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Abstract

We provide a modified augmented Lagrange method for solving ill-posed state-constrained
elliptic optimal control problems with sparse controls. We consider a linear quadratic
optimal control problem without any additional L? regularization terms. The sparsity is
guaranteed by an additional L' term. Here, the modification of the classical augmented
Lagrange method guarantees us uniform boundedness of the multiplier that corresponds
to the state constraints as well as strong convergence of the control and its corresponding
state. Moreover convergence results proving the weak convergence of the adjoint state and
weak*-convergence of the multiplier are provided. Finally, we demonstrate our method in
several numerical examples.
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1 Introduction

In this paper we consider a convex optimal control problem of the following form

. 1
min J(y, w) = 5y = vall72() + BllullL @) (P)
subject to
Ay=u in Q,
y=0 on 99,
y<¢ inQ,

Ug <u<up in Q.

We set j(u) := ||ul|1(q) for abbreviation. Here A is a linear elliptic operator and 3 > 0. The
main difficulties in this problem are the pointwise state constraints y(x) < 1(z) and the convex
but non-differentiable term ||u[|11(q). Note that there is no additional L? regularization term
present in (P) which makes the problem ill-posed and numerically challenging. The motivation
for the L'-term in the cost functional is the following. The optimal solution % of (P) is sparse,
i.e., the control is zero on large parts of the domain if 3 is large enough. This can be used in the
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optimal placement of controllers, especially in situations where it is not desirable to control the
system from the whole domain €, see [30]. Such sparsity promoting optimal control problems
without state constraints have been studied in, e.g. [32-34] for optimal control of linear partial
differential equations and in [6,8] for the optimal control of semilinear equations. For sufficient
second-order conditions for the state constrained sparsity promoting optimal control problem
with a semilinear partial differential equation we refer to [10].

In order to deal with the state constraints we apply an augmented Lagrange method established
by the first author in [22]. There the optimal control problem

| -
Minimize §||y — deQLQ(Q) + 5”11”%2(9)

with @ > 0 subject to an elliptic linear partial differential equation, state constraints and
bilateral control constraints had been considered. Under suitable regularity assumptions the
existence of Lagrange multipliers can be proven. However in many cases the multiplier g has
a very low regularity, e.g. i € C(Q)* = M(Q), where M(Q) denotes the space of regular
Borel measures on . This makes the numerical solution of (P) very challenging. Augmented
Lagrange methods are well-known in optimization. In [1,2]| the state equation is augmented,
and in [19] they deal with finitely many state constraints.

Our aim is to modify and extend the method presented in [22] to obtain a numerical scheme to
solve (P). The main idea is the following. We add a Tikhonov regularization term %HuHQLQ(Q)
to (P) and apply the augmented Lagrange method. During the algorithm we decrease the
regularization parameter o — 0. Since this is a classical Tikhonov regularization approach, we
aim to achieve strong convergence against the solution of (P).

This approach is similar to the proximal method of multipliers [28] for finite dimensions. There
in each iterations a regularization term |uy — u||%2(9) is added. However this is not a suitable
choice here, since our method reduces to the proximal point method [13,15,21,25,29] if the
state constraints are not active. Due to the example given by Giiler [14] the iterates generated
by the proximal point method are in general only weakly converging.

The paper is structured as follows. First we recall in section 2 some preliminary results, then we
analyze the Tikhonov regularization of (P) in section 3. The augmented Lagrange method will
be introduced in section 4. Similar to [22] we only update the multiplier if a certain measure of
feasibility and violation of complementarity shows sufficient decrease. In section 5 we establish
convergence of our method, which is the main result of this paper. The implementation our the
algorithm is described in section 6 and numerical results are be presented in 7.

Notation. Throughout the article we will use the following notation. The inner product
in L2(Q) is denoted by (-,-). Duality pairings will be denoted by (-,-). The dual of C({Q) is
denoted by M (), which is the space of regular Borel measures on Q. Furthermore c is a generic
constant which may change from line to line, but is independent from the important variables,
e.g. k.

2 Preliminary results

2.1 Problem setting

Let @ ¢ RY, N = {1,2,3} be a bounded domain with C®'-boundary I'. Let Y denote the
space Y 1= H}(Q) N C(Q) and U := L?*(Q). We want to solve the following state constrained
optimal control problem: Minimize

1
J(y,u) := §||y - de%Q(Q) + Bllull (@)



over all (y,u) € Y x U subject to the elliptic equation
(Ay)(z) = u(z) inQ,
y(x) =0 on T,
and subject to the pointwise state and control constraints
y(@) < ¥(x) in Q,
Uug(z) <ulx) <up(xz) ae. in Q.
In the sequel, we will work with the following set of standing assumptions.

Assumption 1. 1. The given data satisfy yqa € L*(Q), ua,up € L=(Q) with ug < 0 < uy

and ¢ € C(9).
2. The differential operator A is given by
N
(Ay)(z) = = D B, (ayj(2)0z,y(x))
i,j=1

with a; j € C%1(Q). The operator A is assumed to be strongly elliptic, i.e., there is § > 0

such that
N

Z aij(w)&i&; > S|EP Ve e RN, a.e. on Q.

i,j=1
The following theorem is taken from [7, Theorem 2.1].
Theorem 2.1. For every u € L%(Q) there exists a unique weak solution y € H3 () N C(Q) of
the state equation and it holds
19l 2 ) + ¥l < cllull 2y -
with a constant ¢ > 0 independent of u.
With this assumption one can prove the following properties of the control-to-state mapping S.

Theorem 2.2. The control-to-state operator S : L?(2) — HE(Q) N C(Q),u > y is a linear,
continuous, and compact operator.

Proof. The linearity follows directly by the definition of S and for the compactness we refer |7,
Theorem 2.1]. O

In the following, we will use the feasible sets with respect to the state and control constraints
denoted by

Uad = {u € L®(Q) | ug(z) < ulz) < up(z) ae. in Q},
Yo ={y € CQ) | y(x) < v(x) Vi € O).

The feasible set of the optimal control problem is denoted by
Faa ={(y,u) €Y x L*(Q) | (y,u) € Yaa X Uaa, y = Su}.

The assumption u, < 0 < wup is not a restriction. Assume that u, > 0 on a subset 2; C Q.
Then we can decompose the L'-norm for u € Unq as ||ul| 1) = [lullL1@\0,) + le u. Hence, on

Q4 the L'-norm is a linear functional and its treatment does not impose any further difficulties.

Theorem 2.3. Assume that the feasible set F.q is non-empty. Then, there exists a unique
solution 4 with associated state § of (P).

Proof. The existence of solutions follows by standard arguments. Due to the assumptions the
operator S is linear, continuous, and injective. Hence the problem (P) is convex leading to a
unique optimal state . By using the injectivity of S we now obtain uniqueness of the optimal
control. 0



2.2 Subdifferential of j

In this section we want to recall some basic properties of the subdifferential of the function
J(u) = |lullz1(q). Since j is convex and Lipschitz, the generalized gradient (see [11]) and the
subdifferential in the sense of convex analysis coincide. The subdifferential is defined by

9j(u) == { A€ Lo(Q) : /)\(v —u)dz < ol — lulli @, Yoe LNQ)
Q

Since j is a convex function with dom(j) = L(€2) the subdifferential is always nonempty. It is
easy to compute that A € 9j(u) if and only if

=+1 if u(z) >0
Ag=-1 if u(z) <0.
e[-1,41] ifu(z)=0

For more information we refer to the book of Bonnans and Shapiro [5, Section 2.4.3]. We will
need the subdifferential to establish derivatives of the objective functional 3 |ly—yal|*+8||u 11 ()
and to obtain optimality conditions.

2.3 Optimality conditions

The existence of Lagrange multpliers cannot be guaranteed without any further regularity
assumptions. Throughout this paper will assume that the following Slater condition is satisfied.

Assumption 2. We assume that there exists i € Uyq and o > 0 such that for § = St it holds
g(x) <yY(xz)—0o Ve

The choice of Assumption 2 as regularity condition is motivated as follows. The given inequality
in the Slater condition coincides with 1) — ¢ lying in the interior of the nonnegative cone of
Y. The nonnegative cone of Y = H}(Q) N C(Q) equipped with its natural norm | - ||y :=
Il - ||H5(Q) + | - le(o) has nonempty interior - in contrast to LP(Q2), p € [1,00) equipped with
the LP-norm. This implies a possible existence of a Slater point @ that satisfies Assumption
2. Moreover, since S is linear, Assumption 2 is equivalent to the linearized Slater condition,
which on the other hand implies the more general Zowe-Kurcyusz regularity condition (see [31,
p-332]). However, since the set of feasible controls may have no interior points (for an example
see [31]), the Zowe-Kurcyusz regularity condition does not imply the linearized Slater condition.
Furthermore, one already has to know the solution of the optimal control problem (P) to check
whether the Zowe-Kurcyusz condition is satisfied. This is not the case for the proposed Slater
condition.

Theorem 2.4. Let (u,y) be a solution of the problem (P). Furthermore, let Assumption 2
be fulfilled. Then, there exists an adjoint state p € Wy*(Q), s € 1, N/(N — 1)), a Lagrange
multiplier i € M(Q) and a subdifferential X € 9j(@) such that the following optimality system

Ag=1a inQ,
{ e (1a)
y=0 onl,
A'p=y—yg+p inQ,
{ 2?7 Y—Ya+p n (1b)
p=0 on T,
(P4 BN\ u—1u) >0 Yu€ Uy, (1c)
<ﬂag - 1/)>M(Q),C(Q) =0, p=>0, (1d)

is fulfilled. Here, the inequality fi > 0 means (i, ¢) pm(0),c@) = 0 for all p € C(Q) with ¢ > 0.



Proof. The proof can be found in [10, Theorem 2.5]. O

In the definition for the optimal adjoint state p we have to solve an elliptic equation with a
measure on the right hand side. This problem is well-posed in the following sense.

Theorem 2.5. Let i € M(Q) be a regular Borel measure. Then the adjoint state equation
Ap=y—yatp inQ,

p=20 on I’
has a unique very weak solution p € W,*(Q), s € [1, N/(N — 1)), and it holds
1Bl ey < € (19112 + 1Wall 2y + 1l - (2)
Proof. This result is due to [9, Theorem 4]. O

The next theorem shows the relation between the adjoint state and the control. One can see,
that if g is large, the control will be zero on large parts of ). Hence @ is sparse.

Lemma 2.6. Let @, p, \, [i satisfy the optimality system. (1a)-(1d). Then the following relations
hold for 6 > 0:

= o () if bz
= up(x) if p(x
=0 if Ip(z)] <p
€ [ua(@), up(z)] if |p(x)|=p

&) = Pty (—;m)) ,
06(2) = Pouy oy.anon (@) — 0(p(x) + BA(2))).

From the second formula it follows that \ is unique if the multiplier i and adjoint state p are
unique.

a(x)

Proof. The proof only uses the optimality (1c) and can be found in [6, Theorem 3.1]. O

3 The regularized problem

Solving the problem (P) directly is challenging for mainly two reasons. First, since the multiplier
corresponding to the state constraints appears in form of a measure, it is not clear how to deal
with the state constraints. For the control constraints many powerful methods are available.
Here, we only want to mention the semi-smooth Newton solvers [16,17] and the Active-Set
methods [3]. However it is not clear how to implement the state constraints into a direct solver.
In [4,20] Active-Set methods has been used to solve problems where the state constraints
have been treated by Moreau-Yosida regularization. In [20] also relations between semi-smooth
Newton methods and Active-Set methods have been established that can be used to prove
fast local convergence. In this work we want to adapt the approach of a modified augmented
Lagrange method that has been proposed by the first author in [22] to overcome the lack of the
multiplier’s regularity.

The second challenge is the ill-posedness of the original problem (P). There small perturbations
of the given data y,; may lead to large errors in the associated optimal controls. To deal with
this issue we will use the well-known Tikhonov regularization technique with some positive
regularization parameter o > 0. The regularized problem is given by

C 1 «
Minimize Jo(y,w) - = 511y = vallf2() + Bllulrre) + 3 llulliz@
st. Ay=wu in Q,
y=0 on 08,



It is clear that (P®) omits a unique solution u® with associated state y®. One can expect that
u® converges to the solution of (P) as a — 0. Similar results can be found in the literature,
e.g. [32].

Lemma 3.1. Let u® be the unique solution of (P%) with o > 0. Furthermore let @ be the
unique solution of (P). Then we have u® — u in L?(Q) as a — 0.

Proof. We first show that |[u®|12(q) < [|@]|L2(q) for all @ > 0. Let Jy denote the cost functional
Jo for a := 0. We start with

a Qo a - _ a, a o,
Jo(u®) + 3 llu [72(@) = Ja(u®) < Ja(a) = Jo(a) + §HU||2L2(Q) < Jo(u®) + 5HU||2L2(Q)7

where we exploited the optimality of u® for (P®) and the optimality of @ for (P).This yields
lu*|l2) < ltllz2(q)- Now we use that the set U,q is weakly compact and extract a subse-
quence u® — u* € Uyq. Since the operator S is compact, see Theorem 2.2, we obtain strong
convergence of the state on the subsequence y® — y* = Su* in H}(Q)NC(Q). Now let u € Unqg
be arbitrary, then

Jo(u*) = lim Jo(u™) = lim J,, (u®) < lim Ju, (u) = Jo(u).

Hence u* is a minimizer of Jy. The solution @ of (P) is unique and since the problems (P) and
(P%) coincide for o = 0 we obtain @ = u*. As the norm is weakly lower semicontinuous we get

limsup [[u® | < [Ju*||z2(q) < liminf [[u® || z2(q) < limsup [[u® ]| z2(q)
i—00 100 i—00

which shows [|[u®||z2(q) — [|u*||z2(q). As a well known fact, weak and norm convergence yield
strong convergence and hence we have u® — u*. As the sequence u® was arbitrarily chosen
we obtain convergence of the whole sequence u® — @, which finishes the proof. O

3.1 Optimality conditions

Let us assume that the Slater condition given in Assumption 2 is satisfied. Then first order
necessary optimality conditions can be established for the regularized problem.

Theorem 3.2. Let (u®,y®) be the solution of the problem (P®). Furthermore, let Assumption
2 be fulfilled. Then, there exists an adjoint state p* € W*(Q), s € [1, N/(N — 1)), a Lagrange
multiplier p® € M() and a subdifferential \* € 0j(u®) such that the following optimality
system holds:

Ay® =u® in Q,
! (3a)
y*=0 onT,
Ap* =y* —ya+p* inQ,
p Y Ya + 1 (3b)
p=0 on T,
(p® + au® 4+ A%, u —u®) >0 Vu € Uy, (3c)
Wy =P m@),c@ =0, u*=>0. (3d)
Proof. The proof can be found in [10, Theorem 2.5]. O

In the following we collect some results similar to Lemma 2.6.

Lemma 3.3. Let u®,y®, p*, A\, u® satisfy the optimality system (3a)-(3d). Then the following
relations hold:



Ua () if B —oaug(z) < p*(x)

LB—p*(@) if B<p(x) < B - auq(z)
u®(z) =<0 if p*(x)| < B
L—p—p*(z) if —oauw(z)—B<p(z) <8
up(x) if p*(x) < —aup(x) — B
X(2) = Py (—;@a(a:) n au%)))

u™(2) = P, (2),us(2)] <—;(pa(x) + 5)(*(30)))

Proof. These results can be proven by using a pointwise interpretation of the optimality con-
dition (3c). O

In the subsequent analysis we will need that the multipliers for the problem (P%) are uniformly
bounded for all & > 0. Note that for & = 0 the problem (P®) reduces to problem (P). The
boundedness of the multiplier can be expected from abstract theory [5], and we make use of
the Slater condition to prove it.

Lemma 3.4. Let a > 0 and define the set
M = {u® € M(Q): (u™,y*, p*, A%, u®) satisfy (3a) — (3d)}.

of all multipliers associated with problem (P<). Then the multipliers are uniformly bounded,
i.e. there exists a constant C' > 0 independent from « such that

1l aeey < C, V™ € M® Va > 0.
Proof. We follow the book of Troltzsch [31] and consider our solution mapping S : L*(Q) —
HY(Q)NC(Q). Then the dual operator is a mapping S* : M(2) — L?(Q2). Let a > 0 be given,

and u®,y* be the solution of () with an associated multiplier u®. We now use the Slater
condition from Assumption 2 and compute for any f € C(Q) with || f]|o = 1:

o [taw| <o [1fldue < [odu < [0~ gane
Q Q Q Q

= (U = ¥*) m@),c@ Y = 9 m@),c@)

=0 by (3d)

= (u*, S(u” = ) m@),c@)
= /(S*,uo‘)(ua —u) dz.

Q
Now recall that the adjoint equation (3b) can be rewritten as
S*,U/a _ S*(yd o Sua) _pa.

Furthermore by assumption u® € U,q and by Theorem 2.3 and 2.5 we obtain that u®, y* and
p® are uniformly bounded in L?(£2). This now yields



olulm@ =c  sup /fdua
feC@, lIflo=1/

< [(S* ) (u® — 4) dz

(8" (ya — Su®) — p*)(u® —a) dx

SO

< cllu® = a2y (lya — v 2 @) + 1P 22(0))

A
o

Dividing the above inequality by ¢ > 0 finishes the proof.

4 The Augmented Lagrange Method

In the following we want to solve the regularized Problem (P®) for oo — 0. For fixed o we follow
the idea presented in [22] and replace the inequality constraint y < v by an augmented penal-
ization term. In that way we get rid of the measure and work instead with an approximation.

4.1 The augmented Lagrange optimal control problem

First let us introduce the penalty function P which we use to augment the state constraints.
Let p > 0 be a given penalty parameter, and let i € L?(Q) with u > 0 be a given approximation
of the Lagrange multiplier. Now we define

Plrp) =50 [ (et ply=1),)" =4 do (1)

Let now p > 0 and p € L?(f2) be given. Then in each step of the augmented Lagrange method
the following sub-problem has to be solved: Minimize

o 1 o}
To (s w) = 5lly = valli2() + Bllulle @) + Sllulliz ) + Py. o 1) (Pov,p,p1)
with a > 0, subject to the state equation and the control constraints
y=Su, u€Uyy.

A solution of (P, , ) will be denoted by uy with associated state yf and adjoint state pf;. The
next theorem shows that the sub-problem is unique solve-able.

Theorem 4.1 (Existence of solutions of the augmented Lagrange sub-problem). For every
p >0, u€ L*Q) with p > 0 the augmented Lagrange control problem (P, , ) admits a unique
solution uyy € Uyq with associated optimal state yy € Y and adjoint state pf.

Proof. Since U, is closed, bounded and convex and J' Is coercive, weakly lower semi-continuous
and strictly convex, problem (P, , ) has a unique solution uf; € U,q. For more details see [31]
and [12]. O

Theorem 4.2 (First-order necessary optimality conditions). Let (uf,yq) be the solution of
(Papy). Then, there exists a unique adjoint state p € Hj(Q) associated with the optimal
control u,; and a subdifferential A € aj(ug), satisfying the following system.

Ay =uy  in Q,
Yy, =0 onT,

(5a)



{ APS =y —ya+pl  in 9, (5)
p, =0 on T,

(py +auy + A, u—uf) >0 Vu € U, (5¢)

py = (p+plyy =), - (5d)

Proof. Can be proven by extending the results in [18, Corollary 1.3, p. 73]. O

Further we make an analogue observation like in [22]. Boundedness of ) in the L'-norm is
enough to get boundedness of the solution (ug,y5, pS) of (5).

Theorem 4.3. Let p > 0 and p € L*(Q) be given. Let s € [I,N/(N — 1)) and « be
bounded. Then there is a constant ¢ > 0 independent of a,p, and p such that for all solu-
tions (ufy, Y5, 5, 1y) of (5) it holds

lyp | ) + lyglle@) + llug iz + g lwrs @) < elllpgllLi@) + 1)

Proof. The proof just differs from the one of [22, Theorem 3.3] concerning the additional sub-
differential in (5b). Hence, we give just the most important steps here. Let us test the state
equation (5a) with p and the adjoint equation (5b) with yg'. This yields

(p5,uy) = (v —yayp) + (15, Y5

Now fix a u € Uyq and use it in (5¢), yielding
(yg - yday?) + (,uf,‘,yg) < (augau - uz) + (pgau) + (/BA?;L’U - Ug)

By Young’s inequality and exploiting (A, u —ug) < ||lul[z1 () — [Juj||L1 (@), We have

Tyanz ap an2 1 o o o o
3 v |l + 3 [ug]|” < §||1/d||2L2(Q) + e Iz @ vy le@) + §||U||%2(Q) + 125 L2 ) llull 22 ()
+ 8 (lullpr @) — [uf L)) -

Let us fix 5 € (1, N/(N — 1)) such that W¥(Q) is continuously embedded in L?(9). From
Theorem 2.1 we now get [|y5|lmi () + |5 lc@) < cllugllrz) and from Theorem 2.5 we get
P52 ) < e (||y§‘HL2(Q) + lyallLz() + ||/142||L1(Q)). Now using the fact that u§ is bounded in
L?(Q2) and u is fixed to obtain the result.

O

4.2 The general augmented Lagrange algorithm

In the following, let (P% o) denote the augmented Lagrange sub-problem (7%, , ) for given
penalty parameter p := pg, multiplier u := pi and regularization parameter o := ay,. We will
denote its solution by (uy,yx) with adjoint state py and updated multiplier fij, which is given
by (5d).

Algorithm 1. Let ay > 0, p1 > 0 and pu; € L*(Q) be given with puy > 0. Choose > 1.
1. Solve (P¥ , ) and obtain (tk, Y, Pk)-
2. Set fuy == (pr + pr(Ur — ¥))+-

3. If the step is successful set pr+1 = W, pr+1 = pr and choose 0 < a1 such that
Qg1 < Q.

4. Otherwise set pipy1 := fix, and ag41 = ag, increase penalty parameter pyy1 := Opy.

5. If the stopping criterion is not satisfied set k := k + 1 and go to step 1.



Please note that we only decrease the regularization parameter o if the algorithm produces a

successful step. Let us restate the system (P(f’;w) that is solved by (ug, Yk, Dk, fik):

Ay =1 in
S (62)
=0 onT,
A*pr = Gr —ya + i in Q,
{ lzk Y — Yd T M 11 (6b)
pr=0 on I,
g € Uag, (6C)
(Pr + agtiy + B, u — k) > 0 Vu € Uy, (6d)
B = (e + pre(Ge — ), - (Ge)

4.3 The multiplier update rule
Let us start this section with a basic estimate, which will be useful in the sequel.

Lemma 4.4. Let o > 0 be given and let (u®*, y®k p* pu**) be the solution of (3) and let
(g, Yr, Pk, fir) solve (6). Then it holds

ly™ = Tell 720y + an [0 = @el|72 i) < (ks — Gr) + (B, Gk — ¥). (7)
Proof. Using (3¢) and (6d), we obtain
0 < (P — Pr + ar(u®™ — ag) + BA™ — M), U — u™)
= (S*(Su™ — Sug), 4 — u™) — o (W — u™, U — u®) (8)
+ (7 (U™ = fin), T — u®) + B — A, U — u™)

Now we use that the subdifferential is a monotone operator, which yields (A“* — g, T —u) < 0.
Note that A% € J9j(u®*) and A\, € 9j(ay). This yields

93 20 9

Iy = Gell® + anlltin — w[1* < (e — p™*, y™ — k)

The term on the right-hand side of equation (8) can be split into two parts:
(P Y™ = i) = (T, y™ — ) + (fis b — Gr) < (i, ¥ — Ui (9)
and
=Ry = gk) = — (Y =) = (W = k) = (B Gk — ). (10)

Here, we used the complementarity relation (3d) as well as y* < 4 and fix > 0. Putting the
inequalities (8), (9), and (10) together, we get

ly™ = Tell 720y + an [0 = Bl 72 i) < (ks — Tr) + (1™, g6 — ¥).
which is the claim. ]

The following result motivates the update rule.

Lemma 4.5. Let (u®,y“ p® u®*) and (U, Yk, Dk, k) be given as in Lemma 4.4. Then it
holds

Lo 2 an |12 C i _ _
P ly™* — yk||L2(Q) + [lu* — uk”L?(Q) < oTk( (g — ¢)+HC(Q) + [ (g, ¥ — yk)D (11)

Proof. From Lemma 4.4 we conclude using the estimate

(e, gk — ) <M1 g 1@ = )l -

The result now follows using the uniform boundedness of p“*, see Lemma 3.4. O

10



This result shows that the iterates (uy,yx) will converge to the solution of the regularized
problem for fixed «y if the quantity

1 _ _ _
oTk( 1Tk = )+l ey + 1(Br Y = G)])
tends to zero for k — co. To construct our update rule we follow the idea presented in [22] and
define a step of Algorithm 1 to be successful if the condition

1 _ _ _ T _ _ _
(1@ =)+l + 1088 = 501) < 2 (15 = D)+l + [ns 6 = 5)])

n
is satisfied with 7 € (0,1). Here, we denoted by step n, n < k, the previous successful step.
In [22] this quantity was also used as a stopping criterion. However this is not possible here,
as we proceed to let a go to 0. Instead we will check the first order optimality conditions for
problem (P) as a stopping criterion. This will be described in detail in section 6.

4.4 The augmented Lagrange algorithm in detail

Let us now formulate the algorithm based on the update rule established in the previous section.

Algorithm 2. Let a3 > 0, p1 > 0 and puy € L?(Q) be given with p; > 0. Choose § > 1,0 <
w<1l, 7€(0,1) andRa' >>1. Setk:=1 and n:=1.

1. Solve (P% ) and obtain (T, Gy, Pr)-
2. Set fuy == (p + pr(Ur — ¥))+-
3. Compute Ry, := o= ([|(Gk — )+ oy + (ks ¥ — Tr)l)-

4. If R < 7'1122'_1 then the step k is successful, set

A1 = WO

Pk+1 1= ik
PE+1 = Pk
and define (w7, yt,p}) == (g, Uk, Pr), as well as pf = pxy1 and R} := Ry. Set

n:=n-+1.

5. Otherwise if the step k is not successful, set pgy1 = i and a1 = ag, and increase the
penalty parameter pg41 := 0py.

6. If a stopping criterion is satisfied stop, otherwise set k :=k + 1 and go to step 1.

Again, please note that the regularization parameter «y, is only decreased when the algorithm
produces a successful step. We will take advantage of this in the subsequent analysis.

4.5 Infinitely many successful steps

The main aim of this section is to prove that the proposed algorithm produces infinitely many
successful steps. In order to prove this we consider the augmented Lagrange KKT system of
the minimization problem

. o 1 o
Minimize J7 (y, u, p) = §||y - de%%Q) + BllullLre) + EHUH%Q(Q) + P(y, p, pt)

subject to y = Su and u € U,q. We fix the multiplier approximation u, the regularization
parameter « and let the penalization parameter p tend to infinity. As mentioned in [22] the
problem reduces to a penalty method with additional shift parameter u. The only difference to
the approach in [22] is, that we have an additional L!'-term in the objective functional. However,
taking a closer look at [22, Lemma 3.6] reveals that it also holds for an additional L'-term.
This yields the following Lemma.

11



Lemma 4.6. Let pp € L*(Q) with p > 0 and a > 0 be given. Let (uf,yl,pr) be solutions of
(Pav.p.p) with p >0 and (u®,y®) be the solution of (P*). Then it holds u§ — u® in L?(Q) and
ys — y* in Hy(Q) N C(Q) for p — oco.

With a similar argument we can establish the next lemma. Again the proof can be found
in [22, Lemma 3.7].

Lemma 4.7. Under the same assumptions as in Lemma 4.6, it holds

: «@ o\
Jim (w5, ¥ —yp) = 0.
If we now combine these two results we can show that our algorithm produces infinitely many
successful steps. This will be crucial in the convergence analysis in the next section.

Lemma 4.8. The augmented Lagrange algorithm makes infinitely many successful steps.

Proof. We assume that the algorithm produces only finitely many successful steps. Then there
is an index m such that all steps k > m are not successful. Due to the definition of the algorithm
we obtain iy = fi,, for all £ > m and Ry > TR,, > 0 as well as py — co. This now yields a
contradiction as with Lemma 4.6 and 4.7 we obtain

. o1 _ _ _
0 < lim Ry = kg%;}ﬁ(”(% —V)+llo@ + (i, 0 = G1)]) = 0

k—o0

Please note that «y is constant for k& > m since its value is only decreased in a successful
step. O

5 Convergence results

In this section we want to show convergence of Algorithm 2. Let us recall that the sequence
(ul,yT,p}) denotes the solution of the n-th successful iteration of Algorithm 2 with u be-
ing the corresponding approximation of the Lagrange multiplier. We start with proving L*-
boundedness of the Lagrange multipliers g7, which is accomplished in Lemma 5.2 below. To
prove this result we need an auxiliary estimation first.

Lemma 5.1. Let y,', it be given as defined in Algorithm 2. Then it holds

1 n—1
ol =)l < T (10 =0l + 1 o 10 =)ol aey) - 02

Proof. Using the definition for a successful step we obtain:

! 1
Ojn\(ui{,w —yh) < a:_l (H(yi_l ~ )+l ey + a1 ¥~ yi_l)l) . [ =)+l g
1
< s = 9oy + 7 (O = 1)
< a:—l H(y;:—l - w)-‘rHC(Q)
(2 (107 = Dl + 1020 = 5]
1
- = 9l )
2
< aZ—Q (H(y:zr—2 - ’(/})+HC(Q) + |(M:_2,’L/J - y;:_2>|)

The rest now follows by induction and a standard estimate.
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We want to point out that the right hand side of (12) goes to 0 as n — co. This will be crucial
in the following convergence analysis and is a result of our update rule. Let us now show the
L'-boundedness of the Lagrange multipliers (y}).

Lemma 5.2 (Boundedness of the Lagrange multiplier). Let Assumption 2 be fulfilled.
Then Algorithm 2 generates an infinite sequence of bounded iterates, i.e., there is a constant
C > 0 such that for all n it holds
+ + + + +
[ HHl(Q) + ||y HC(Q) + [|u) ||L2(Q) +||pi HWLS(Q) + [l ”Ll(Q) <C.

Proof. Let (4, ) be the Slater point given by Assumption 2, i.e., there exists ¢ > 0, such that
9y + o <. Then we can estimate

ol Il =/Qau:dxs/Qu,tW—y)dx:/Qu:(w—ymy:—mdx

- /Quz(w ) dm+/ﬂuz<y,t ) de.

) (1)

The first part (I) can be estimated with Lemma 5.1 yielding

Qp
(1) < (uh ¥ =yl < ﬁT ' (H(%+ —¢)+||c(ﬁ) + H”H|L2(Q) H(w _yf)+HL2(Q))

< el

(13)

Please note that we used the monotonicity of (e, ),. Before we estimate part (II) recall that
we have the inequality

A u—uwh) <ullpe) =t oo

for every u € L*(€). By definition we obtain that u € U,q implies u € L>°(Q). Now the second
part (I7) can be estimated using Young’s Inequality as follows

/Qui(yi —g)dz = (A*p} — (gt —va) us — )

=, Alys = 9)) — (Yo — Y Ut — 1)
( —a) = (Y = Ya,y — )

< —(aux,ui— A)—(y:{—yd7y;;—g})—ﬂ(/\:;,u:§—ﬂ)
<

(OZU:{, U — U:f) + (y:f —Yd,§ — y;«f) + 5(Hﬁ||L1(Q) - ”u:HLl(Q)) (14)
:a(u: —ﬁ,&—uﬁ)—i—a(ﬂ,ﬁ—uj{)—i—(yj{ _g7g_y:)+(g_yd>g_y:)
+ Blall Ly ) — llut [l @)
. 2 1. 2 a9 1. 2
S [ UIHLZ(SZ) YT ?JZHLz(Q) + 9 ||UHL2(Q) + ) 19— deL?(Q)
+ Bl L) = llud [l @)

Putting (13) and (14) together yields

(67

HM:HLl(Q) + 9

N 2 1. 2
w= u:HLZ(Q) Ty = erLrHLz(Q)

Tn—l

a2 N 1. 2
< p ¢+ b} il 720 + Bllallzr @) + 3 19 = yallz2(q) -

Since 7 € (0,1) by assumption, the right-hand side is bounded. Consequently we get bound-
edness of (u;}) in L?(2) and boundedness of (1) in L'(2). By the regularity result Theorem
2.1, the sequence (y,") is uniformly bounded in H}(Q) N C(Q). Boundedness of (p;}) follows
directly from Theorem 4.3. O
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Theorem 5.3 (Convergence of solutions of the augmented Lagrange algorithm). As
n — oo we have for the sequence (w},y) generated by Algorithm 2

(wrhym) = (@,9), in L*(Q) x (Hg(2) N C(Q)).
where @ denotes the unique minimum norm solution of problem (P).

Proof. Since the algorithm yields an infinite number of successful steps (Lemma 4.8) we get

1
tim R = Tim — (|| = 0) | o + 10,0 = wi)]) = 0. (15)

n— 00 n—00 Ly,

with a,, — 0. Let (u®,y®, p®, u®*) be a solution of (3) for @ := «,, then we obtain from
Lemma 4.4 the following inequality

IN

1
. Hyan - erHiz(Q) + Huan - u:“i;(g) (<'u0<n,y;i- - "/}> + |<M;~L_7w - y:{)‘)

1
a’n,
1
o (Ilu”‘“ ey 1@ =)+ Ml + 10, v = y$)l)

o (I =91l + 160 = w)

IN

IN

Note that in the last step we used Lemma 3.4. With (15) from above, we conclude

Qn

. 1 2 o 2
lim — [jy* — yi“w(n) + [[u - UIHL?(Q) =0.

n—o00
As a,, — 0 with n — oo we obtain by Lemma 3.1 that u“" — 4. Triangular inequality now
reveals
lut =l o) < lluh — u L2y + lu® — @l 2y — 0.

Convergence of y; — g follows from Theorem 2.1 which finishes the proof. O

Remark 1. For the sequence (y;7) generated by Algorithm 2 we obtain
Lo+ o2
ain”y” —Yllz2) = 0

which is similar to the results obtained for a Tikhonov regularization without state constraints,
see [32].

Let us assume that the adjoint state p and the multiplier corresponding to the state constraint
@ are unique then following [22, Theorem 3.12, Corollary 3.12] we get the following convergence
result.

Theorem 5.4. Let (@,y,p,u) satisfy the KKT-system (1). Let us assume that (p,i) are
uniquely given. Then it holds

6 Numerical method in detail

All optimal control problems have been solved using the above stated augmented Lagrange
algorithm implemented with FEniCS [23] using the DOLFIN [24] Python interface. The arising
sub-problems (P, , ) have been solved combining two methods. The first method is the active
set method presented by Stadler [30], where optimal control problems of type (P, , ) have
been solved, but without augmented state constraints. The second is the method established
by Ito et al. [20] that presented an active set method for optimal control problems with state
constraints but without a L!-cost term.
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Like in [30] we set for (6)

gk:)‘%_)‘%—i_)‘Zv

where Ap denotes the subdifferential of f|tx|[;1q), A} the multiplier to the lower control

constraints u, — 4 < 0 and )\l,; the multiplier corresponding to the upper control constraint
ay, —up < 0. Then (5b) can be written as

Pr + oty + & = 0.

Defining the following active sets, see also Lemma 3.3:

VE={zeQ: (u+plyrs1 — 1)) > 0},
YE =\ Yk,

A =Ar e Q: pp > B —au,},

A ={z € Q: |p| < B},

A=z eQ: pp < —auy — B},

It ={r e Q: B<pp < B—au.l,

I ={z €Q: —aw, — B < pr < —B},

The resulting sub-problem of the augmented Lagrange method can now be solved by the fol-
lowing algorithm.

Active set method (inner iteration)

1.

Choose initial data ug,po and parameters o, p, compute the active sets J°, yﬂ, A% AD,
AP, 79,79 and set k:= 0.

Uq
Ug+1 =40
Up

. Solve for (uk+t1, Yk+1,Pk+1, k1) satisfying

Ayg1 —ug1 — f =0,
—A"pry1 + Yrt1 — Ya + pr41 = 0, (16)
Di+1 + atpy1 + kg1 =0,

Ak
on AZ . —B onIF, 0 on V¥,
on ) k+1 = Hk+1 =
on A% B onIk, e+ p(yri1 — ) on VE.

(17)

Compute the active sets yﬁ“,yﬁ“,A§+1,A§+1,A§+17I§+1,Iﬁ+l

If the following equalities hold: AT = A, .AISH = Ak, AI;H = Ak, A
IEHE = 7k YR = Yk and YT = Yk then go step 5. Otherwise set k =k + 1 and go

to step 2.

Compute the subdifferential A\x11 1= P_1 1 (—%gkﬂ).

The computation of the L!-subdifferential follows from a projection formular similar to the one
from Lemma 3.3. Since the active sets are disjoint subsets of €2 the calculation of &1 in Step
4 does not evoke any conflicts to its usage on the subsets Z* ,If_ in Step 3 of the algorithm.
Further, the termination criterion yields a solution of the augmented Lagrange subproblem

(P2).
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k k k k k
Lemma 6.1. If A+t = Ak AFTD = Af APTY = AR TFT = If,_l]_“ = IFYE =
YE VI = YR then (uk, yk, Dr, fks Ai) s the solution (T, Pk, Pr, fik, \i) to (6) with o, p, 3
fixzed.

Proof. Since for given active sets the solution to (16) is unique we have (ugi1, Ykt1,Pr+1) =
(uk, Y, pr). By definition of the active sets yﬁ,y_’;’ we get 11 = (b + p(Yk+1 — ¥))+. The
optimality condition (6d) can be equivalently expressed by

ay, — max(0, 4y + (& — B)) — min(0, @y, + c(& + B))
+ max(0, (ar — up) + ¢(& — B)) + min(0, (dx — ug) + c(§x + B)) = 0.
where ¢ > 0 arbitrary. Choosing ¢ = o' and exploiting &£, = —(p + aiiz) we get
i — ot max(0, —p — B) — a” ' min(0, —p + B)
+a ' max(0, —pr — B — aup) + ot min(0, —pp + 8 — aug) = 0,

which is satisfied for 4y = ug41,Pr = pr+1 defined by (17). Moreover, A;41 satisfies (6b) by
definition. Consequently (ug, Yk, Pk, tk, A\ satisfies (6). O

However, high values of the penalty parameter p paired with small values of the Tikhonov
parameter o may evoke bad stability during solution of the subproblem. To counteract this
aspect we introduce a so called intermediate step. Here, Step 3 and Step 4 of Algorithm 2 are
extended for a third alternative. If the current iterates of the k-th iteration do not satisfy the
update rule but sufficiently satisfy the feasibility and complementarity condition, i.e.

Ri>7Ry_, and |(gk — V)tllo@ + 1(Ek Y —gi)| <er,
with e > 0, we set

Op+1 = WA,

Hi+1 = ks
(ut ut b))+ = (U, Y, Dr)-

As a termination criterion we check the optimality conditions of the current iterate (w,}, y,, pif, it AF)
i.e. we stop the algorithm if the inequality

(18)
@) = )y + (0 @)t @) — )] < &

is satisfied. In order to be consistent we set e; < €.

As the Active-Set methods are related to the class of semi-smooth Newton methods we cannot
expect a global convergence behavior of the method described above. Furthermore, the problem
becomes bad conditioned if & — 0 or p — co. Due to the intermediate step we expect p to

be bounded. However as o goes to zero we have to globalize our method. We use a projected
gradient method to construct suitable starting values for the Active-Set method.

7 Numerical results

Let us present some numerical results to support our method. We apply our method for
problems of the following form:

. 1
min J(y,w) = 5y = yal[72() + Bllullz o) (19)
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subject to

Ay=u+f in,
y=20 on 01},
y<v in €2,

Ug < u < Uup in Q.

The additional variable f € L?(2) allows us to construct test problems with known solutions.

7.1 Example 1: Bang-Bang-Off Example in One Space Dimension

We first consider the one-dimensional case and define Q = (—1,1), uy, = —1, up =1 and 8 = 1.
Furthermore set
28+ 108 2+ 14422 +64-2° if we[—1,—3]
glx) =<1 if zel[-2 3]
28— 108 -z 4144 - 22 — 64 -2 if =z € [3,1]
3
p(x) :—2cos ﬂ-x)
if ‘TE[ 1»_%]U[_%7—%]U[%7%]U[%a1]
u(z) == if ze(-232)
if :CE( %77%)U(%7%)
Ex L ifre[-3,2
e [ Po (Spp) oot
else
P(z) =1

Some calculations show that 3,5 € C?(2) and § = p = 0 on 9Q. By construction we obtain
a(z) € {—1,0,1} for a.e. x € Q. In order to satisfy the optimality conditions we now set

f(@) = -Ay(z) — u(x),
ya(z) = Ap(x) + g(x) + a(z).

One now can check that the functions (u, g, p, i) satisfy the KKT conditions defined in Theorem
2.4 with a suitable modification for the forward equation. We apply our algorithm with the
following set of parameters

0=5 w=0.75 7=08 =109 e =5-10"".

The interval €2 is divided into 10° equidistant elements. The algorithm stops after a total of 40
iterations, which splits in 13 successful, 19 intermediate and 8 not successful iterations with an
average of 5.25 inner iterations. The parameters were initialized with o := 1 and p := 100 and
the final parameters are o = 0.75%2 ~ 10~* and p = 100 - 5% ~ 3.9 - 10”.

As we have an exact solution we can compute convergence rates. We plot the L?-error ||uzr —
al| r2(q) over the regularization parameter a. Note the we only plot successful and intermediate
steps. As expected we see that the algorithm produces only intermediate steps after some given
time. The error can be found in Figure 1 and plots of the computed solution can be seen in
Figure 2 and 3.

Remark 2. Analysing the error ||ujf — || r2(q) we see that the error behaves like

lu = allz2 () = O (a7) (20)

with constant a,v > 0. We want to mention that the exact control @ satisfies the following
regularity assumption

meas{z € Q: ||p(x)| — B] < e} < ce”,
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Figure 1: Error ||u; — @||12(q) over ay, for example 1.

Figure 2: Computed control u and state y for example 1.
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Figure 3: Computed multiplier p and adjoint state p for example 1.
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holds for all € > 0 with some k > 0, which can be used to prove error estimates of the form
(20) for some algorithms, see e.g. [27,34]. However it is an open problem to prove convergence
rates for the augmented Lagrange method presented in this paper.

7.2 Example 2: Bang-Bang-Off Example in Two Space Dimension

We set u, = —1, up, = 1. Let € be the circle around 0 with radius 2. We now define the
following functions. For clarity and to shorten our notation we set r := r(z,y) := /22 + y2.
_ 1 ifr<i1
y(w,y) = 9 3 A 5 .
32—120-7+180 -7 —130-7°> +45-r* —6-r° ifr>1

p(x,y) := sin(z) - sin(y) - <1 — 34 Eﬁl — 3r5>
u(z,y) = —Sign(p(z,y))

Exp(——5) ifr<1
iz, y) == Xp( 142) 1 '
0 ifr>1

¢($7y) =1

Some calculation show that fi,p € C?(Q2) and i € C(f2). Furthermore § = p = 0 on 952. We
now set

f<$7y) = _Ag(x7y) - ﬁ(:&y),

One now can check that for 8 = 0 the functions (@, g, p, i) satisfy the KKT conditions defined
in Theorem 2.4 leading to a bang-bang solution. For 8 # 0 we expect the optimal solution to
omit a bang-bang-off structure. Here no exact solution is known. We computed this problem
for different values of 3 on a regular triangular grid with approximately 1.8 - 10° degrees of
freedom. The parameter used for this computation are 7 = 0.8, w = 0.75, § =5, ¢ = 107% and
g7 =5-1077. We started with a = 0.1 and p = 100. Additional information for the calculations
can be found in Table 1 while the computed controls can be seen in Figure 4.

Jé] final o final p successful intermediate | not success- average inner
steps steps ful steps iterations
0.05 | 2.38-107° 10° 15 14 7 2.9
0.1 | 2.38-107° | 10° 16 13 7 3.1
0.2 | 3.17-107° 10° 18 10 7 3.0
1 5.6-107° 100 20 6 8 3.5

Table 1: Additional information for the computation of example 2 for different 3.
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Figure 4: Computed discrete control for example 2 for different values of 5. From left to right
and from top to bottom: 8 =0.05, 3=0.1, 5=0.2, B =1.

7.3 Example 3

For the next example we set Q = (0,1)%, u, = —1, up = 1 and 8 = 1073, Furthermore 7 = 0.8,
w = 0.75 and # = 10. Now define

Y(x,y) :=0.01

1
ya(z,y) := — sin(mx) sin(my)
2m

Note that here no exact solution is available. If the state constraints are neglected the exact
solution is given by

(,y) == yalz, y)
(z,y) = Ayq(z,y).

NI

This example is taken from [26] and is an example of an optimal control problem where the
desired state is reachable and the source condition 4 = S*w with an element w € L?(1Q)
is satisfied if the state constraints are not present. We computed the solution on a regular
triangular grid with 1.6-10° degrees of freedom, ¢ = 1075 and e; = 5-10~7. As starting values
we set @« = 0.1 and p = 100. The algorithm stopped after 8 successful, 25 intermediate and 9
not successful steps with the final values o = 0.1-0.75%3 ~ 7.5-107% and p = 100-5° ~ 2.0- 108.
The computed results can be seen in Figure 5 and Figure 6 .
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Figure 5: Computed results for example 3. From left to right: Control u, state y.

Figure 6: Computed results for example 3. From left to right: Adjoint state p and multiplier
. The range of u is given by u(x) € [0,40]
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