2015,
Definition 5.1]. It can be easily checked that these conditions (4.9) and (4.10) applied
to (4.1) are precisely equivalent to (4.2) and (4.7), respectively. However, the classical
Karush-Kuhn-Tucker conditions for (4.8) are, in general, slightly stronger than the
above definition of strong stationarity for (4.8), see [G. Wachsmuth, 2015, Lemma 5.1].
Finally, we mention that (4.10) implies (4.9¢), (4.9d), i.e., strong stationarity implies
weak stationarity, see [Mehlitz, G. Wachsmuth, 2016b, Lemma 3.4].

Constraint qualifications ensuring that local minimizers of (4.8) are strongly or weakly
stationary can be found in [G. Wachsmuth, 2015, Section 5.3|, [Mehlitz, G. Wachsmuth,
2016b, Theorem 3.6], and [Mehlitz, 2017, Proposition 3.4].

In the case that the cone K is polyhedric, it has been shown in [G. Wachsmuth, 2017,
Section 5.2] that the above system of strong stationarity is of reasonable strength. In
particular, if K is polyhedric and Z is a strongly stationary point, then it is first-order
stationary w.r.t. a linearized feasible set, i.e.,

f(@)h>0 Vhe X :¢'(z)h € Te(g(T)), G'(Z) h € K (G(Z), H(Z))

see [G. Wachsmuth, 2017, Theorem 5.1].

Finally, we briefly comment on the case that the cone K is not polyhedric. In this
case, the above stationarity systems are too weak since they do not take into account
the curvature of the boundary of K. Stronger optimality conditions can be obtained
by an additional linearization approach, see [G. Wachsmuth, 2015, Section 6.2] and
[G. Wachsmuth, 2017]. This has been successfully applied to the case in which K is the
second-order cone or the cone of positive semi-definite matrices.
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5 Stationarity systems for (1.1)

In this section, we are going to review the different optimality systems by using the
notations of capacity theory and variational calculus. To this end, let (7, %, \) be a locally
optimal solution of (1.1). We state certain replacements for Nﬂﬁg(gj, \), such that the
system (1.3) becomes a necessary optimality system, under certain assumptions on the
data of the problem (1.1). Further, we fix the sets

A= {o € Q| glx) =0}, Ay = Esupp(V),
Z:={zeQ|y(zx) >0} B:=A\ A,
which are called active set, strictly active set, inactive set, and biactive set, respectively.
Note that Z, B and A, correspond to the index sets 110, 10 and I°t in the finite-

dimensional setting in Section 4.1. We emphasize that these sets are defined up to sets
of zero capacity.

To see the relation between (1.3) and (4.9), we associate with (1.1) the Lagrangian

‘C(yauv)\vpauay7p) = J(y?u)+<_Ay+)‘_u_f> p>+(/% U)+<1/, y>+<)\a p>

for p,p € H}(Q), v € HY(Q) and p € L*(Q). Taking derivatives w.r.t. (y,u,\), we
arrive at the optimality system

Jy(y,u) — Ap+v =0, ved(K®—K°ngh)ngt,
Ju(gvﬂ) —ptupu= 0, K G-N‘Uad(ﬂ)7
p+p=0, pec(K—Knixt)nat,

cf. (4.9). By substituting p with —p we arrive at (1.3) with a special replacement for
NE(w, V-

5.1 Weak stationarity
The system of weak stationarity is obtained by using
NFeak(g X)) :={z € H}(Q) | 2=0 q.e. on A}°x{w € H}(Q) | w=0 q.e. on Az} (5.1)

instead of Nﬂi(g, A) in (1.3). This system is satisfied for all local minimizers under very
weak assumptions on the data, cf. [G. Wachsmuth, 2016b, Lemma 4.4]. Moreover, we
mention that the above cone Nﬁeak(g, \) provides an appropriate generalization of (4.2b).
In particular, the condition on the multiplier v € H~1(Q) is formulated by duality, since
v is, in general, not a proper function.

The next lemma demonstrates that this system coincides with the weak stationarity
system (4.9) of Section 4.2.
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Theorem 5.1. We have

(K —KnM) N2t ={ve H(Q)|v=0qe on A},
d(K°—K°ngt)nygt ={ve HYQ) | v =0 q.e. on A}°.

Proof. To show the first equality, we first observe that
K—-KnM ={ve H}Q) |v>0qe on fsupp(\)}
and this set is closed. Hence,
(K —KnA)ndt=(K-KnM)nixt=Knix —Kn)t
={ve€ H}(Q)|v=0q.e. on A},
which has been claimed.

In order to prove the second equality, we proceed in two steps. First, we show “D”. Using
the characterization of the tangent cone, we have

Te(@) N =Tx (@) = {v e HY(Q) |v =0 q.e. on A}.
Taking the polar and using [Bonnans, Shapiro, 2000, (2.32)], we find
(K~ K°nyt) Nyt D (K ngt = K°ngt) = (T (y)° — Ti()°)
= (Te() N =Tk (@))° = {v € HY(Q) | v=0 qe. on A}°.
In order to prove “C”, we choose an arbitrary p € cl(K° — K°nN gi) Ny*. By definition,

there are sequences { i, }neny C K° and {v, bnen € K° Nyt with p, — v, — p. Next, let
v € H}Q) with —y < v < ¢ be given. Then,

(1 iv>H*1(Q)><Hé(Q) = (u,y =+ U)Hfl(Q)xHé(Q) = nh_?;o (tn — vn,y £ U>H*1(Q)><Hé(9)

= 731_{{}0(<an y+ U>H*1(Q)><H(}(Q) — (n, Y = U>H*1(Q)><H(%(Q))'
Since f-supp(v,) C {y =0} C {y £ v =0} and y £ v > 0 q.e., we have (v,, y £v) =0.
Moreover, p, € K° and y £ v € K implies (puy,, y £ v) < 0. This shows (u, +v) < 0.
Hence,
pef{ve Hy(Q) |-y <v<gh-

Thus, it remains to show

clecone{v € HY(Q) | —y <v <y} ={ve H}(Q)|v=0q.e on A}, (5.2)
where clcone denotes the closed conic hull. The inclusion “C” is clear. To prove “D7”, let
v € H}(Q) with v = 0 q.e. on A be given. Then, v, —v € Tk (y) and, thus, there exist
sequences {wy tnen C Ri(y) and {2z, }neny € —Ri(y) with w,, — v and z, — v. This

implies z;7 — w;, — v and follows from the definition that z;7 — w,, belongs to the conic
hull of {v € H}(Q) | =y < v < g}. This finishes the proof of (5.2). Thus,

pe{ve HY Q) | -y <v <y}t ={ve H}Q) |v=0qe. on A}°

and this proves “C” in the second equality.
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For standard finite-dimensional problems with complementarity constraints, the system of
weak stationarity can be written by using the Clarke normal cone of the complementarity
set. In the current situation, this relation is shown in the next lemma.

Theorem 5.2. Let (y,\) € K be arbitrary. Then,

M[\éveak(g’ 5\) — Nﬂglarke(g’ 5\)

Proof. “>7: From (5.5) below, we have
NE™(F:A) © N7, N).
Since /\/’H‘geak(gj, \) is closed and convex, this implies

Nﬂglarke(g’ 5\) _ Wf\/ﬁlglm@a 5\) C Ml‘geak(g7 5\)

“C”: Now, let (v, w) € Ng*(g, A) be given. Since conv Ng™ (5, A) € Narke(5;, X), and
since NE™(y, \) is a cone, it is enough to show (v,0), (0,w) € NE™(y, \).

In order to verify (0,w) € NE™(y,\), we set y, = § + %w* € K and A\, = A\ e K°.
The orthogonality (yp, >‘n>H*1(Q)><H(%(Q) = 0 follows immediately from (y,A) € K and

w = 0 qe. on As = f-supp(A), cf. (5.1). Thus, (yn,A\n) € K and the convergence
(Yns An) = (Y, A) is clear. Next, we check that w € Kx(yn, A\n). The condition w = 0 q.e.

on f-supp(\,,) = f-supp(A) is clear, and w > 0 q.e. on {y,, = 0} follows from

1
yn(x) =0 = y(z)+ Ew*(x) =0 = w(r)=0 = wx)>0
for q.a. z € Q. Thus, we have (0,w) € Ng(yn, An), cf. (2.1), and (0,w) € NE™ (7, \)
follows.

It remains to verify (v,0) € NMi™(y,A). To this end, we set y 7—-Ht e K

and A\, = A — %X{ﬂ<1/n} € K°. By continuity of (-)* in H(Q), it is clear that
(Yn, An) — (4, A). From Lemma 3.9 (a) we have f-supp(\,) C {y < 1/n} = {y, = 0},
thus <)\n,yn>H71(Q)XHé(Q) =0, i.e., (Yn,\n) € K. From Lemma 3.9 (b), we find {y =

0} C f-supp(x{y<1/n}) C f-supp(A,) (up to a set of zero capacity). Hence,

ve{zeH}(Q)|2=0q.e. on {g=0}}°
C{z€ H}(Q) | 2z=0q.e. on fsupp(A,)}° C Kx (Yn, An)°.

Thus, (v,0) € Ng(yn, \n) and this yields (v,0) € NEm (g, \).

Thus, the previous two lemmas show that using the definition (5.1) of N8k in (1.3)
seems to be the correct generalization of weak stationarity for (1.1). In particular,
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e it is a pointwise version of the coefficientwise conditions (4.2);
e it coincides with the system (4.9) arising from the abstract theory for (4.8); and
e we have N'Weak (g, \) = NClarke( })

5.2 C-Stationarity

The next stronger system in the hierarchy of stationarity systems for (4.1) was the system
of C-stationarity (4.2), (4.3). In [Schiela, D. Wachsmuth, 2013, Definition 1.1], it was
proposed to check the product of v € H=1(Q), p € H}(Q) and a suitable, non-negative
test function for non-negativity. This definition is motivated by the observation that,
under the condition (4.2b), (4.3) is equivalent to

(i, v o p)gm >0 Vo € R™ » > 0. (5.3)

Here, v o ¢ € R™ denotes the Hadamard product of the vectors v, p € R™.
We define the cone

NE (5 A) = {(r,w) € NFR(j, N) | (v, we) -1()xmi) S0V € Wh(Q)4},

and the system of C-stationarity can be written by using N (9, \) instead of Nﬂﬁg(gj, A)
n (1.3). Note that the above system slightly differs from the system of C-stationarity
in [Schiela, D. Wachsmuth, 2013], since therein, higher regularity of the data of (1.1)
has been utilized. However, it has been shown in [G. Wachsmuth, 2016b, Lemma 4.6],
that the system (1.3) with N coincides with the system of C-stationarity in [Schiela,
D. Wachsmuth, 2013].

Finally, we mention that often a weaker variant similarly to (4.4) is used, e.g., one only
requires
(v, p) <0.

5.3 M-Stationarity

Next, we will state the definition of M-stationarity from [G. Wachsmuth, 2016b] which
parallels (4.6) in the finite-dimensional case. Let B = ZUBU.A, be a disjoint decomposition
of the biactive set and we define

K(B, As) :={ve H}YQ) | v >0 q.e. on Band v =0 q.e. on As U A} (5.4)

Note that the critical cone satisfies K (7,A) = K(B,0). Then, the M-stationarity
conditions of [G. Wachsmuth, 2016b] are obtained by replacing Nﬂi(g, A) in (1.3) with

N , 1 there is a decomposition B = TUBU A,
N (,A) = ¢ (v,w) € H(Q) x Hy(Q) :

with v € K(B, A,)°, w € K(B, As)
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In finite dimensions, the system (4.2), (4.6) of M-stationarity can be shown by using the
limiting normal cone associated with the complementarity set

{(z,y) € R™? |2 >0,y <0,2"y =0}

However, this is not known for the problem (1.1) and we will distinguish between the
above notion of M-stationarity and a system obtained by the limiting normal cone to K.
In Section 5.5 it will be shown that both systems coincide in the one-dimensional case
d=1.

The case d > 2 is different. In particular, it is currently not known, whether the
system of M-stationarity (1.3) with ./\/ng is a necessary optimality condition. The results
in [G. Wachsmuth, 2016b, Section 5] show that such a system can be obtained by a
penalization of the control constraints in (1.1) under a very mild condition on the sequence
of regularized multipliers. However, it is neither clear whether this condition is always
fulfilled nor whether there exists an instance of (1.1), in which a local minimizer is not
M-stationary. This is subject to further research.

5.4 The limiting normal cone in dimension d > 2

One can show that the system (1.3) with Nﬂi replaced by the limiting normal cone NE™
is a necessary optimality condition under quite general assumptions on the data of (1.1),
see [Hintermiiller, Mordukhovich, Surowiec, 2014, Section 3] and [G. Wachsmuth, 2016b,
Proof of Lemma 4.4], see also [Outrata, Jarusek, Stara, 2011, Proof of Theorem 16]
in case of controls from H~!(Q). Note that in the last two references, the optimality
system was not stated explicitly by means of the limiting normal cone, but it can be
easily extracted from the referenced proofs.

However, there is no precise characterization of this limiting normal cone available. As
in the proof of [G. Wachsmuth, 2016b, Lemma 4.4] one can show
N (5, 2) C NES (5, ). (5.5)

We mention that this statement has been generalized to other cones K inducing a lattice
with further continuity properties in [Mehlitz, 2017, Lemma 3.10]. Unfortunately, this
upper estimate is really large. Even more disappointing, in dimensions d > 2, the lower
estimate

NE(G, ) N (LP(Q) x Hg()) € Ng™ (7, A)

has been shown recently in [Harder, G. Wachsmuth, 2017], where p € (1, 00) is chosen
such that LP(Q)) — H~1(Q). Together with (5.5), this shows that we have the equivalence

Vv e LP(Q),w € HY(Q) : (r,w) e NE™(7,0) <= (r,w) e NF°% (5, A)  (5.6)

in dimension d > 2 with LP(Q) — H~1(Q).

The following lemma provides another lower bound which is valid for d > 1.

20



Stationarity systems for control of obstacle problem Harder, Wachsmuth

Theorem 5.3. Let d > 1. We have

N2 (G, A) € NE™ (7, N).

Proof. Let (v,w) € N2' (¢, \) be given. We define

A

A =Bn{w=0}, Z:=Bn{w<0}, B:=Bn{w>0}.

A

Obviously, this is a partition of the set B and we can check v € I@(Z%, fls)", w € IC(B, fls)
Further,

AsUA, = f-supp(\U({7 = 0} N {w = 0} \ f-supp(N)) = £-supp(MU({7 = 0} N {w = 0})

is quasi-closed. Hence, there is a v € H}(Q), with A, U Ay = {v = 0}. Because
w=0,7 =0 q.e. on A5 U AS, we can assume that § +wt +w™ < v. We set w,, :=
min((v—2)T, w*) —min((v— )=, w™). Then, it is easy to check that w, — w in Hg (),
wy, >0 q.e. on Band w, =0 q.e. on {v < 1/n}.

Now, we note that
TUZ={5>0}U ({7 =0} {w < 0}\ Esupp(}) = {7 > 0} U ({uw < 0} \ Esupp(R)

is quasi-open. Hence, there is 9, € H}(Q); with {§, > 0} =ZUZ\ {v < 1/n}. Now, we
define

Un
n+ ””ﬁnHH(}(Q)

- 1
Yn = min(y, (v — %)+) + >0, Api=A- n X{v<1/n} < 0.

This yields
{yn >0} =ZUT\ {v<1/n}, {v <1/n} C f-supp(\,) C {v < 1/n},

see Lemma 3.9. Hence, (yn, \,) € K and we also have y, — y and A\, — A
Due to w, =0 g.e. on {v < 1/n} and w, > 0 q.e. on B, we find w,, € K (Yn, An)-

For z € Kk (yn,An), we have z = 0 q.e. on f-supp(\,), hence, z = 0 q.e. on Az U As.
Further, z > 0 q.e. on {y, =0} = {v < 1/n} UBUAs; U A. Hence, z € K(B, As). This
implies v € K(B,As)° C K (Yn, An)°.

Thus, (v,w,) € _//\/'\K(yn, A\) and the convergences w, — w, y, — ¥ and A\, — X yield
(v, w) € N (7, A).

In fact, the proof even shows a stronger statement, since the approximating sequence
(v, wy,) for the multipliers converges strongly. Together with the results of [G. Wachsmuth,
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2016b, Sections 2, 5], this implies

H{yn}nENa {)\n}nENy {Vn}neNa {wn}neN :
(Yn> An) €K yn = 4, Ay — A,
Up € ICK(yna )\n)oa Wp € ICK(yna )\n)a

Vp — UV, Wy — W

N (@A) = { (v,w) € HTH(Q) x H()

Note that in difference to the definition of the limiting normal cone NEi™ (¢, \), we have
used strong convergence of (v, wy). A similar phenomenon was observed for pointwise
defined sets in Lebesgue spaces in [Mehlitz, G. Wachsmuth, 2016a; 2017].

We also mention that the proof of Theorem 5.3 could be drastically simplified, if we would
know that for every quasi-closed set A C Q, there is a £ € H~(Q) with f-supp(¢) = A.
Indeed, in this case we could choose A € H~1(Q), with f-supp(\) = As U A, and use the
sequences

N, wni=w, vy =,

Yn ==Y+ — 7, Anzzj\_

S
S|

where § € H} () is chosen such that {§ > 0} =ZUZ.

5.5 The limiting normal cone in dimension d =1

In this section we will have a look at the case {2 C R, i.e., d = 1. This case is fundamentally
different from d > 2 and this is manly due to the (compact) embedding Hg () < Cp().
This embedding has been exploited in [Outrata, Jarusek, Stard, 2011; G. Wachsmuth,
2016b] to prove that the system of M-stationarity is a necessary optimality condition in
d=1.

In this section, we provide the new result that the above system of M-stationarity is
indeed equivalent to the formulation using the limiting normal cone in dimension d = 1.

Theorem 5.4. Assume that Q@ ¢ R!. Then,

NE™ (5, 2) = Ng (5, ).

Proof. As already said, the inclusion “C” follows from [G. Wachsmuth, 2016b, Lemma 2.3
and Section 5] and “D” was shown in Theorem 5.3.

Finally, we prove that the M-stationarity system from Section 5.3 is equivalent to the
optimality conditions obtained in [Jarusek, Outrata, 2007, Theorem 11].
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Theorem 5.5. Let Q C R! and (v,w) € H () x Hj(Q) be given. Then, (v,w) €
N (7, A) is equivalent to the satisfaction of the system

(v, z) =0forall z€ H}(),z =0 on A, (5.7a)
w(s) = 0 for all s € supp(\), (5.7b)
(v, z) = 0 for all open intervals U C {w < 0} and z € Hj(Q),z2=00n Q\ U, (5.7¢c)
(v, z) < 0 for all open intervals U C {w > 0} and z € H}(Q)4,2=00n Q\U. (5.7d)

Here, supp()) is the support of the measure ).

Note that in case d = 1, we have supp(\) = f-supp(A).

Proof. “=7: Let (v,w) € NH%/I(;(Z, A) be given. The first two conditions (5.7a) and
(5.7b) follow from (v, w) € Ng'(,A) C N (g, A) and the embedding Hg(Q) < Co(Q).
Now, let B = Z U B U A; be the decomposition of the biactive set associated with
(v,w) € NZ' (@, A).-

Let an open intervals U C {w < 0} and z € H}(Q) with 2 =0 on Q\ U be given. Since
{w < 0} € ZUZ, we have £z € K(B, As), hence (v, Z>H*1(Q)><Hé(§l) = 0. Thus, (5.7¢)
holds.

Finally, if U C {w > 0} is an open interval and z € H}(Q)4 with 2 =0 on Q\ U, we find
z € K(B, As) due to {w >0} C ZUZ U B. Hence, (v, Z>H*1(Q)><H3(Q) < 0. This shows
(5.7d).

“<”: Let (v,w) € HY(Q) x H}(Q) be given, such that the system (5.7) is satisfied. The
first two conditions imply (v,w) € NEFe®(, \). Now, we define the sets

T:={w<0}n{g=0}, B:={w>0n{g=0}, A, :={w=0}n{y=0}nB.

As in [G. Wachsmuth, 2016b, Section 5], we can check that this is a decomposition of B,
and w € (B, As) follows directly from this definition.

It remains to verify v € I@(B, /ls)o. To this end, let z € l@(l’;’,As) be given. Then,
{z=— >0} C ZUZ. Note that # :=ZUZ = {§ > 0} U{w < 0} is open. We denote
by {Vi}ien the (at most countably many) connected components of {w < 0}. Since
2~ € H}(U), we find a sequence {zp }nen C C°(U)4 such that 2z, — 2z~ in Hg(Q). Since
zp, is compactly supported, we can find a finite set I,, C N such that {Z} U{V;}c;, covers
the support of z,. Using the usual partition-of-unity argument, we obtain the partition

Zp = Pn + Z Yin such that ¢, € Cgo(z)—i-: Yin € CSO(VL)-I— Vi € I.
i€ln
Further, (v, pn) = 0 by (5.7a) and (v, ¥;,) = 0 follows from (5.7d). This implies
(v, 27) = limp 00 (v, 2,) = 0. Similarly, we can argue for z*, which lives on ZUZ U
B ={y>0tU{w < 0tU{w > 0}. By using (5.7a), (5.7c) and (5.7d), this yields
(v, Z)H—l(Q)ng(Q) < 0. This finishes the proof of v € K(B, A;s)°.
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5.6 Strong stationarity

Finally, we review the system of strong stationarity for (1.1). In [Mignot, 1976, Proposi-
tion 4.1] it has been shown that every local solution of (1.1) with U,q = L?(Q) satisfies
the optimality system (1.3) with Nﬂi(g, \) replaced by by

N8 (55 3) o= {w € HE(Q) | w >0 qee. on A and (w, \) = 0}°

| _ (5.8)
x {w e Hy(Q) | w >0 q.e. on A and (w, A\) = 0}.
In view of (3.4) and (3.5), we have
NET(5,0) = Kk (5, 2)° % Kk (5, )
and due to (2.1), S
Mls(trong(ga >‘) = NK(@? )‘) (59)

follows. These equalities show that strong stationarity in the sense of Mignot for (1.1)
coincides with the notion of strong stationarity (4.9)—(4.10) defined for abstract problems
with complementarity constraints in Section 4.2. We also mention that the critical cone
in the equation above can be evaluated via (3.4).

As already said, Mignot’s technique needs U,q = L?(f2) and this condition can be slightly
weakened to the requirement that 7y, (u) is dense in H~1(Q). The case with box
constraints was considered in [G. Wachsmuth, 2017]. In particular, under conditions
on J and on the control bounds, which can be checked a-priori, one obtains that all
local minimizers of (1.1) are strongly stationary. However, the counterexamples in [G.
Wachsmuth, 2017, Section 6] show that this condition cannot be dropped and local
minimizers of (1.1) are, in general, not strongly stationary if control bounds are present.
Note that the minimizers in these counterexamples are still M-stationary in the sense of
Section 5.3.

5.7 Almost everywhere versus quasi-everywhere

In this section, we consider the case that the multiplier A of the obstacle problem
enjoys the increased regularity A € L?(Q). This holds, e.g., if Uyq € L™¥(29)(Q) and
f e L™2x(25)(Q) for some s > d, see [Kinderlehrer, Stampacchia, 1980, Theorem IV.2.3].

Now, since X is a function, we can introduce the set
Ay = {A <0} (5.10)

Note that, in difference to As, A, is only defined up to a set of measure zero.
Under this increased regularity, one can find many contributions in the literature in
which a system of strong stationarity is defined via using

NSO (5 XY i= {w € HY(Q) | w >0 a.c. on A and w = 0 a.e. on A,}°

1 o (5.11)
x{w e Hy(Q) |w>0a.e.on Aand w =0 a.e. on As}
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in (1.3). Note that this definition includes sign condition in the almost everywhere sense,
whereas (5.8) includes similar sign conditions in the quasi-everywhere sense, and this is a
crucial difference. It is easy to check that
{we HYQ) |w>0ae on Aand w=0ae. on A}

S {we H}Q) | w >0 qe. on Aand w=0ae. on A}

={we€ HJ(Q)|w>0q.e on Aand w=0 q.e. on A}
and the inclusion is, in general, strict. Since we have the reverse inclusion for the polar
sets, Ng=""°"8 (7, ) and Nz °"8(5, A) are, in general, not comparable.

Finally, we prove by means of a counterexample that (5.11) cannot be used to provide a
necessary optimality condition for (1.1). We consider the one-dimensional problem

minimize |y(1/2) 4+ 1|* + é HUH%Q(QV
such that —Ay+A=u+ f,
(y,A) € K.
where @ = (0,1) and
flw) =12 (2 - 1)2 -1

2 2
It is easy to check that the global solution of this problem is given by
_ T _ 1 2
u=A=0, y(x)—x(l—x)(i—x).

Hence, A = {1/2} and A, = A, = 0. Now, the system (1.3) reads

2(51/2+V—APZO, MENUad(ﬁ):{O}7
p—p=0, (v, —p) € NE(F, M),

where 0,/ is the Dirac measure at 1/2. Note that this directly implies p = 0 and
v = —20y/,. Finally, it can be checked that

<_2 51/27 0) € M[sgrong(ga 5‘)7 (_2 61/27 0) ¢ Nﬂze—strong(g’ 5‘)

Hence, the system (1.3) with Nﬂze'mong(gj, \) instead of Nﬂg(g, \) is not a necessary
optimality system.

5.8 Comparison

Finally, we comment on the known relation between all of the introduced replacements
for Nﬂi(gj, A), except the almost-everywhere variants from Section 5.7.
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Theorem 5.6. Let (i, \) € K be given. Then, the inclusions

Nstrong(g X)CNM( )CNK(y; )C'A/Weak(g )
N85, 2) © NRHG,A) © NE™ (5, 0) © NES(5, )

hold.

Proof. The first chain of inclusions follows trivially from the definitions. The second
chain follows from the identity NFea(y, ) = NE™¥ke(y, N), see Theorem 5.2, the in-
clusion NVE™ (7, ) € NE™¥ke (g, ), which follow from the definition, see Section 2, and
Theorem 5.3.

In the one-dimensional case d = 1, we further have
N]Ilém(g’ 5‘) = NHI%/I(ZJ, 5‘)?

see Theorem 5.4. Hence, both chains in Theorem 5.6 can be combined to a single one.
However, for d > 2 the situation is less clear, cf. Section 5.4.

Similar to the finite-dimensional case, one can check that all stationarity system coincides
if the biactive set vanishes (in the sense of capacity).

Theorem 5.7. If cap(B) = 0, then all inclusions in Theorem 5.6 hold with equality. In
case cap(B) > 0, we have

NE™ (@A) © N5, 0) G NE (3, A) € N5, ).
If even meas(B) > 0 and d > 2, then

Nl (5, 0) © N (3, 2), N (3, 2) B N (5. A).

Proof. First, we consider the case cap(B) = 0. It is sufficient to show
'/\[Hsgrong(g7 5\) _ weak(g’ 5\)

and this follows directly from the definition.

Now, let cap(B) > 0.

NP8 (5, 0) € N2 (5,)): Since T U B is quasi-open, there exists p € Hg ()4 with

{p >0} = TUB, see Lemma 3.7. Now, it is easy to check (0, —p) € N (5, \) by choosing
=B,B=A,=0and (0, —p) §Z./\/Str°ng(y, A) since —p < 0 g.e. on B.

./\/ng(y, A) € NE(F,\): As in the previous case, we choose p € H(Q), with {p >
0} = Z U B. Moreover, Lemma 3.10 implies the existence of a non-zero v € H1(Q)
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with f-supp(v) C B. Now, it is easy to check that (1/ —p) € NK (7,A\) and we claim
(v, —p) € N21(5,\). Indeed, —p € K(B, A,) requires Z = B, B= A, = 0 (all up to zero
capacity). But then, v € IC(@, 0)° implies f-supp(v) C Ag which does not hold.

NE (5, N) C NFeak (g, \): We choose p and v as in the previous case. Then, (—v, —p) €
NFeak(7,\) is clear. Now, if we use ¢ = yo € WH(Q) in the definition of N (i, ), we
have

(—v, —ps0>=/pd1/>0
Q

since p does not vanish on the fine support of v. Hence, (—v, —p) & Nﬂg(_ /_\)
Finally, let us assume that meas(B) > 0. As before, we choose p € H}(Q) with {p >

0} = ZUB. We set v = xg. Then, (—v, —p) € NFeak(y, \), hence, (—v, —p) € N (g, \)
by (5.6). However, (—v, —p) & /\/C( A) can be checked as above.

6 Conclusion

The theory for optimality conditions for the finite-dimensional problem (4.1) is well
understood. The systems of weak and strong stationarity can be transferred to the
optimal control of the obstacle problem by using some notions of capacity theory. The
situation is different for the intermediate concepts of C-stationarity and M-stationarity.
In particular, in dimensions d > 2, there is a discrepancy between the notion of M-
stationarity as introduced in Section 5.3 and the stationarity concept involving the
limiting normal cone, see Section 5.4. Finally, we mention two open questions.

e Do we have Ni™(y, \) = NFeak(y, \) in dimension d > 27
e Is every local minimizer of (1.1) M-stationary in the sense of Section 5.3 if d > 27

A first step towards answering the first question is the equivalence (5.6) and from the
results of [G. Wachsmuth, 2017, Section 5|, one could expect that the answer to the
second question is affirmative.

Another open question concerning the fine support was raised after the proof of Theo-
rem 5.3.

e Given a quasi-closed set A C Q. Does there exist ¢ € H1(Q) with A = f-supp(€)?

Acknowledgments

This work is supported by a DFG grant within the Priority Program SPP 1962 (Non-
smooth and Complementarity-based Distributed Parameter Systems: Simulation and
Hierarchical Optimization).

27



https://spp1962.wias-berlin.de

Stationarity systems for control of obstacle problem Harder, Wachsmuth

References

Adams, D. R., Hedberg, L. I. (1996). Function spaces and potential theory. Vol. 314.
Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathe-
matical Sciences]. Berlin: Springer-Verlag. 1SBN: 3-540-57060-8.

Attouch, H., Buttazzo, G., Michaille, G. (2006). Variational analysis in Sobolev and
BV spaces. Vol. 6. MPS/SIAM Series on Optimization. Philadelphia, PA: Society for
Industrial and Applied Mathematics (STAM), pp. xii4+634. 1SBN: 0-89871-600-4.

Barbu, V. (1984). Optimal Control of Variational Inequalities. Vol. 100. Research Notes
in Mathematics. Boston: Pitman.

Bonnans, J. F., Shapiro, A. (2000). Perturbation Analysis of Optimization Problems.
Berlin: Springer.

Delfour, M., Zolésio, J.-P. (2001). Shapes and Geometries. Analysis, Differential Calculus,
and Optimization. Philadelphia: STAM.

Flegel, M. L., Kanzow, C. (2005a). “Abadie-type constraint qualification for mathe-
matical programs with equilibrium constraints”. Journal of Optimization Theory and
Applications 124.3, pp. 595—614. 1SSN: 0022-3239. DOI: 10.1007/s10957-004-1176-x.

Flegel, M. L., Kanzow, C. (2005b). “On the Guignard Constraint Qualification for
Mathematical Programs with Equilibrium Constraints”. Optimization 54.6, pp. 517—
534. DOI: 10.1080/02331930500342591.

Flegel, M. L., Kanzow, C. (2006). “A direct proof for M-stationarity under MPEC-
GCQ for mathematical programs with equilibrium constraints”. Optimization with
multivalued mappings. Vol. 2. Springer Optim. Appl. New York: Springer, pp. 111-122.
DOI: 10.1007/0-387-34221-4 6.

Franke, S., Mehlitz, P., Pilecka, M. (2016). Optimality conditions for the simple convex
bilevel programming problem in Banach spaces. Preprint. Fakultat fiir Mathematik und
Informatik, TU Bergakademie Freiberg.

Fukushima, M., Oshima, Y., Takeda, M. (2011). Dirichlet forms and symmetric Markov
processes. second. Vol. 19. De Gruyter Studies in Mathematics. Walter de Gruyter &
Co., Berlin, pp. x+489. 1SBN: 978-3-11-021808-4.

Fukushima, M., Oshima, Y., Takeda, M. (1994). Dirichlet forms and symmetric Markov
processes. Vol. 19. de Gruyter Studies in Mathematics. Berlin: Walter de Gruyter &
Co., pp. x+392. ISBN: 3-11-011626-X. DOI: 10.1515/9783110889741.

Harder, F., Wachsmuth, G. (2017). The limiting normal cone of a complementarity set
in Sobolev spaces. Preprint. TU Chemnitz.

Heinonen, J., Kilpeldinen, T., Martio, O. (1993). Nonlinear potential theory of degenerate
elliptic equations. Oxford Mathematical Monographs. Oxford Science Publications.
New York: The Clarendon Press Oxford University Press. 1SBN: 0-19-853669-0.

Hintermiiller, M., Kopacka, I. (2009). “Mathematical programs with complementarity
constraints in function space: C- and strong stationarity and a path-following algorithm”.
SIAM Journal on Optimization 20.2, pp. 868-902. 1SSN: 1052-6234. DOI: 10.1137/
080720681.

Hintermiiller, M., Mordukhovich, B. S., Surowiec, T. (2014). “Several approaches for
the derivation of stationarity conditions for elliptic MPECs with upper-level control

28


https://doi.org/10.1007/s10957-004-1176-x
https://doi.org/10.1080/02331930500342591
https://doi.org/10.1007/0-387-34221-4_6
https://doi.org/10.1515/9783110889741
https://doi.org/10.1137/080720681
https://doi.org/10.1137/080720681

Stationarity systems for control of obstacle problem Harder, Wachsmuth

constraints”. Mathematical Programming 146.1-2, Ser. A, pp. 555-582. 1ssN: 0025-5610.
DOI: 10.1007/s10107-013-0704-6.

Hintermiiller, M., Surowiec, T. (2011). “First-order optimality conditions for elliptic math-
ematical programs with equilibrium constraints via variational analysis”. STAM Journal
on Optimization 21.4, pp. 1561-1593. 1sSN: 1052-6234. DOI1: 10.1137/100802396.

Hoheisel, T., Kanzow, C., Schwartz, A. (2013). “Theoretical and Numerical Comparison
of Relaxation Methods for Mathematical Programs with Complementarity Constraints”.
Mathematical Programming 137.1-2, pp. 257-288. DOI: 10.1007/s10107-011-0488-5.

Jarusek, J., Outrata, J. V. (2007). “On sharp necessary optimality conditions in control of
contact problems with strings”. Nonlinear Analysis 67.4, pp. 1117-1128. Do1: 10.1016/
j.-na.2006.05.021.

Kilpeldinen, T., Maly, J. (1992). “Supersolutions to degenerate elliptic equation on quasi
open sets”. Communications in Partial Differential Equations 17.3-4, pp. 371-405. 1SSN:
0360-5302. DOI: 10.1080/03605309208820847.

Kinderlehrer, D., Stampacchia, G. (1980). An Introduction to Variational Inequalities
and Their Applications. New York: Academic Press.

Luo, Z.-Q., Pang, J.-S., Ralph, D. (1996). Mathematical Programs with Equilibrium
Constraints. Cambridge: Cambridge University Press.

Mehlitz, P. (2017). “Contributions to complementarity and bilevel programming in
Banach spaces”. PhD thesis. Technische Universitidt Bergakademie Freiberg. URN:
urn:nbn:de:bsz:105-qucosa-227091.

Mehlitz, P., Wachsmuth, G. (2016a). “The limiting normal cone to pointwise defined sets
in Lebesgue spaces”. Set- Valued and Variational Analysis, pp. 1-19. DoI1: 10.1007/
s11228-016-0393-4.

Mehlitz, P., Wachsmuth, G. (2016b). “Weak and strong stationarity in generalized
bilevel programming and bilevel optimal control”. Optimization 65.5, pp. 907-935. DOI:
10.1080/02331934.2015.1122007.

Mehlitz, P., Wachsmuth, G. (2017). The weak sequential closure of decomposable sets in
Lebesgue spaces and its application to variational geometry. Preprint. TU Chemnitz.
Mignot, F. (1976). “Controle dans les inéquations variationelles elliptiques”. Journal of

Functional Analysis 22.2, pp. 130-185.

Mordukhovich, B. S. (2006). Variational Analysis and Generalized Differentiation. Vol-
ume 1: Basic Theory. Berlin: Springer.

Outrata, J. V. (1999). “Optimality conditions for a class of mathematical programs with
equilibrium constraints”. Mathematics of Operations Research 24.3, pp. 627-644. 1SSN:
0364-765X. DOI: 10.1287 /moor.24.3.627.

Outrata, J. V., Jarusek, J., Stara, J. (2011). “On optimality conditions in control of
elliptic variational inequalities”. Set-Valued and Variational Analysis 19.1, pp. 23-42.
ISSN: 1877-0533. DOI: 10.1007/s11228-010-0158-4.

Pang, J.-S., Fukushima, M. (1999). “Complementarity constraint qualifications and simpli-
fied B-stationarity conditions for mathematical programs with equilibrium constraints”.
Computational Optimization and Applications. An International Journal 13.1-3. Com-
putational optimization—a tribute to Olvi Mangasarian, Part II, pp. 111-136. ISSN:
0926-6003. DOT: 10.1023/A:1008656806889.

29


https://doi.org/10.1007/s10107-013-0704-6
https://doi.org/10.1137/100802396
https://doi.org/10.1007/s10107-011-0488-5
https://doi.org/10.1016/j.na.2006.05.021
https://doi.org/10.1016/j.na.2006.05.021
https://doi.org/10.1080/03605309208820847
http://www.nbn-resolving.de/urn:nbn:de:bsz:105-qucosa-227091
https://doi.org/10.1007/s11228-016-0393-4
https://doi.org/10.1007/s11228-016-0393-4
https://doi.org/10.1080/02331934.2015.1122007
https://doi.org/10.1287/moor.24.3.627
https://doi.org/10.1007/s11228-010-0158-4
https://doi.org/10.1023/A:1008656806889

Stationarity systems for control of obstacle problem Harder, Wachsmuth

Scheel, H., Scholtes, S. (2000). “Mathematical Programs with Complementarity Con-
straints: Stationarity, Optimality, and Sensitivity”. Mathematics of Operations Research
25.1, pp. 1-22. por: 10.1287 /moor.25.1.1.15213.

Schiela, A., Wachsmuth, D. (2013). “Convergence analysis of smoothing methods for
optimal control of stationary variational inequalities with control constraints”. ESAIM:
Mathematical Modelling and Numerical Analysis 47.3, pp. 771-787. DOI: 10.1051/
m2an/2012049.

Scholtes, S. (2001). “Convergence properties of a regularization scheme for mathematical
programs with complementarity constraints”. SIAM Journal on Optimization 11.4,
918-936 (electronic). 1SSN: 1052-6234. DOI: 10.1137/51052623499361233.

Stollmann, P. (1993). “Closed ideals in Dirichlet spaces”. Potential Analysis. An Inter-
national Journal Devoted to the Interactions between Potential Theory, Probability
Theory, Geometry and Functional Analysis 2.3, pp. 263—-268. 1sSN: 0926-2601. DOT:
10.1007/BF01048510.

Wachsmuth, G. (2014). “Strong Stationarity for Optimal Control of the Obstacle Problem
with Control Constraints”. SIAM Journal on Optimization 24.4, pp. 1914-1932. DOI:
10.1137/130925827.

Wachsmuth, G. (2015). “Mathematical Programs with Complementarity Constraints in
Banach Spaces”. Journal of Optimization Theory and Applications 166.2, pp. 480-507.
1SSN: 0022-3239. por: 10.1007/s10957-014-0695-3.

Wachsmuth, G. (2016a). “Pointwise Constraints in Vector-Valued Sobolev Spaces. With
Applications in Optimal Control”. Applied Mathematics & Optimization. To appear,
pp. 1-35. DOL: 10.1007/s00245-016-9381-1.

Wachsmuth, G. (2016b). “Towards M-stationarity for optimal control of the obstacle
problem with control constraints”. SIAM Journal on Control and Optimization 54.2,
pp. 964-986. DOI: 10.1137/140980582.

Wachsmuth, G. (2017). “Strong stationarity for optimization problems with complemen-
tarity constraints in absence of polyhedricity”. Set- Valued and Variational Analysis
25.1, pp. 133-175. DOL: 10.1007/s11228-016-0370-y.

Ziemer, William P. (1989). Weakly differentiable functions. Vol. 120. Graduate Texts in
Mathematics. Sobolev spaces and functions of bounded variation. New York: Springer-
Verlag, pp. xvi+308. 1sSBN: 0-387-97017-7. DOI: 10.1007/978-1-4612-1015-3.

30


https://doi.org/10.1287/moor.25.1.1.15213
https://doi.org/10.1051/m2an/2012049
https://doi.org/10.1051/m2an/2012049
https://doi.org/10.1137/S1052623499361233
https://doi.org/10.1007/BF01048510
https://doi.org/10.1137/130925827
https://doi.org/10.1007/s10957-014-0695-3
https://doi.org/10.1007/s00245-016-9381-1
https://doi.org/10.1137/140980582
https://doi.org/10.1007/s11228-016-0370-y
https://doi.org/10.1007/978-1-4612-1015-3

